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This treatise has grown out of a series of articles aoatributed to 
The Sfiffineer in 18S1, under tlie title, "The Foundations of 
Mechanics." It differs accordingly from the many previous works 
on the subject, mainly in the fulness and care with which tbese 
foundations have been considered. The successful prosecation of 
Mechanics, especially as applied to practical construction, chiefly 
depends on the obtaining a clear and thorough mastery of a few 
leading principles {e.g., the composition of forces, the principle of 
moments, the doctrine of energy) which are alone necessary for 
the solution of almost all the problems of ordinary practice. It 
is, of course, easy to learn such propositions sufficiently for the 
purposes of an examination ; it is by no means easy to know 
and understand them so thoroughly as to be able to use them 
freely and confidently in attacking questions of practical import- 
ance. It is in the hope of facilitating, in some cases, the 
attainment of such knowledge that these pages have been 






"With this Tiew the deductive character of Mechanics has been 
idicated at the ontset: and the ultimate definitions and axioms 
whereon the science rests have been examined and stated with 
special care and fulness. With the same objeot of thoroughness 
two principles, which have usually been reserved for a higher 
of progress, are here brought forward and placed in the 
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forefront, where, in the writer's opinion, they should properly 
stand. The doctrine of Central Forces, as representing the general 
scheme of nature, though assumed, explicitly or implicitly, in all 
treatises dealing with the higher branches of the subject, is not 
usually adopted from the beginning, as in this work; and the 
way in which it connects and explains all the fundamental laws of 
the science is not therefore recognised. Again, the conception 
of Energy is not generally introduced until the end of an 
elementary treatise, if at all : whereas here the fundamental fact, 
that the energy exerted represents the effect of a given force 
acting for a given time, is explained at the outset, and the 
consequences which flow &om it are developed throughout the 
book. 

On these matters, and on some others, such as the laws of 
motion, centrifugal force, elasticity, &c., it is believed that some 
novelty and freshness of treatment will be recognised ; although 
the writer is far from claiming any actual originality for his 
methods. No such novelty is, of course, to be looked for or 
desired in the proofs of the ordinary propositions which make 
up the bulk of elementary Statics and Kinematics; and the 
writer's thanks are due to the Bishop of Carlisle for permission 
to follow, in most of these, the admirably clear demonstrations to 
be found in " Groodwin's Courae of Mathematics." In a few cases 
he has adopted substantially the treatment of other writers, such 
as Prof. Goodeve in his well-known "Principles of Mechanics," 
and Mr. Philip Magnus in his "Lessons on Elementary 
Mechanics." The collection of examples at the end is not 
meant to present any features either of originality or difficulty : 
they are simply to be regarded as easy exercises, tending to the 
attainment of that grasp over Principles which it is the special 
aim of the book to impart. With this addition, it is hoped that 
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it may be found useful at once to youths commencing their study 
of the subject under regular instruction, and to older students who 
may wish to acquire by themselves a fuller knowledge of its 
principles, with the view of following them up either into the 
higher branches of the theory, or into the practical region of 
Applied Mechanics. A few propositions, for which some know- 
ledge of the Calculus, or of Solid Geometry, is required, are 
introduced for the sake of completeness, but are placed within 
brackets. 

In conclusion, the writer is glad to express his obligations to 
Prof Calcott Reilly of Cooper's Hill, to the Rev. H. C. Watson 
and Mr. J. E. Pearson of Clifton College, and to Prof. H. S. 
Hele Shaw of University College, Bristol, for valuable aid of 
various kinds given during the progress of the work. 

London, la March^ 1883. 
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STUDENT'S MECHANICS. 



PART I.— ITEST PRINCIPLES. 
§ 1. Introductory. 

1. The Science of Mecbaaics has been studied bo long and so 
BUCceasfully, that it has become wbat ia called a Deductive Science. 
By this ia meant that mechanicians have long arrived at certain 
general laws or principles, which have been bo fully and so 
frequently confirmed, alike by observation, by experiment, and 
by the results of their application, that they take the very highest 
rank as Proved ScientiBc Tniths. These priuciplee being laid 
down as a baeis, the whole of the science is deduced from them, 
and from the proper definitions of the terms employed, without 
any need of appeal to experiment or observation by the way. At 
the same time it must be pointed out, that all the results obtained 
may be verified, and have been verified, by actual observation and 
experiment; indeed, it is this accordance of the theoretical results, 
deduced from the principles, with the actual i-esults obtained in 
practice, which forma, perhaps, the strongest evidence that the 
principles themselves are true. 

2. Very few sciences, even of those which have been longest 
cultivated, have reached this stage of being Deductive. As an 
example of one which still remains Indiielim, aa it is called, we 
may take Chemistry. Hero we have, no doubt, certain general 
laws established, such as that of atomic weights ; but we can 
scarcely proceed a step under the guidance of this law without 
calling in experiment to help us on our way. For instance, if 
Chemistry were a deductive science, then, on leanuDg the atomie 
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weights, and, perhaps, some other particulars, regarding any two 
chemical elements — say, carbon and iron — we ought at once to be 
able to describe all the compounds they can form, and the general 
character of those compounds. Every student of Chemistry, 
however, knows that this is not the case, and that the compounds 
of iron and carbon must be studied separately, as they occur. A 
book on Chemistry is, in fact, a collection of separate facts, which 
are ascertained by experiment, and which, though more or less 
connected by general laws, can by no means be deduced from them. 

3. Of Deductive Sciences the most familiar example is Geometry, 
as given in the Elements of Euclid. There the whole of the work 
is based upon the axioms and postulates at the beginning, together 
with the definitions which are prefixed to each book. The same 
course is possible in Mechanics. Accordingly, the definitions and the 
axioms on which Mechanics is founded are here collected together in 
Part V. ; and to these are subjoined certain " Laws," as they may 
be termed, which are themselves deductions from the definitions 
and axioms, but are so important and so frequently used, that it is 
well to bring them together in one place for ready reference. 

4, There are, however, certain differences between the founda- 
tions of Geometry and those of Mechanics which must be noted. In 
the first place, to understand Euclid requires no knowledge beyond 
that of reading, wiiting, and arithmetic ; and the axioms, defini- 
tions, &c., are supposed to embrace all that is needed for the proof 
of the various propositions. But to understand Mechanics, even in 
its most elementary form, it is necessary to be acquainted, not merely 
with Arithmetic, but also with the main facts, at least, of Geometry, 
Algebra, Algebraic Geometry (or Conic Sections), and Trigono- 
metry.* As we advance farther in the subject, we find many 
propositions which are much more readily and simply proved by 
the aid of the Differential Calculus, and others which without it 
cannot be proved at all. Now, it is clearly needless to set forth 
at length the fundamental principles of these various branches of 
Mathematics, in order to complete the basis on which we found 
our fabric of Mechanics. All we need do is to give those 

* A few propositions in the present work, which require a knowledge of 
J^S^er subjects, are placed within brackets. 
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axioms, &c., which are necessary for Mechanics, but are not 
required in any of these introductory Bciencew, and with which 
the Etiident, therefore, has now for the first time to become 
acquainted. 

5. Again, the axioms of Euclid are some of them concerned 
■with Geometry alone — e-g., "Two straight lines cannot endose a, 
space ; " while others have a much wider application — e.g., " If 
equals be added to equals, the wholes are equal." The same is the 
case with the axioms of Mechanics. But, whereas iu Euclid the 
latter class of axioms, such as the one quoted, are so familiar and 
universal that nobody disputes them, in Mechanics they are indeed 
wide and deep generalisations, hut such as require much study 
thoroughly to grasp, both as to their nature and their evidence. 
Consequently, instead of appearing mere commonplaces, like those 
of Euclid, they will probably Btrike the atudent as something vast 
and uncertain, which he may be in doubt whether to accept or no. 
For this reason it ia not sufficient to set them down baldly, and 
once for all, at the beginning of the book, as Euclid does. They 
must be to some extent explained and illustrated ; and it must be 
shown that they are not extemporised, as it were, for the special 
behoof of this particular science, but that they are also true of all 
'Other cases in nature to which they can apply. Unless tliis can 
be done, these axioros are not entitled to take i-ank with the great 
generalisations on which Euclid builds his theorems. 

6. Hence, the axioms of Mechanics are not here stated at the 
be^nning, after the fashion of Euclid. They will be foimd 
dispersed through the book, and fitted with explanation and 
illustration wherever they first occur ; and they are, finally, 
collected together at the end, where they can be referred to as 
reqiiired. 



^^1 § 3. Definition of the Scieiice. 

7. Definition. — Mechanics is t/ie Scieiice of Motion aiiot Fivft*. 

8. Since Mechanics is thus concerned witt two AASfeTetA ■Oriwi^, 
itis evident tbstt it may be divided into three txaciAveft, w^t^ 
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as we study each of these by itself, or both together. Accordingly^ 
we have the following i*ecognised branches of Mechanics : — 

(1.) Kinematics, or the study of motion apart from force. 

(2.) Statics, or the study of force apart from motion. 

(3.) Dynamics, or the study of motion and force together. 
9. In many books the two former branches are first developed 
singly, and then attention is given to the third branch. Although 
this may be logically con-ect, it does not appear to be well 
calculated to give a firm grasp of the subject from the beginning. 
Accordingly, in this treatise we shall begin by laying down the 
definitions of motion and force, and the fundamental laws of 
their action — in other words, the first principles of Dynamics. 
We shall then give separately the leading facts of Statics and 
Kinematics, as far as it is desirable to pursue them for our 
purposes ; and, finally, we shall return to Dynamics, in order 
to give various higher theorems, which mostly require a know- 
ledge of Kinematics and Statics for their proper comprehension. 



§ 3. Definitions of Motion and Force. 

10. Motion is so simple and familiar a condition that any 
definition in words would only confuse it. We may, however, 
consider how it is that we know a thing to be in motion. We theu 
arrive at the following fact : — A thing is known to be in motion, 
when it is continviously changing its position in space with reference 
to some other thing assumed to he fixed, 

11. Now if there were anything which we knew to be absolutely 
fixed in space, we might perceive absolute motion by change of place 
with reference to that thing. But as we know of no such thing, it 
follows that all motion, as tested and measured by us, must be rela- 
tive — must relate, that is, to something which we assume to be 
fixed for the moment. Hence, the same thing may often be properly 
said to be at rest and in motion at the same time ; for it may be at 
rest with regard to one thing, and in motion with regard to another. 
Thus, take the very homely instance of a man punting his barge up 
a river, by leaning against a pole which rests on the bottom, and by 
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ndvaticiiig hia feet succesaively on the deck as if walking. Such a 
man is in motion relatively to the barge ; he ia also in motion — 
but ia a (lifi'erent manner — relatively to tlie current ; he is at rest 
i-elatively to the ]>art of the earth immediately under his feet ; he 
ia in motion relatively to the jwlar axis of the earth aad to the 
Bun ; whilst it is easy to imagine a proper motion of the 
whole solar system such that he would be absolutely at rest in 
space. 

12. Motion, then, as treated in Mechanics, ia a condition of 
bodies in which they are continuoiiBly changing their position m 
space ; and it in a rehitivn condition, because this chaoge is 
relative to some other body, which we agree to regard as fixed. 
This does not mean that there is no such thing as absolute motion, 
but only that we Imve no means of measuring absolute motion, or 
investigating it in any way, because we have nothing absolutely 
at rest by which to measure it; and therefore all the motions 
which we can investigate are relative motions. 

13. Definition. — Aforoe is aphyaical Qavse of motion. 

14. This definition is only meant to give the sense in which the 
term " Force " is need in books on Mechanics. We have all of ua 
an idea of Force as a thing, derived from our experiences in 
pushing, pulling, lifting, and doing other things, which, as we say, 
require force. In all such cases we know that we are either 
moving things, or at least tending to move them; and, therefore, 
our idea of the thing Force corresponds with our iltfinitioo of the 
term Force. What this Force is in itself, however, ia a much vexed 
qnestion, which there is no necessity whatever to solve for the 
purposes of Mechanics. For those purfioses it is sufhcieut to give 
the definition above, which ia, in fact, to define Mechanics as the 
Science of Motions and of the Causes of Motion. It thus 
corresponds with all other branches of science wliieh are in an 
advanced and satisfactory condition. For instance. Astronomy ia 
the science of the motions of the heavenly bodies, and of the 
causes of those motions; Acoustics is the science of the phenomena 

id, and of the causes of those phenomena ; and so forth. It 

ly well be questioned whether branches of natural pliilosophy, 

have not got beyond the mere descriptioa of ^hQwycaiiKa., 
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and do not attempt to touch their causeS; have any good right to 
be called *' sciences " at all. 

15. Something must be said about the other word in the 
definition — ^namely, Cause. This word it is impossible to avoid, 
since no other expresses the same meaning; but it has been greatly 
obscured by the immense quantity that has been written upon it ^ 
and, moreover, it is often used in different senses. For instance, 
if I were to ask the cause of the railway from London to 
Birmingham, I might be told that it was a number of persons 
joining together to find the funds necessary ; or that it was the 
wish to facilitate communication between those places ; or that it 
was the organised labour of a number of workmen ; or that it was 
the mechanical action of the picks, shovels, and other tools which 
those workmen used. Now, it is in the last of these four senses 
that the word "cause" is used in our definition of force. A 
force is the immediate means of setting something in motion ; in 
simpler language, it is whatever makes something move ; just as the 
downward thrusting of the labourer's spade is what makes the 
earth be loosened in the railway cutting, and the subsequent 
lifting action is what makes it be deposited in the truck, to be 
carried away. It is this which is implied by the term " physical 
cause" in our definition. 

16. From this idea of force as a cause we can at once deduce 
one important conclusion. We are quite familiar with the fact, 
that a cause may operate and yet may fail to produce its result, 
because it is counteracted by some equal and opposite cause. 
Thus, the writing of the words in this book might take place, and 
yet might produce no result if the paper, instead of being white, 
were the colour of the ink. Again, the lifting action of the 
labourer's spade might be exerted and yet produce no result, if the 
weight of earth were beyond his strength. In such cases, which 
are very common, we say that the cause tends to produce its result, 
but that it is counteracted, and so prevented from doing so. 
Applying this to force, we have the following axiom. 

17. Axiom. — A force always tends toprodiice motion, hut mxiy 6d 
prevented from actiially producing it hy the counteraction of an 
equal and opposite force. 
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18. By most writers thia fact is incladed aa part of the definition 
of force ; but it seeinH preferable to state it aa an axiom, becanse 
it is virtually inolnded in the definition aa soon aa we have defined 
force aa a cause. For those, however, who adhere to the old 
view, no better forni can be given to the definition of force than. 
the following ; — Force is any catise wluch cliaiigea, or taids to 
dtange, a body's slate of Test or motion. 

§ 4. Measurement of Pobce and Motios. 

19. Having explained what we mean by motion and force, wa 
must now go on to explain how they may be measured ; for with- 
out tolerably exact measurement we can know nothing of any 
cliiaa of natural i^henomena, except in a vague and supei'ficinl 



20. Measarement of Motion. — We have seen (Art-ll) that motion 
implies a continuous change of place with i-eference to something 
assumed as fixed. Hence, to measure motion we must measate 
the amount of this change of place. If we could make a mark at 
the spot which the moving body occH[iied at any instant, and 
another mark at the spot occupied at any subsequent instant, and 
afterwards measure the distance between these two marks {which 
we must suppose to be fixed), then that distance would clearly be a 
measure of the motion during the interval. 

SI. Thus, suppose the marks to be auccesaive mile-poata oa a. 
railway, and that we have an express train and a goods train pass- 
ing the first of these at the same moment. Then if we watched the 
two, and found that at the moment when the goods ti-atu passed 
the second mile-post, the express was passing the third, we should 
know at once that the speed of the express was twice that of the 
goods train. Hence, when the time is the same, the proper 
measure of motion is proportional to the distance passed through. 

22. But it would not be necessary for us to go to the third mile- 
post at all. Suppose we watched by the second mile-post, and 
found that the express train arrived in two minutes aiter passing 
the first, aiid the goods train in four minutes after doing ao, then 
ve Aonld know jnat as well that the speed of the first wan twice 
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that of the second. We know this, because the time taken by the 
first to run a mile is one-half the time taken bj the second. Hence, 
when the distance is the same, the proper measure of motion is 
inversely proportional to the time of traversing this distance. 

23. Combining these two facts, it is evident that the measure of 
motion varies as the space described directly, and as the time of 
describing that space inversely. In other words, the speed, or the 
intensity of motion, is properly measured by the ratio of the space 
described, 8, to the time, t, occupied in describing it ; that is, by the 

fraction ( - ). 

24. It has, of course, been assumed here that the speeds are 
uniform throughout. If, for instance, the express train had been 
getting up its speed during the first mile, it might reach the second 
mile-post in two minutes, as before, but might then be travelling 
at a much higher speed than twice that of the goods train. In 
that case, assuming it to have now settled down to a uniform speed, 
we should have to wait till it reached the third mile-post before 
we could tell what that speed really was. Hence, we must in 
practice have two modes of measuring motion, according as it is 
uniform or variable. 

25. If the motion is uniform, we simply adopt some convenient 
unit of time, say one second, and measure the speed by the 
distance, «, described in one second. 

26. If the motion is variable, we may give as its measure at any 
instant the distance which it would describe in one second, if it 
continued during one second at the same value which it has at the 
instant considered. But it will be the same thing, if, instead of the 
space 8, which is the space described in a unit' of time, we take 

o 

the value of the ratio — , where t is taken as a fraction of a 

t 

second so small that during the time the speed does not appreciably 

vary, and s is the space described in time t In the language of the 

Differential Calculus, this ratio is 



ds j^ 
dt 



* When an excessively small part of any magnitude is considered, it is 
expressed by patting the letter d before the symbol expressing the magni- 
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27. In MeclmnicB the word velocity ia tiaetl in place of speed. 
The foregoing may tberefore be summed up as follows. When 
■we say tliat one body haa a greater velocity than another, we 
eintply mean that it is passing through, a greater distance than the 
other in the same time. But space and time are both capable of 
measurement. Hence, if v:e can measure any intervaZ of lime, 
durirtff which ws hwv> t/iat the vdoaity remaiTus constant, and can 
also measure tiie internal of apaoe wJdch a body travels over during 
tliat time, (/wn (/« ratio of the space to tlte time, as Aue given, is a. 
proper 7neasure of Hie velocity, in other words, oftlie motion, of Qia 
body. 

28. Measurement of Force. — A cause which is capable of pro- 
ducing an effect, but has not yet done so, is said to possess poxoer. 
The amount of jiower which any cause posseasea we can only 
measure by the amount of the effect which it ia capable of producing. 
When it has produeud the effect, there is no difficulty in measuring 
it. Thus, the explosive power ]>oases3ed by an ounce of gunpowder 
ia determined by the amouut of explosive effect which it exercises 
if ignited. We have, however, no means of measuring directly 
the effect which a cause can ])roducc, but haa not pivjduced as yet. 
All we can do is to measure the effect which a cause apparently 
sirailar in all respects {e.g., another ounce of the same kind of 
gunpowder) haa produced, and assume that the first cause posseasea 
the power represented by that efiect. 

39. Now we have defined a force as a cause of motion. Hence, 
■we see that, if a force has produced motion, it will be represented to ns 
by the motion it has produced ; and if it has not produced motion, 
it will be represented by the motion which has been produced by a 
force believed to be equal to it. But motion is measured ia terms 
of velocity {Art. 23). Hence, other things being equaJ, forces 
are measured by the velocities which they cause or generate. 

30. To show what is meant by the proviso " oilier thinga being 
equal," we may follow exactly the same course as in the case of 
velocity (Art. 21), and recur to the example of the express and 
goods trains. If force is measured by velocity, then, when the 
taie, so thai <( a cxpreeses im exceedingly small interval of Bpoue, and d t 



10 THE student's MECHANICS. 

velocities are equal, the forces are equal also. Suppose, however, 
that the two trains, having started together, are running at exactly 
the same speed, but that the goods train is twice the weight of the 
express train ; then we should not admit that the forces exerted 
by the two engines were equal, but should call that of the goods 
engine much greater than the other. Hence, we see that, if 
forces are to be measured by the velocities they generate, the 
things they act upon must be equal. 

31. Again, suppose that the trains were of equal weight, but 
that the goods train reached a given speed from rest in one 
minute, while the express reached it in two ; then again we should 
say that the goods engine had exerted a much greater force. 
Hence, we see that, if forces are to be measured by the velocities 
they generate, the times dv/ring which they act must be equal. 

32. Thus we are led to the principle : Forces are measured hy 
the velocities they generate in the same or equal objects and in the 
same or equal times, 

33. The unit of force will, therefore, be that force whicli 
generates a unit of velocity in a unit of matter and in a unit of 
time. In England the unit of velocity is 1 foot per second, so 
that a unit of force is that force which in one second generates 
in a unit of matter a velocity of 1 foot per second. On tlie 
Continent, the corresponding velocity is 1 centimetre per second. 

34. But we have already seen (Art. 16) that forces sometimes 
act without producing motion, being counteracted by opposite 
forces. How are we to measure them in this case ? The obvious 
way of doing so is to find some known force, which always remains 
constant and unalterable, and to see how many units of this known 
force will exactly counteract or balance the force we are seeking 
to measure. Such a constant force is found in what we call 
gravity — in other words, the attractive force of the earth. 

35. It is found that the amount of this attraction on any given 
piece of matter is the same at all times, and, practically, the same 
at all places, provided they are not removed from each other by 
a considerable part of the earth's circumference. The amount of 
this attraction is called the weight of the piece of matter. The 

iini^ of weight in Englsind is the pound, and a "^ovmd \a >iJsi^ ^^\^ti 
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of a certain piece of metal preserved at the Standards Office iu 
London. On the Continent, tlie unit of weight ia the gramtne. 

3C. Any (mrticular force, then, may be measured by aficertainiug 
the number of jiounds weight whidi will counteract it. Thia we can 
do in varioua ways, according to circumataocea. If the force is itself 
the weight of some body, we may measure it by putting the body 
into one scale of a balance and putting a number of pounds into 
the other scale, until the two balance exactly. In other cases we 
may make the force act through a string or rope to lift a certain 
number of pounds from the ground, or to extend a spring, the 
elongation of which, under known weights, lias already been 



37. These two modes of meaimring force — by the motion pro- 
duced, or by the weight balanced — must be carefully borne iu 
mind and distinguished from each other. As the first has to do 
with forces in motion, it is naturally called the Dynamical method 
of measurement, and as the other has to do with forces at rest, it 
is called the Statical method. They may be described as follows. 

38. Forces are measured by the velocities which they cause or 
generate in the same or equal objects and in the same or equal 
times. Thia is the Ahsoliiie or Dynamical method, and forces 
when so measured ai'e called aeaderating fareeg. 

39. Forces may also be measured by ascertaining the number of 
units of a standard foi'ce (in England, the number of pounds 
weight) which will exactly counteract them. This is the StaiicaS 
method, and forces when so mcasiu-ed are called statical forces. 

§ ft. Modes of Action op Force. 

40. Forces may be supposed to act upon bodies in very many 
different ways. Forces might act apparently at random, and 
without any law whatever ; but svich forces cannot, of course, be 
studied in any way, and therefore we need not consider them 
further. All forces which are known in natui-e act according to- 
definite laws ; that ia to say, they are connected with space and 
time by certain definite relations, which can be ex.^TBGae^ m -^wia 
orajmbaJe. 
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41. First, as to relations to time. — A force may exHier he a COU' 
tirvuoua forcey that is, it may always be going on ; or, it m>ay he a 
discontinuous force, that is, may a^st at intervals only. When a 
force is practically instantaneous in its action, and the actions 
occur at intervals more or less long, the force is called an Impulse. 
Examples of impulses are the blows of a hammer on an anvil, of a 
clapper upon a bell, <fec. They occur at definite intervals, but the 
time they last is too small to be measured. 

42. There may be other forces which are discontinuous but not 
impulsive; such is the action of a cam in machinery. A cam 
is a projection on the outside of a revolving wheel, which, each 
time that it comes round, lifts or moves some piece out of its 
way, then lets it fall back again. This lifting, however, is not an 
instantaneous, but a gradual action. 

43. It will be observed that these cases of discontinuous forces 
are so only because they have been specially so arranged by the 
power of man. Their discontinuity is in fact apparent, not real. 
The forces of nature are, so far as we know, always continuous ; 
that is, they never cease acting, although their action may be 
counteracted. They are also uniform ; that is to say, if the rela- 
tions of space remain unaltered, the force will remain always the 
same. In other words, if the force be expressed in symbols, the 
symbol for time does not enter into the expression. 

44. Secondly, as to relations with space. — There is probably no 
limit to the number of ways in which forces may be supposed to act, 
and all kinds of suppositions are constantly made in the form of 
problems for the exercise of students. For instance, we may 
suppose that, at every point on a certain straight line, a person 
would find himself acted upon by a force of a definite amount, say 
10 lbs., acting along that straight line ; but that if he got away 
from the straight line the force would disappear. Again, we may 
suppose that at every point in a certain plane he would find him- 
self acted upon by a force tending, we will say, to the northward, 
but that if he got off this plane the force would disappear. Or 
again, the force might not be constant, but the farther he got to 
i^he north the greater or the less might the force become. Or 

//SHin, lie might £nd himself always acted w^onXi^ «u ioxc^ ^\v\ak 
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tended to titi'u him in a. certain direction, and then to keep him 
in that direction. Of this laet we have iin actual example ii) 
nature, in the force which causes a magnet, wherever it ia, to 
turn noi-th and south, and to keep pointing in th»t direction. 

45. Yet again, wo may suppose a person to be walking over 
the surface of u sphere, and find himself always drawn towards 
the centre of that sphere. This is what happens to all of ua in 
passing over the surface of the earth. We are always being 
drawn towards the centre, and the force which draws us ia somo- 
timea called the "attraction of gravitation," and sometimes our 
own. weight. But this is not all : for, if we rise above the surface, 
aa in a balloon, or if we pas.<< beneath it, as in a mine, we still 
find ourselves drawn towards the centre ; and this will be the 
case however near to, or however far from, that centre we may 
arrive; Such a force is what is called a central force ; it is as if 
a power existed at one particular point (in this case the centre 
of the earth) which was always pulling towards that centre every 
body that came within its range. 

46. In other cases the force might always be pushing bodies 
away from the centre instead of towards it, which ia espressed by 
Baying that it is a repulsive, and not an attractive force. Again, 
the force may be the same in amount whatever the distance from 
the centre, or it may be different at different distances ; and in 
the latter case, there may be any number of ways in which this 
variation of tlie amount with variation of the distance may take 
place. In the case of the eai-th, for instance, the amount varies 
inversely as the squares of the distances; by which is meant that if 
the distances are represented by 1, 3, 3, 4, ic, and if the amount 
of the force at distance 1 is represented by F, then the amounts at 

the other distances will be — i -7r , -rr^ > Ac. 
4 9 16 

47. It is very desirable to master at once this conception of 
central forces; because, so far as we can see at present, the whole 
of the phenomena of nature are probably due to the action of 
central forces, and, therefore, their treatment has an importance 
infinitely beyond tliat of any other mode of force. 
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§ 6. Mattee. 

48. We have now defined force and motion, but it still remains 
to define that which force acts upon. The general name for this 
is matter; and many wiiters on Mechanics are content to assume 
that matter is a familiar object to all, and refuse to define it. 
Others give definitions. Of these, perhaps, the best is that of 
Thomson and Tait, who define matter as "that which can be 
perceived by the senses, or as that which can be acted upon by 
or can exert force." This last clause sets forth the very im- 
portant truth, that matter both acts and is acted upon, — that it 
is not only the Object, but also the Source, of Force. For the 
purposes of Mechanics, however, a more precise definition is 
desirable, and this is now to be given. 

49. Definition. — Matter consists of a collection of centres of 
force distribiUed in space, and acting upon each other according 

to laws, which do not va/ry vnth time, hut do vary with distance. 

50. This definition is of matter in general ; but in practice we 
are always treating of some definite portions of matter, and we 
require names to express these portions, according to their size 
and other properties. The names usually employed are the follow- 
ing, beginning with the most elementary. 

51. (1.) The centre offeree itself is called an ultimate atom, or 
a physical point. Like a geometrical point, it has no assignable 
parts or magnitude, and cannot therefore be compressed, extended, 
or divided. It is, in fact, a geometrical point, conceived as having 
also the properties of exerting and receiving forces, and of being 
movable through space, whilst retaining its constitution unaltered. 
The word " point " is, perhaps, the simplest and shortest which 
can be applied to it; but it is sometimes desirable, for greater 
clearness, to use the word " centre." 

52. (2.) A collection of points or centres acting on each other, 
and so intimately and closely bound up together that no known 
process or natural force can separate them, is called an aUnn or a 

53, (3.) A coiiection of points, simpVy coiiai^et^^ ^^a w> ^xsi*^ 
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that for the parpoaea of any particular ioTeatigation, or for those 
of Elementary Mechanics in general, it may be conaidared as con- 
centrated in a single central point, is called a particle. This word 
13 used merely to imply that all questions of size, rotation, consti- 
tution, &C., are for the present left out of aceouut. 

54. (4.) A collection of points of any size or shape whatever, 
■which for the purpose of any investigation ia treated together as 
a whole, is called a bodi/. 

55. A few remarks may be subjoined. The above is a defini- 
tion of Matter, only aa a term of Mechanics and as concerned 
with Force. It does not assert or deny that Matter may have 
uther properties — e.g., the properties which diatinguiah the 
different chemical elements may be special projwrties unconnected 
with force. On the other hand, tbo definition does really embrace 
what are recognised aa the general properties of Matter, such aa 
Extension, Hardness, Colour, Temperature, &c. Of these Exten- 
sion is included by saying that the centres are distributed iu space, 
and the remainder are now recognised as properties depending 
upon Force. Again, the definition does not preclude the exist- 
ence of different Iciiuls of matter ; such, for instance, aa that the 
particles of any one kind should only act on each other, and not on 
particles of the other kinds. Whether there is any such division 
into kinds in Nature is, however, doubtful, certainly it is not 
obvious or familiar ; and in this treatise it will he assumed that 
all the matter considered ia of one kind, that the centres of force 
are all alike, and all act on each other by like laws. 

56. There is one fundamental fact with regard to matter which 
must he stated, before we can even commence our investigations. It 
is expressed by saying that any given body, under the action of any 
given force, will only be caused to move over a finite distance in 
a finite time. In other words, the motions caused by any known 
forces will always be finite or limited motions. 

57. The reason why we must make this limitation ia obvious. 
X<et us suppose there was a. body which did not possess this pro- 
perty, and which, therefore, on being acted upon by any force, 
would assume a motion which was infinite. Then, the fic&b ^.v^a 
socha hodf was acted upon by any lorce, i't-^cnii.'Ve lasyj^^** 
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an infinite distance, and, therefore, we could never see or know 
anything concerning it Everything we can measure or investigate 
in any way must itself be finite, and this applies to motion as much 
as to other things. 

58. This fact is generally expressed by saying that matter has 
Inertia ; and inertia is spoken of as a special property of matter. 
It is only so, however, as being a special case of the general fact 
that finite causes only produce finite effects. Ketaining the name, 
the principle may be expressed as follows : — 

59. Principle of Inertia. — All things within owr range of know- 
ledge being finite, any known body under the action of any knouon 
force will only assume a finite motion in a finite time. 

60. Measurement of Matter. — Since matter consists of centres 
of force, which we assume to be all alike, tJie qtuintity of matter 
in a body simply means tlie number of centres of force contained 
in it, just as the quantity of shot in a given bag simply means the 
number of pellets. This might be called the absolute definition of 
Mass, mass meaning the quantity of matter in a body; and 
if we could actually count the number of centres of force, this 
would be a practical mode of measuring matter; but this is 
impossible, and we must find some other method. For this 
purpose we use the assumption that all centres of force act on 
each other alike, and with forces which are equal at equal 
distances (Art. 55). 

61. Let us suppose that we can isolate a certain centre of force, 
and place it so that it is at practically equal distances from all the 
centres of force in a body. Then the force which the body 
exercises on this external point is simply the force due to one 
centre multiplied by the number of centres, and, therefore, is 
proportional to that number. Hence the force existing between 
the point and the body will be a measure of the body's mass. 
Now we cannot really isolate a single point in this way, but 
practically we can treat the earth as a standard isolated body, 
having the whole of its mass concentrated at the centre ; and then 
we measure the mass of any other body by the force- existing 
under standard circumstances between it and the earth. But this 

^rce is called its weight ; and thereiote. 'we aimN^ «c\» ^"^ ^^^^^'^ 
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laid down by Newtou from experiment, that the maes of a body ia 
to be measured hy its weight. We thus amve at the following 
definition ; — 

Definition. — The number of centres, or the quantity of matter, in 
a body is called its Mass ; and it is measured by its weight 

62. We have seen that the weight of a body is determined by 
comparing it with a standard unit of weight — i.e., in England, the 
■weight of the standard [lound at or near London. In lueaauring 
mass, however, we need not make the latter restriction. Suppose 
we take the standard pound, or a copy of it, to any other place, and 
weigh it against a given body at that place ; then, if the two weights 
are equal, we know that the number of centres of force in the two 
bodies are equal, since the total attraction exercised upon them by 
the earth at that place is the same. Hence the masses of the two 
are equal. In this way the standard pound is often looked upon 
rather as a standttrd of moss than of weight, since its mass is the 
same everywhere, while its weight depends to some extent on its 
position. We may even suppose the earth annihilated, or removed 
to an infinite distance. The weight of the pound would then 
become nil; but its niasH would remain the same, and if it were 
made into a ball and hred out of a gitn, it would fly no faster and 

I slower than it does now. 
&. We have already seen {Art. 38) that forces are proportional 
4e velocities they generate in the same or like objects and in 
the same or like times. We are now iu a position, having defined 
matter, to go farther, and see how forces may be measured when 
they cannot be applied to the same or like objects; in other words, 
how they are to be measui-ed when the matter on which they act 
is taken into account. 

64. We liave seen that the aolar system, considered mechanically, 
is a collection of like centres of force, or points, acting on each other 
by like laws, which vary with the distance. \jA, ob ■ao"« coa^iiOT &. 
Bi^Jtf/wu)^ aa related to any number, n,otot\\6ic-^\n.^»,-«\«*3a.»'^» 
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all at the same distance from it, and form, in fact, an element or 
small part of the sui-face of a sphere, of which it is the centre. It 
is evident that the force existing between any one of these points 
and the first point will be the same ; and therefore, the total force 
acting between the first point and the element will be proportional 
to the number, n, of points — t.e., by the definition (Art 61), to the 
mass of the element. If these forces are left to themselves, then, 
taking the central point as fixed, the element (since force causes 
motion) will move towards it or from it with ever-increasing 
velocity. But suppose another force to act directly upon the 
element and keep it at rest ; then this force must balance the force 
existing between the element and the centre, and therefore it also 
must be proportional to the mass of the element. Hence we see 
that if the velocity is to be unaltered, force must vary as the mass 
it acts upon. But we have already seen (Art. 38) that when the 
mass is unaltered force varies as the velocity generated in a given 
time. Hence, by the ordinary law of proportion, when both are 
altered force varies as the mass acted upon multiplied by the 
velocity generated in a given time. 

65. Definition. — The product of the incbsa by the velocity of a 
body is called the Momentum ; and forces considered in relation to 
the mass of the bodies they move are called Moving Forces. 

We may therefore state the conclusion at which we have 
arrived in Art. 64, by saying that moving forces are measured 
by the momenta which they generate in a given time. This is 
a principle laid down by Newton in Definition YIII. of the 
Frindpia, and in many later works announced as the Third Law 
of Motion. 

66. On this system the proper, or absolute, mode of measuring 
force would be to isolate two centres of force, place them at the 
unit of distance from each other, and observe the relative velocity 
at the first instant after they began to move. This would form 
an absolute elementary unit of force; and the force acting 
between a centre of force and a body, in any other case, would 
be found by multiplying this absolute unit by the number of 
centres in the body — in other words, by its absolute mass — and 
by that function of the distance which expresses the law of the 
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forces. It is obvious that this process ia impoaaible. As in the case 
of mass, we must resort to the standard furnished us by the earth 
<m which we live. As already described (Art 34), we begin by 
taking a certain piece of matter — such as the standard pound — 
which we agree to regard as a standard of mass. The weight of 
this pound, taken in London — since the force exercised by the 
earth may differ at different places — we take as the unit of weight. 
Any force, ao long as it produces no motion, is measured by the 
number of such pounds which it will support — in other words, by 
the number of units of weight which it will balance. This is the 
measure of Statical Force, and its unit is the weight of a pound. 

67. Again, if we consider forces as acting always on a unit of 
mass, and if we suppose that there is no force acting in the 
opposite direction, then these forces will be measured simply by 
the velocities which they generate in a given time. This is the 
measure of Accelerating Force, and its unit is a. unit of velocity 
generated in a unit of time on a, unit of mass. In England the 
unit of velocity is 1 foot per second, and since gravity, or the 
attraction of the earth, generates a velocity of about 322 feet per 
second in one second, we say that the value of the accelerating 
force of gravity is 32-2. This value we shall call g. 

68. Thirdly, if forces act on different masses, and produce 
motion in them, then the forces are measured by the product of 
the mass and the velocity generated in a unit of time. This is 
the measure of Moving Force, and its unit ia a velocity of 
1 foot per second, generated in a mass of 1 lb. weight, and in a 
unit of time. Here, as before, we must consider that there are 
no forces acting in the opposite direction. In other words, the 
measure of movinf; force is only the measure of the uitbaianced 
part of a force. The balanced part of a force is to be measured by 
statical standards only. 

69. It must be dearly understood that, when we speak of 
statical, moving, or accelerating forces, we do not refer to different 
kinds of force, but only to forces as measured in different ways. 
The same force may take any one of the three names, according to 
the circumstances under which it acts. 
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§ 8. Laws op Motion. 

70. We have now defined the things of which Mechanics is the 
science — viz., Motion, Force as the cause of motion, and Matter 
as that which exerts force and has force exerted upon it. "We 
may now go on to lay down the leading principles of the science 
itself. 

71. Newton, when he arrives at the same point iu the 
Principia, proceeds by laying down three "Axioms or Laws 
of Motion," which, though not actually discovered by him, have 
ever since borne his name. These, literally translated from hia 
own words, are as follows : — 

" First Law of Motion. — Every body continues in its condition of 
rest, or of uniform motion in a straight line, except in so far as it 
is compelled by impressed forces to change its condition. 

** Second Law of Motion. — Change of motion is proportional to the 
moving impressed force, and takes place along the sti-aight line iu 
which the force is impressed. 

" Third Law of Motion. — Reaction is always opposite and equal 
to action ; or, the mutual actions of two bodies are always equal, 
and in the opposite directions." 

72. These laws are usually given as independent axioms, merely 
adding proofs, or rather illustrations, drawn from experience. 
The laws, however, are not really independent. They can be 
derived from our definitions, by the help of certain axioms or 
principles which are not peculiar to Mechanics, but may be looked 
upon as universal truths of physical science. This we shall now 
proceed to show. 

73. Derivation of the First Law of Motion. — This law can be 
deduced from a principle, which may be called the Principle of Con- 
servation. It is best expressed by the simple words — ^^ Effects live." 
By this is meant that the effect of any physical cause does not 
die away or cease when the cause is withdrawn, any more than 
the life of an animal ceases when it is bom ; nay, more, it will 
not cease at all, but will continue to live by its own vitality, as 



PAltT I. — FIRST PiilXCIPLES. 21 

it wen-, unless and until it is actually put au end to by some 
otter cause of the opposite cliuracter. lu a word, au effect does 
not cease of itself j it is only destroyed. And eveu when destroyed, 
it is not as though it bad never been ; for its destruction iu itself 
produces an effect, and in some way an equivalent effect, ou the 
agent which has destroyed it ; and by the same law this effect 
also lives, unless and until it likewise is destroyed by some third 
agent, to which in turn it also communicates an equivalent effect; 
«nd so the generatiou is continued for ever. 

74. The proof of the principle of conservation, like that of most 
other generalisations, lies mainly in the fact that the evidence ia 
its favour is continually augmenting, while that against it is 
euntiuually diminishing, as the progress of science reveals to us 
more and more of the workings of the universe. That it is true 
to some extent is shown by such every-day facts as that a scone 
continues t« lly after it has left the hand, that waves continue to 
roll after the wind has dropped, that the horseshoe continues to 
glow after it has been witlidrawn from the tire, and so forth. On, 
the other hand, the apparent eioeptions — i.e., the cases in which 
effects seem to die a\«iy altogether, after a longer or shorter 
interval — are so many that it is not to be wondered at if for many 
ages the principle failed to impi-ess itself on the human mind. 
But the progress of modern science has shown bo many of the 
exceptions to be apparent only, not real, and has at the same 
time brought to light so many additional instances of the rule, 
that the current of thought has changed ; and the danger is now 
lest men should follow the rule too blindly and implicitly, and 
(iiitend it to regions where it has not been shown to liold. 

75. Assuming the principle, the proof from it of the first Law 
of Motion is as follows. Motion is the effect of force. But 
effects live. Therefore, the [larticular effect called motion lives. 
Therefore, a body once acted on by a force, and so set iu motion, 
will retain that motion unchanged — i.e., the same both in 
intensity and direction — unless and until some other force 
supervenes to cause a change in it. But motion which ia not 
changed in intensity, is uniform motion ; and motion which ia not 
changed in direction, is motion iu a straight line. Hence, a body 
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not under the immediate action of any force, if it moves at all^ 
will move uniformly in a straight line. 

7G. Second Law of Motion. — This law, as enunciated by 
Newton, is practically the same as the principle that force is 
measured by the velocity which it generates, and has already been 
proved in Art. 38. But Newton added to the law a very 
important scholium, or explanation, to the effect that any force 
acting on a body will produce its full proportionate effect of 
motion, whatever other forces or motions the body may be 
subjected to at the same time ; '^ the new motion being added 
to the previous motion, if it is in the same direction, or subtracted 
from it, if it is in the opposite direction, or obliquely combined 
with it, if the directions are oblique, and compounded with it 
according to the directions of each." It is this corollary to the 
law which really introduces the new conception, and, accordingly, 
it has gradually been substituted for the law itself. The usual 
form in which the law stands is as follows : — Wlien any number 
offerees act upon a hodyy at once, each produces its wJwle effect in 
altering tJie magnitude and direction of tJie hody^s velocity a^ if it 
acted singly on the body a/t rest, 

11. As examples of this law various facts may be cited. K an 
object be dropped within a railway carriage in motion, it will fell 
perpendicularly on the floor, exactly as it would do if the carriage 
were at rest. If a bullet is fired from a rifle, it will fall to the 
earth exactly as fast as if it is dropped from the hand ; for which 
reason elevation has to be given to rifles or cannon whenever the 
distance is great. Again, the surface of the earth, and everything 
on it, is always moving with great velocity round the axis joining 
the poles ; but of this motion we are not even conscious, and it 
does not affect in the slightest degree the other forces in motion 
on the surface. 

78. This law may be proved as follows* If a force, in the pres- 
ence of any circumstances, fails to have its full effect in imparting 
motion, this can only happen for one of two reasons. Either the 
force does not act so as to produce its effect; or, although the force 
acts, yet the effect dies away again. But, by our definition of 
matter, forces are always acting, and if the distance be the same 
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are alwiiya the same; and by the principle of conaervatioa effects 
live and do not die away. Hence, neitJiei' of the above auppoai- 
tiona, upon tlieae principles, can be true ; therefore, forces do aal 
under all circum stances to produce their full effects, which is the 
proposition required. 

TJ. Third Law of Motion. — Before we can understand this 
law, we must know what ia meant by action, and how action is 
tu be measured. Ifewtoa himself has not stated this explicitly, 
and hence there has been some confusion about the meaning 
of this law. In fact, if we are considering the action between 
bodies, that action must be measured in different ways, according 
as the bodies are at vest or in motion relatively to each other. 
In the first case, as Newton has elsewhere intimated, it is measured 
by the forces existing between the bodies, and in the second by the 
energy exerted, which we ai* not yet in a position to define. If, 
however, we confine ourselves to the ultimate elements of matter, 
as given by onr definition, then there is no difficulty. For we 
liave assumed matter to consist of centres of force, all alike, 
and all acting on each other according to the same laws. Hence, 
the force with which one centre acts upon a second is the same as 
that with which the second acts on the first, because the distance 
between them is the same whichever way it is measured. If we 
call either of these forces the action, the other will be the reaction ; 
and it will be equal to it in magnitude, and opposite to it in 
direction. But this ia what ia asserted by the third Law of 
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FUNDAHEHTil. EQUA-TTONS FOK MoTION IN ONE StBAIQHT 

Line and undee a Sihqlk Force. 

. The laws of motion, witli our definitions, enable us to lay 
down at once the fundamental propositions as to the action 
between two points or centres of force, or between two bodies each 
of which may be supposed to be concentrated in a single centre. 
Practical examples of the latter case are the attractions of the sun 
and earth, neglecting the disturbing forces of the planets, of the 
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fall of a body to the earth, neglecting the resistance of the air. In 
such cases the ideas involved become greatly simplified. 

81. In the first place, since all motion is relative to some point 
assumed to be fixed, we shall naturally assume as our fixed point 
one of the two centres of force concerned, and thus investigate the 
motion of the other in reference to it. Thus, in the case of the 
earth and sun, we assume the centre of the sun as fixed ; and in 
the case of a falling body, we assume the centre of the earth as 
fixed. 

82. Secondly, if the body assumed to be in motion be a single 
centre of force, it is an absolute unit of mass ; and if it be a group 
of centres, the distances of all of them from the stationary body are 
assumed to be the same, and therefore each centre forming the 
group will be acted on by the same force. The total force on the 
group is therefore always proportional to its number. Hence, the 
motion will be the same whatever be the mass ; and therefore the 
idea of mass need not be included, at least as long as the two 
bodies are still at a considerable distance from each other. In 
other words, we have only to treat the forces as accelerating, 
not as moving forces. (Arts. 38 and 65.) 

83. Thirdly, as no other forces are acting, the whole of the 
action will take place in the straight line joining the centres, and 
the question of the combination of forces, which has not yet been 
settled, does not enter. 

84. Let us consider two bodies, A and B, and investigate the 
motion of A with regard to B, taken as fixed. The problem will 
be stated mathematically thus : — Given tlie distance, 1, between A 
and B, at the instant when A begins to move, and tlie accelerating 
force, f, with which B acts on A.', to find tJie velocity of A {referred 
toW) at t seconds after that instant, and also tlie space^ s, which it 
has passed over from its original position towards B. 

85. Let us, in the first place, assume that the force with which 
B acts on A is constant. This is, of course, against our definition 
of matter, and is never exactly true in nature. But it may be 
assumed as true — according to the ordinary principles of mathe- 
matical reasoning — when either the interval of space or the interval 
of time, which we are considering, is relatively exceedingly smalL 
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The former of these suppositious holds practically in the case of 
falling bodies, where the variation of gravity due to the a[)proach 
towards the centre of the earth may always be neglected. The 
latter supposition will enable us to calculate the effect of a varying 
force, by supposing it to be represented by the effect of an indefinite 
number of constant forces, each acting independently and for an 
indefinitely short interval of time. 

86, We therefore begin by assuming that the force is constant. 

It will therefore be measured by the velocity /generated in one 

second (Art. 38). Moreover, by the second law of motion, this 

velocity will in no way affect the action of the force, which in the 

next second will again generate exactly the same velocity,/ At 

the same time, by the first law, the velocity, / generated in the 

first second will remain unaltered. The velocity at the end of 

the second second will therefore be /+/ or 2/, In the third 

second a thii'd velocity,/ will have been added, making the velocity 

3/ By similar reasoning the velocity at the end of t seconds will 

be t/; or, if V be the velocity of A at the end of t seconds, we 

have 

V=/« (1.) 

87. The above equation has been proved only when t is an 
integral number of seconds. It remains to show that it holds for 
any value of t For this purpose we may suppose the force to act 
by a number of successive impulses given at equal small intervals, 
dt, and each generating the same small velocity, v. Then, just 
as above, the actual velocity at the end of any number, n, of such 
intervals will be the sum of the n velocities generated ; or, if V 
be this velocity, V = n y. Now, let w be the number of intervals, 
dt, which make up one second, so that ndt-1. In this case the 
velocity generated is the acceleration. Then Y =/; hence the 

equation^ Y = nv, becomes /= n « = ^7- , or v =/d t. 

Again, let n be the number of intervals making up any other 
time, t, so that ndt~t. Then the equation becomes 

V = 71 1? = nfd t =/x ndt =fU 
Since the interval c? ^ may be any whatever, this equation is c^aitA 
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general : and we may therefore take as the general relatiou 
between accelerating force and velocity 

88. We have now to find the space, 8, described in the time f. 
For this purpose we adopt the same artifice as before. Suppose 
the time, t, to be divided into a very large number, w, of very small 
equal intervals, dt Then we may suppose that during each of 
these intervals the velocity remains constant at the value it has 
at the beginning of the interval ; and the smaller the intervals, and 
therefore the larger their number, the nearer will this supposition 
be to the actual truth. But if the velocity be constant, the space 
described in each interval will be simply the velocity x the interval 
Now, by equation (1), the velocities at the successive intervals^ 
1 to n, are 0, fx d tj fx 2 d t,/x 3 dt, , » , .fx^n—l) dt Hence 
the spaces described in the successive intervals are 0, /xd t^, 
2/x dt^, 3/x dt^, . . , . {n- \)fxdt\ But the total space must 
be the sum of the spaces described in the successive intervals, 
and it is therefore equal io fd^ \\ + 2+ , . . . + (n — 1)], or to 

fd^x - — ^ ' , But ndt = t; hence this may be written 

2 2n 

The larger n is, the nearer will this expression be to the truth ; 
but the larger n is, the smaller does the second term of the 
expression become. Hence, in the limit this second term will 
vanish, and the true value of the space described in the time 

^isY- 

[For those acquainted with the Integral Calculus this proposition 
can be put more brietiy and clearly. The total space described is 
clearly the sum of the indefinitely small spaces described during 
each of the intervals dt. But for each of these spaces we may 
suppose the velocity constant, and therefore the space described is 
the velocity at that instant multiplied by the length of the interval. 
This is expressed symbolically by 

d8=^vdU 
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But V =fU Hence 



8=jd8=f/tdt = ^.'] 



89. In the above investigation we have started with the instant 
when A began to move, so that A's initial velocity is 0. Let us, 
however, suppose that A has an initial velocity, t?^, in the direction 
of B. Then, by the second law, this velocity will not in any way 
be affected by the action of the force,/, acting in the same direction. 
Hence the velocity at the end of the time t will be 

and the space described in the same time will be 

v^ t being evidently the space described by the point in the time 
t with the velocity v. 

If the velocity is in the opposite direction, it will be diminished 
by the action of the force ^ and the corresponding equations 
will be 

90. Lastly, to find the relation between velocity and space 

described. If A stq-rt from rest, then, since v =^ft, and 8 =*^, we 
have 

If A have an initial velocity, i?^, then 

v = v^±ft ..(A), 

^ = v,t±^^ (B). 

Hence ^^ 

v"- = (t>j ±ftf = < ± 2/ («i t tf4rV 
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Therefore 

v2 = rj2+2/« (C.) 

This last is the general form of the equation connecting velocity 
and space described. 

91. The equations (A), (B), and (C), are the general equations 
for the motion of a body in one stmight line, and under the action 
of a single accelerating force; and they may be considered as 
fundamental equations for Dynamics. By Art. 68 they will also 
apply to the case of moving forces ; for if P be the force, m the 
mass moved, and/ the velocity generated in a unit of time, on the 
acceleration, we have by that article, 

P 

P = m/, or - =/. 

QJl 

This gives the value of the acceleration in this case, and the 
same proof will then apply; we may therefore use the above 

P 

equations, writing — for/I 



§ 10. Composition op Forces. 

92. Representation of Forces by Straight Lines. — Many 
problems in Mechanics can be readily solved by geometrical 
methods, thus dispensing with the need of the higher calculus. 
This is due to the fact that forces can be completely represented, 
for mechanical purposes, by straight lines. Thus, if we take the 
absolute mode of measuring a force, it is represented by the 
velocity which it will generate in a unit of time and in a unit 
of mass. Now, this velocity has a certain value, which is 
measured by the number of feet moved through per second; 
and it has a certain direction, which is measured by the angle 
it makes with some line taken as a fixed standard within the 
plane in which it moves. For example, the direction in which a 
ship 18 steering is given by the angle it makes with the meridian, 
or the line of north and soutb. Bwt dVxecX^oiv^bxATiximber can 
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both he repreBented geometrically. Aasiime any point, O, Fig. 1, 
ia the plane of the paper to be the luateiidl r 
poiut or centre on which the force acta. Draw 
any line, O N, in tiiia plane to represent the 
dii'ection taken a.s the Btandard — for inatan::^. 
north and aonth. Draw through the point 
O a line OP, waking with this line the 
same angle which the direction of the foi'ce 
makea with the standard line; aud along t. 
O P meaanre A, liaving the same num- ^ig. 1. 

ber of units of length as the velocity hiis. These units of length 
may bo actually the same — e.g., a velocity of 2 feet per aeoond 
may be represented by a line 3 feet long; or they may be on a 
different scale — e.g., we may repi-esent the velocity of 2 feet by 
a line 2 inches long, which is said to be on a scale of y'j. In 
either case the line O P completely represents in magni- 
tude and direction — that ia, in its only essential properties — 
the given force; and if we represent otlier forces by similar 
lines to the same scale, then any geometrical proposition we 
can prove to hold of these lines will also hold of the forces they 
represent. 

Or again, we may take the statical definition of fovce, and say 
that it is fuUy determined when we know its point of application, 
itsdirectioD, and the numberof pounds presanre it will balance. If, 
then, we diaw P from the point of application, and make O A 
represent to any convenient scale the number of pounds pressure in 
any given case, then O A will completely represent the force in that 

93. Having established the fact that forces may be represented, 
for the pnrjioses of Mechanics, by straight lines, we are now in ii 
position to go on and consider what will hajipen when not one, but 
several forces act together upon the samo point. The funda- 
mental problem in this department ia to find the resultant of 
any given set of forces acting together upon a poiut, where 
the word resultant ia used in the sense of the following defini- 

9i. Definitioa— B7«» C/a eftct of smctqI /otocb acli-ng VigaiV-r 
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wpcm a point ia/otmd to be the same in all respects as that of a single 
Jorce supposed to act hy itself on the point in their place^ then 

this supposed single force is called the Resultant of the set of 
forces. 

95. Theorem. — There must always he a single resultant for any 
^et of forces acting on a point 

Either the point begins to move (or altei-s its motion) under the 
action of the forces, or it does not. If it moves, it can only move in 
one definite direction, and with one definite velocity ; and by the 
definition of force, this effect is the same as if it were caused 
to move by the action of a single force tending in that particular 
direction, and of such amount as to generate that particular 
velocity. If it does not move, then the effect, by the first Law of 
Motion, is the same as if the point were not acted on by any forces 
at all ; so that the resultant of the forces is zero. There is then 
equilibrium, according to the following Definition : — 

Definition. — When the resultant of the forces acting upon a point 
is zero, there is said to he equilibrium between the forces, and the 
point is sa/id to be in equilibrium. 

96. Problem. — To find the resultant of two forces acting 
on a point along the saine straight line a/nd in the same 
-direction. 

By the scholium to the second law (Art. 76), or by the principle 
of conservation, which includes it, each force will produce its full 
effect independently of the other. Hence, if A and B are the 
absolute values of the forces, the point will have imparted to it 
a velocity of A feet per second, and also a velocity of B feet per 
second, both in the same direction. It will therefore have a 
velocity of A + B feet per second in that direction. This is the 
same effect as if it had been acted on by a single force whose 
measure was A+B. Therefore the resultant in this case is the 
sum of the forces. 

97. Problem. — To find the resultant of two forces acting on a 
point along the same straight line, hut in opposite directions. 

As before, each force will produce its effect independently of 

iibe other. Let A and — B be the forces (the negative sign indicat- 

I'n^ the opposition in direction, aa m A\g[B>oraJvc»\ C^^ci\sifc\jrf^^ «jsA 
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Ityt A be the greater aiid = B + C TLcq, by the last theorem, 
the effect of A is the same as the effect of the two forces B and C, 
of which it may be couaidered the resultant Hence, we may treat 
ibe centre aa being under the influence of tliree forces — viz., two 
equal forces, B and — B, acting in opposite directions, and a third 
foi-oe, C, acting in the same direction as E. But, by the principle 
of symmetry, the effect of the two forces B and — B must be zero. 
Heuce, the whole effect is that due to the thii'd force C, or A - B, 
and the point moves as if it were acted on by a single force 
= A — B. Therefore, in this case the resultant is the difierenco 
<if the two forces. 

08. What we have here called the principle of symmetry is 
very widely used in Applied Mathematics, but is generally assumed 
without any discussion. As this is the first time that we have 
introduced it, and aa we shall use it in other cases, it is desirable 
t<i give some account of it. 

9D. The principle, in its general fui-m, may perhaps be best stated 
tbus 1 — W?t^i a aause, or set of causes, is so rdaled to two opposite 
iff'eel* tlial lltere is no reason whatever why one of tJtose effects 
a/iould take place 7-aUier than the other, then neither of the effects will 
be produced by the cause or causes; aiid this relation is said to be a 
relation of symmetry. 

100. Of this principle, as of othei-s, it may be ti-ue that when 
thus stated in its genei-al foi'm it is not easy at once to grasp its 
bearings. Aa illustration or two will make it dearer. We put 
a rein or a curb on each side of a. horse's mouth, and then hy pull- 
ing on both together we know that we shall not cause him to turn 
to either side, because there is aa much reason to turn to the 
one as to tlie other. In Euclid, the axiom that figures which 
coincide are equal to each other, really rests on this principle, since 
there is no reason wliy one of two such figures should raeaaure 
more than the other, or why it should measure leas. In ordinary 
mechanical practice we admit at once that two equal weights 
suspended over a pulley by a weightless string will remain at 
rest, because there is no reason why either should either rise or 
fall ; and for the same reason that two equal weights ?.a%^tsa&K&. 
ih>m tha euda of aa e^ual-onned boilzoutai \ev«iT V'^ ^iW> 'c««&^\(i. 
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at rest. This last fact has, indeed, been made the basis of a com- 
plete system of mechanics, which would thus rest directly on the 
principle of symmetry. 

101. Problem. — To find the restdtant of any number of forces 
acting on one point and in one straight line. 

Let the positive forces (or those which tend in the positive 
direction) be A, B, C, &c., and let the negative forces be — a, — ft, — c, 
&c. Then by Art. 9G, the resultant of the forces A and B is 
a force (A + B) ; the resultant of the forces (A + B) and C is a 
force (A + B + C), and so on; therefore the resultant of the 
positive forces is (A + B + C + ...). Similarly, the resultant of the 
negative forces is - (a + 6 + c + ...). And by Art. 97, the resultant 
of these two forces acting in the same line, but in opposite direc- 
tions, is given by taking their difference, or by (A + B + C + ...) 
— (a + 6 + c+ ...). Hence we have the law that the resultant of 
any number of forces acting in one straight line is found by taking 
the algebraical sum of t/ie forces, 

102. "We have now to consider the question of finding the 
resultant of forces which do not act in the same straight line. 
This we shall proceed to solve by the aid of the principles already 
laid down, including that of symmetry (Art. 99). "We shall begin 
with the simplest case, that of two forces whose directions are at 
right angles. 

103. Problem. — A point or centre is acted on by two forces whose 
directions are at right angles ; to find the resulting motion of the 
point. 

Suppose the two forces to begin to act on the centre at rest, and 
to act upon it for an indefinitely small time, d t, and then to cease. 
If we assume, for the moment, that only one force has acted, it will 
have generated in that time a certain velocity, f d t (Art. 87), 
where f is the measure of the force, being the velocity which 
would be generated if the force continued constant for one second. 
Since the time considered is indefinitely short, we may consider the 
force as constant during that time. 

This velocity,y*cZ t, will cause the centre to describe, in the next 
eJewent of time, a certain indefinitely ama\\ «^«kafe, d s^ -^xoi^or- 
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tioDal to t!ie velocity. Hence, ds ia proportional to /. 

Let P (Fig. 2), be the position of the 

centre at the end of the first interval, dt, 

and let P Q be the element of apace which 

would be desciibed in the second interval. 

Then P Q ia proportional to / Let P R be 

the element of space which would be described 

in the second interval, supposing the other 

force, /k to be the only one acting. Then 

by similar reasoning PR ia proportional to/i- And by hypothesis 

P B is at right angles to P Q. 

We hare now to find tlie space actually described by P under 
the joint action of the two forces. By the second law (Art. 76), 
/will still produce its full effect, and will therefore actually cause 
P to describe the apace P Q, except in so far as that space ia 
increased or diminished — in other words, in so far aa P ia 
accelerated or retarded — by the action of /,. But since the 
direction of yj ia at right angles to P Q, it has no more tendency 
to produce an acceleration of P along P Q than to produce a 
retrtrdation, and vice versd — in other words,/i ia symmetrical with 
respect to motion along PQ, and therefore, by the principle of 
eymmetry, it will produce no effect either in accelerating or 
retarding. Therefore P will still travel the fall distance PQ 
in that direction. 

But by exactly similar reasoning, it will also travel tlie full 
distance P II in that direction ; for by the same principle of 
symmetry, the fact that it is also moving in the direction P Q will 
have no effect on its motion in the direction PR. 

This amounts to saying that, at the end of the time di,P will be 
found somewhere on the line, A Q B. which ia drawn through Q at 
right angles to P Q ; and also somewhere on the line C E. D, which 
is drawn through E at right angles to PR. Hence its actual 
position must be the point S, in which these two lines meet And 
since the elements of space here considered are indefinitely small, 
the path of the centre will not differ from a straight line joining 
iti) extreme positions; in other words, from the straight Uti« 5^. 

But P S is the diagonal of a rectangle, tVe sviea ot njV-*^ «■■» 
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proportional to_^atid/,. Hence, P S ia itimilarly proportioual to 

V_/^ +_/',*; and, therefore, the path of the particle is exactly the 
wne aa if it had been acted on during the first interval, dt, b}^ a 
toice tJ/^+/^\ whose direction coincided with P9. Hence, we 
have thia result : — When a eerUre it acted upon by tuio foT-cea at 
rigltl angles to each other, Ute effect u exactly the same aa if it were 
acted upon by a single farce, which is represented in magnitude and 
direction by the diagonal of any rectangle whose sides represent in 
magnitude and direction the two forces acliTig. 

In the foregoing proof we have supposed, for simplicity, 
that the forces cea^ to act during the second interval ; but by 
the second law of motion the action of the forces during that 
interval will not al(«r the eSect due to the action of the forces 
during the first interval, but must simply be added to or subtracted 
from it. But, by similar reasoning, we may show that the effect 
of this action in the second interval will be the same as tf the 
diagonal force Jj'^-t-f,^ continued to act during that interval; 
and therefore the result which we have arrived at will hold also 
for the second interval, and also for the third, fourth, fifth, i 
and is generally true for any time during which the two t 
continue to act on the centre. 

104. Corollary. — The above proof gives the principle of t 
combining, or, as it is nsuaUy called, the compounding c 
forces at right angles to each other, which act t 
centre. Conversely, if a centre is acted on by a single force, P8 
we may in thought regard it as under the action of two forces ii 
any two directions, P Q, P R, at right angles to each other, p 
vided we consider the values of these forces to be represented h 
P Q, PR, the sides of the rectangle of which P S is the diagoui 
On thia supposition we are said to resolve the single force into fr 
component forces at right angles to each other. 

105. We have now to extend the proposition 
jbrcea are not at right angles. 

106. FaraUelogram of Forces. — Problem : — A point ia acted tm ij 
iwo/orees whose directions are at any angle with each other; to fi 

^4e i^mlling moCion o/thepoini. 
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Precisely as in the last proposition, we may represent the effect 
of the two forces/ and/u cousidered singly, by two straight lines, 
P Q, P R (Fig. 3), drawn from the position of the point at the end of 
the first interval, d t. Complete the parellelogram P Q S R, and join 
P8. Draw QA, RB, perpendicular to PS, and complete the 
parallelograms C Q A P, D R B P. Then, 
by Ari 104, we may consider the force 
P Q as resolved into the two forces, P 0, 
PA, at right angles to each other, and °'i, 
the force P R as resolved into the two \ 
forces, P B, P D, at right angles to each 
other. But by geometry it is evident that 
AQ = ER. and therefore PC = PD; ^'S- 3- 

hence the force represented by P is equal in magnitude and 
opposite in direction to the force represented by P D ; and there- 
fore, by the principle of symmetry, they will cancel each other, 
and will have no effect upon the motion of P. Hence the 
motion of P will be entirely due to the forces represented by PB 
and P A, and therefore it will be along the common direction of 
those forces, that is, along the line P S. 

Moreover, by geometry, P B = A S ; therefore PA=BA+AS 
= BS, and therefore PB + PA^PS. Hence the joint effect 
of the forcesyand/i will be to make the centre, P, move through 
the space, PS; which is the same as the effect of a single foroa 
represented by P S. 

Hence, just as before, we establish the general proposition ; — 
jT/apoinl is acted upon by twojorces at once, wkoae directiong make 
€my a/ngle viith each ollter, the ^ect will be the same as if it was 
acted on hy a single force, represerdcd in magnitibde and direction 
by the diagonal of the parallelogram, whose sides represent in 
magnitude and direction tfie two forces acting. 

107. Coiollaiy, — Conversely, if a point be acted upon by a 
single force, P S, we may in thought regard it as acted upon by 
two forces in any two directions, PQ, PR, provided we consider 
these forces to be represented by P Q, PR, the sides of a paral- 
lelogram, of which P S is the diagonal, 

108, We iflve thna established the piapomlvau qI Slsva ^Axti^ 
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lelogram of forces, which forms practically the foundation of 
Statics. It should be observed that the forces, in the above 
proof, have been represented by the velocities generated by them, 
as in dynamics, and not by the pounds weight they will balance, 
as in statics ; but it is clear that a proposition which is true of 
things when measured in one way cannot become false when they 
are measured in another way, and therefore the proposition may 
be. at once assumed to be true for the science of statics as well as 
for that of dynamics. 

109. Let PQ, PR (Fig. 3) represent two forces, Q and R, 
acting on a point, and let P S, the diagonal of the parallelogram, 
represent the force S, which, as shown above, is their equivalent. 
Then S is the resultant of P and Q, and P and Q are said to be 
the components of S in the directions PQ, PR respectively. 
The forces Q and R are said to be compounded in the direction 
P S ; and the force S is said to be resolved in the directions 
PQandPR. 

110. Problem. — To find the numerical relation between the 
resvMami of two component forces, and either of the components. 

This means simply to find an expression for the diagonal of a 
parallelogram in terms of its sides. Let P Q S R (Fig 3) be the 
parallelogram, in which the angles Q P S, R P S are supposed 
to be known. Then, by Trigonometry, 



PS=PQx 



PS=PRx 



sin Q PR 
sinRPS 

sin QPR 
sinQPS* 



If Q P R be a right angle, as in Fig 2, these equations become 

PQ = PSx8inRPS = PSxcosQPS 
PR = PSxsinQPS = PSxcosRPS. 

111. The above proof of the parallelogram of forces is not the 

same as has been given in most works on Mechanics. The proof 

usually given is known as Ducbayla'a*, aad «ua >i?[v^ \Ta«^wta.nce of 
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the pTopoaition inakea it desii-able that the sttideot sliould exataine 
it from various points of «iew, we shall proceed to give this 
proof also. 

112. The proof rests od a uew principle, which has been c&Ued, 
TIte prinoiple of the IransmUeion of force Hirough a rigid body. It is 
enunciated as follows ;^( Axiom) — A force may he stippoaed to 
act at any point in its direction, jrrovtded that point be considered 
aa rigidly attached to Ifte point or centre on lohicli, Hie force really 

113. Thus, let P(Fig. 4) be a force acting on a point or centre at 
A, and let B be a point in P'a f^ ^ 

line of actioiL Then, if we ' ' ^ 

suppose B to be rigidly con- l"g- *■ 

nected with A, bo that the distance between them is always 
tinalterable, the effect on A will be the same whether we 
suppose the force to act at A or at B. 

114. With regard to this principle, it should be remarked 
that the point E, and the connection, of whatever kind, between 
it and A, must be considered to possess no mass : because the 
effect of the same force cannot remain the same if the mass on 
which it acts is increased. In reality, the principle applies to the 
action of force on finite bodies, not on single points: and accord- 
ingly it has been enunciated as follows : — If a force act upon a rigid 
body, it may be supposed to act at any point in its tine of direction, 
toithoul any alteration taking place in its effect. 

115. Thus, if we examine the force required to lift a ball of 
lead by a string, we shall find it to be exactly the same, whether 
the string is attached to the top of the ball, or whether it passes 
through a vertical hole made in it, sDd is attached at the bottom 
or anywhere between the top and bottom. In this way tha 
principle may be pi-oved espeiimeo tally ; but it must be owiied the 
instances of its truth are not very clear or familiar, because other 
circumBtances almost always interfere. Its truth will scarcely be 
fully apparent, until the effect of a force of auy kind upon a rigid 
body baa been examined ; and this belongs to a later stage of the 
subject Assuming, however, that the ^rmt\^\ft \b tewftj'sift 'iii*:^ 

g it to prove the parnllelogram of torcea, aaioUo-wR. 
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116. Problem. — To prove (Ae paralhlotfram of Jwnet aa foir 
Ihe direction oj'lhe retidtant in coneemed. 

When the forces are equal, it foUowa from the principle of 8j 
metry that the direction of thn resultant vill bisect the angl 
between the directions of the forces ; hence, if we repreaent tl 
forces in direction and magnitude by two equal lines drawa from 
the point at which they act, the diagonal of the parallelogram 
described upon these lines will be the direction of the resultant. 

Next, Bup|)oae that the proposition, just proved for equal foroes, 

true for two unequal forces, F and Q, and also for P and B. 
Bhall show that it will be true for V and Q + E. 

Let A (Fig. 6) be the point of application of the forces ; take A 
ipresent F in directioD 




and magnitude, and A C 
to represent Q ; complete 
the parallelogram ABDO, 
then by hypothesis AD is 
the direction of the resul- 
tant of P and Q ; and, 
since a force may be sup- 
posed to act at any point 



I of its direction, we may consider D as the point of application of 
the resultant of P and Q ; or we may suppose the forces, P and 
Q, themselves to act at D, P being parallel to A B and Q to A ; 
or still further, we may euppoae P to act at C, instead of D, 
the direction C D. 

Again, the force B which acta at A may be supposed to act 
; take C E to represent it in direction and magnitude, and go 
plete the parallelogram C D F E. Then by hypothesis C F is t 
direction of the resultant of P and R, taking both to act at C 
hence the resultant of P and R may be supposed to act at F, or P* 
ftnd R may themselves be supposed to act at that point 
to their original directions. 

Iiastly, the force Q, which is at present supposed to be a 
D in the direction J> F, may be supposed to act at F. 

Hence we have reduced the forces P and Q + E acting at A, 
JPitad Q + M acting in the same ditectlona &t^ ', couaei^wvM's S 
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a point in the line of action of tbe resultant, and therefore A F is 
the direction of the resultant : that is, if the proposition be 
tnie for P and Q, and also for P and K, it ia true for P and 
Q + R. 

But the proposition ia true for P and P, and also for P and P, 
therefore it is true for Pand 2P, thereforefor PandSP, andsoon; 
therefore generally for P and mP. 

In like manner the proposition may be extended to mP and nP 
(m and n being whole numbers), that is, to any commeniurable 
forces.* 

The proposition is est«nded to incommensurable forces as 
follows ; — 

Let AB, AC (Fig. 6), represent any two incommensurable forceaj 
complete the parallelogram A E D C, and if A D is not the direction 
of the resultant, let it be A E. Suppose AC to be divided into a 
number of equal parts, each part being less than £ D, and suppose 
distances of the same magnitnde to be set offaloug CD beginning 
at C, then one of the divisions must fall between E and D ; let F 
be the point which marks the division, and complete the parallelo- 
gram AGFC; then AF is tbe ^^ 
direction of the resultant of the 
commenaurahle forces A G, A C. But 
A F makes a larger angle with A C 
than A E, that is, the resultant of 
A G and A C lies farther away from o 
A than the resultant of A B and ^'S' ^ 
A C, although A G is less than A B, which is absurd : hence A E 
is not in the direction of the reaultaut. It may be shown ia 
like manner that no other Hue is in that direction except AD. 
Hence the proposition, which was true for ooTumenaurahle forces, 
is true for vncommenaurohh forces also. 

117- Ta prove tJie par<^iogram of foTcee wilh respect to the 
litude of the residlant. 

Let AB, AC (Fig. 7), represent the forces; complete the 

"Two qnantitiM are 8»id to bo eoiwnetwuraiie »lien IWa: tbIwo i:sa.\» 
d b^ Us nti'o of tm) wAoJs iiwn6eri. 
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pumllelogmm ABDC, joiu DA and produce it to ly, tui 
A V eiptal to the ntaultant of A 1j uud A C in magnitude 
plete the p&rallelogntm ABC D', uud join AC. 

Q- Then, aiuce A D' is equal to the reaal- 

tant of A B and A C, and drawn in the 
direction opposite to that of their resul- 
tant, the three forces A B, A C. A D' -will 
balance each other, aud therefore any one 
of them ia in the direction of the resultant 
of the other two ; hence A C is 
Fij!. 7. direction of the resultant of A B, A 

but A C is also in that direction, therefore A C, A C 
Bame straight line. Hence A D B C is a paralielogiBm ; therefore 
AD = BC: but BC = AD', therefore AD = AD'. And by 
construction AD' representa the reBultant of AB and AC iu 
magnitude, therefore AD also represeate the resultant, and the 
proposition enunciated is true. 

118. The relations between two component forces and their 
resultants, as given in Art, 110, enable us to solve the general 
problem of the resultant of any number of forces acting together 
upon the same point. For simplicity, we shall fii-st consider the 
problem in the cu.se of two dimensions — in other words, when all 
the foi-ces lie in the same plane. 

119. Fioblem. — Any nitmber o/Jbrces act at the same point, their 
directions ail lying in the same plane: 
to find tim direction and taagnitude of 
their resultant. 

Let P be any one of the forces acting 
at the point A (Fig 8). Let the plane 
of the paper be that in which the forces 
act ; in that plane choose any two lines 
at right angles to each other, AX and 
AY, and let be the angle which 
the direction of P makes with A X, 




I Then 



equivalent to 
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vith P si 



a the direction A X, 
AY. 



In like manner, a force P*, the direction gf which makes au 
angle ff with A X, is equivalent to 

P' cos 0' acting in the dii-ectioa A X, 
t.^ther with P' ain ff „ „ A Y. 

And so on for any number of forces. Hence, adding together the 
forces which act in the same direction, we shall have a system of 
forces P cos Q, P' coa Q'..., acting along the line AX ; and by 
Art, 110 this is equivalent to 



. acting 



Similarly we have P sin Q-i 
^^p'or ahortneaa' sake, let 



n the direction A X.* 
I the direction AY. 



and let R be the required resultant, tj 
tion makeB with the line A X ; then 



the angle which its direc- 



.-. tan^ = ^, E'^Xi' + y*. 

These formulie det«rmine the direction and magnitude of the 
resultant of the system of forces. 

[130. Next, let us consider the general problem in three dimeu- 
sious, in which there ia no limitation whatever as to the forces. 
The enunciation will be as follows : — 

121. Problem. — Any nwmber of/orces ael upon l/ie same point ; 
to find the direction and laagnUude of their reiullanL 

Let A he the point (Fig. 9), and take any three axes, AX, AY, 



* If imy of the forces m 
girea the aegative ai, 



a. the oppoBite direction to k^X^ftiE^ inaa'i\>6 
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AZ, at right angles to each other, to which the forces may be 

referred. Let A P be any 
one of the forces P, and 
let X, y, z he the angles 
it makes with the axes : 
draw P M perpendicular 
to AZ, and PN per- 
pendicolar to the plane 
Y A X, and therefore 
-X parallel to AZ. Then 
PM is at right angles 
to PN, and PM, PN 
are the components of 
P in the directions A N, 
^S' ^* A Z respectively. Again, 

if we draw N R, NO, perpendicular to A X and A Y respec- 
tively, then NR and NQ (or AQ and AR) represent the 
components of AN in the directions AY and AX. Thus on 
the whole we have AP represented by the three components AH, 
A Q, A M. But A R is at right angles both to P N and N H : 
therefore it is at right angles to the plane PNR, and therefore to 
the line P R, which meets it in that plane. Hence, since A R P 
is a right angle, A R = A P x cos x. 

By similar reasoning A Q = A P x cos y. 
And by construction A M = A P x cos z. 

Hence, cmy force, P, is always equivalent to three forces acting 
pa/raUel to way three rectangvla/r axes, cmd having the values, P cos x, 
P cos jy P cos z respectively, where x, y, z, are the angles which the 
direction of P makes vnth the axes respectively. 

Hence, as in the last article, the whole system will be equivalent 
to the following : — 

P cos a; + Pi cos a\ + • • . = X along the axis of x. 
P cos y + Pi cos yi + • . . = Y „ „ y, 

P cos « + Pi cos »i + . . . = Z „ „ «. 



And if It be the resultant, we shall have 



t 
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I3{RX) = X, 



where E X is tbe angle which R makes with the axis of x, &c. 
We also have 

122. Parallelogram of Velocities. — From the feet mentioned in 
Art. 108, that in tbe proof of the Parallelogram of Forces the 
forces have been represented by the velocities generated by them, 
it follows at once that the velocity of a point at any moment may 
be supposed to be resolved into two component velocities, on 
exactly the same conditions as a force may be resolved — viz., that 
the lines representing the components form the two sides of a 
parallelogram, of which the diagoDal represents the actual velocity. 

This proposition is usually demonstrated independently ae the 
Parallelogram of Velocities, and ia often stated in the converse 
form — namely, that two velocities, existing at the same time, may 
be compounded into a resultant velocity. This, however, is a con- 
fusion of ideas. It is quite right to regard a body as under the 
action of two forces at the same time, and to compound their 
effects, becanse such forces may be sejiarate realities ; but the 
velocity of a body at any instant must be in one de&nite direction, 
and of one definite amount, and it is only in thought that it ia 
possible to analyse it into two velocities tending in two different 
directions, and capable of being studied independently. 

123. Resolatiou and Composition of Velocities. — Exactly as in 
Art. 121, it may be shown that any velocity, V, of a particle in 
space may be resolved into three velocities along any three reo- 
taDgular axes that may be chosen, the values of the component 
velocities being 

V cos K, V COB y, V cos s, 
respectively. I 

§ 11. Movnra FoECES — Enebqy — Work. 

124. In this section we propose to examine Aiia XfiaSawj, 
prinoijiles wi& regard to Movii^ EoTces, ub &A&a«& ksS^ ^t>. 
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This investigation differs from that of Accelerating Forces, already 
discussed in § 9, in two main pai*ticulars. 

125. Firstly, instead of confining ourselves to the action of two 
centres of force on each other (or of two particles which may 
be treated as collected in two centres, and as equal in all respects), 
we have here to treat of the action of a centre of force upon 
a number of other centres, or of two sets of centres upon each 
other ; in other words, the idea of mass (which, as we have seen. 
Art 60, means primarily the number of centres) comes here into 
the problem. 

Thus, let us take any mass, M, and suppose it to be acted upon 
solely by the accelerating force of the earth's attraction — in other 
words, to be let fall towards the earth. By Art. 67, the value of 
this accelerating force is 32*2 feet per second, a value which is 
always represented by g. But moving force is represented by the 
product of the mass and the velocity generated in a second ; hence 
the moving force of gravity on the mass M is represented by M^. 
Now the figure representing the moving force must be proportional 
to that representing the statical force, since they are the same 
thing, except that in the one case the cause produces motion, and 
in the other it only tends to produce motion (for which reason they 
are measured in different units). Hence, if W be the statical force 
acting on the mass — in other words, its weight in pounds — then by 
the meaning of proportion, we must have 

where C is a constant. 

It is convenient to get rid of this constant by assuming such a 
value for the unit of mass as shall make the constant unity ; so that 
the equation may be W = M ^. To fix what this unit of mass must 
be, let us take W = 1 lb. Then, the equation will be 1 = M ^, and 

in order to make the equation become 1 = 1, we must have M =» -* 

But M is the mass of 1 lb. Therefore, the mass of 1 lb. is repre- 

sented by — , ov is - of the unit of mass •, hence the unit of mass 
'^9 9 
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in tlie maEs of 33-2 lbs., instead of the mass of 1 lb., as we might 
otherwise have assiimed it 

The ahfiolute unit of mass would naturally be the number of 
centrea of force in the body which is the unit of weight ; but this 
cannot be determined. The unit here given — viz., the mass of 
g lbs. — is the most convenient. It enables us (from tiie general 
formula P— M/) to lay down the following law : — 

IfPht any force Tneaswred statically, and M the mass it aet» 
upon, the farmuXa for accelerating force may be applied by simply 

tetkinff =y as llis value of tlte acceleration. 

126. Secondly, we have no longer merely to do with two centrea 
of force, and two forces acting in opposite directions and equal to 
each other. We now include the case where there is a third force, 
or set of forces, which acta upon one of the first two, but does not 
act on the second. To make this clear, let there be two centres or 
particles, A and B. Then in the case of accelerating forces. Art. 
84, we considered only the mutual actions of A and B, and the 
motion of E with regard to A, as fixed. But we may now suppose 
tbat there is a third point, C, which eKereises an action upon B, 
and thus modifies its motion with regard to A, but which exereises 
jio action upon A. This latter fact may be supposed to arise in 
several ways. Thus C may be supposed to be much farther from 
A than fioni B, and the forces to diminish so rapidly with the 
distance, as to make the force between and A insignificant as 
compared with that between and B. For example, if we suppose 
one end of a bar of iron, G inches long, to he brought close to a 
iDagoet, the magnetic attraction on the farther end would be 
inaensible as compared with that on the nearer. Or again, we may 
8up])0se A to be absolutely fixed in. space by some other force, 
which does not afiect B or C. For example, in terrestrial 
mechanics the centre of the earth is regarded as being thus fixed, 
no motions of any ordinary bodies being able to produce any 
appreciable effect jipon it. 

127. Taking the simi>Iest case first, we will suppose that tliate 
are only two bodies, A and £, to be coaudex«&, &a:i V^^*^ 'i^M^ \&'as^ 
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of the moving body, B, is represented by m. The action of A 
then takes the form of a certain unbalanced force, F, acting upon 
the mass m. We will aasuiue that this force is constant. 'nu8_ 
asBumption is not, of course, absolutely tnie for any of the fcnoi 
forces of nature, if they act for a finite time; but is practically 
for many of them, — e.g., the attraction of the earth OQ bodies at 
surface, — and ia practically true for all, if the interval of 
•considered is exceedingly small, 

128. Making these assumptions, the fundamental question to 
Answered in this department is the following ; — A conelant 
lalanced fortx, F, aclg on a particle of vicus m, tokieh is in 
motion during the action ; how are toe to meamre the total effect of 

• the force upon tks particle wlten the action has lasted for a given 
Urns? 

129. The answer to this question may be stated at once. It is 
that the effect is measured, with regard to the force, by The 
product of the force and of tlie distance moved through by the 
'Centre or body, in. Ove direclioit of llie foroe, during Hie action. 
And this product is called the Energy Exerted by the force. 
Again, with regard to the body moved, the effect is measured, if 
the body start from rest, by The product obtained at the end of 
the action, by mtdtiplying together half the mass and the s 
of the velocity in the direction of t/ie force ; or by the differen* 
between this product and the similar product taken 
beginning of the action, if the body has already a velocity j 
that dii-ection when the action commences. This product I 
called the vis viva, or the kinetic energy, or the actual e 
■or the energy of motion, of the body ; and the effect of the foM 
is therefore measured by the change in this qxiantity, -wiiiohai 
name be used for it, during the action. 

130. These principles are laid down in many text-books withcri 
any explanation of the reason why the energy exerted — t,a, ' 
product of the force and the distance — is the proper measure ■ 
the effect of the force. Nor docs it at first sigh 
wh_j' the element of time shonid be altogether absent from 1 
leasure of the eSeet, or why this me&auTe, laiene^ to tiva I 
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dionld be in terms of the aqnare of the velocity, and not of the 
velocity Bimply, 

131. To elucidate this, let us suppose that the force, instead of 
being continuous througbout the motion, acta discontinuouBly at 
certain equal small intervals of apace ds j bo that, at the beginning 
of each of these intervals, there is an instan tan eons action whicli 
generates in the body exactly the aame velocity as is really 
generated during that interval by the oonbinaous force. Let 
the number of these intervals in any space she n, so that g = nds. 
Then the total effect on the body, while traversing the space a, 
will, by the second law of motion, be the sum of the n efieots 
due to the action of the n equal impulses at the beginning of the n 
intervals. It is evident, therefore, that, so long as the strength of 
the impulses remains the same, the total effect will vary as n. 
But 9-nda, and ds is supposed always the same ; therefore, the 
total effect will vary as a. 

Again, if the number of the impulses remains the same, the 
effect will, of course, vary with the strength of each impulse ; 
in other words, with the force. 

Hence, by the ordinary principle of variation, if both the spaces 
and the forces be different, the effect will vary as their product 
But by considering the length of each interval ds as indefinitely 
small, and therefore the number n aa indefinitely great, we may 
make the assumed circumstances approach indefinitely near to 
those of a constant force acting contumo\ialy over the same spacej 
and hence we may say that the effect of snch a force will vary 
as the product of the force itself, however measured, and the 
distance through which it acts. 

This, as already stated, is called the energy exerted by the 
force. It does not contain the element of time, because neither 
the number of impulses nor the strength of each impulse are in 
any way affected by the velocity with which the body passes over 
the successive intervals ds ; in other words, by the time which it 
occupies in describing the whole distance s. 

132. We have thus shown that if F be the moving force of a 
given centre A, and a the space through which it acta oq. kk^ 
other body or centre B, its effect will be pio^erVj TQEaso.taft.'^i'S "^^ 
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product F 8. This assumes that F is constant. If F vary with 
the distance, as will always be true in nature, then the same holds 
for each indefinitely small element of space d9 — Le.^ the effect of 
the force^ while the moving centre B traverses this element, is 
measured by F ds. 

133. Let us now endeavour to express the same product in 
terms of the mass and velocity of the body B. Assume that the 
body starts from rest : let i; be the velocity generated by the force 
in the time t, and let/ be the velocity which would be generated 
by the force in a unit of time. Then / is a measure of the 
accelerating force acting on B, and by Art. 90 we have 

v^ = 2/8, or/8 = -^. 
Multiply both sides by the mass m ; then we have 



m/8 = 



2 • 



But mf represents the momentum generated in a unit of time, 
and, by Art. 65, this is the measure of the moving force F. 
Hence we may write 

F« = 



mv^ 



But by the last article F 8, or the energy exerted, represents the 
effect of the force F acting over the distance «. Hence we see 
that, as referred to the moving body B, this effect is measured by 
multiplying the mass into the square of the velocity, and dividing 

by 2. This quantity, — ^ , we call the kinetic energy of the body 

whose mass is m and velocity v. 

134. As an illustration, let us suppose that two equal shots are 
fired successively out of the same gun, that the velocity of each is 
measured as it leaves the muzzle, and that the velocity of the 
second shot is found to be twice as great as that of the first Let 
Fj and Fj be the forces of explosion in the two cases, supposed to 
be constant during the motion of the shot \xi^ to the muzzle. Then, 
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since a and m are the same in both cases, the equations for the two 
cases will be 

^l8 = -K-, 






2 

m (2 1;)2 



Hence we have F2 = 4Fi; in other words, the force of the 
explosion must have been in the second case four times what it 
was in the first. 

135. It may appear at first sight that this is not consistent with 
the fact (Art. 29) that force is measured by the velocity generated. 
If this is so, and if the velocity generated is double in the second 
case, must not the force be double also, and not quadruple ? But 
the student must remember that the measure of forces is velocity 
generated in the same tiTne, not in the same space. Since space 
described is proportional to velocity, and since Fg generates velocity 
twice as fast as Fj, it follows that the first shot will traverse the bore 
of the* gun in half the time of the second. Hence, what F2 has 
really done, in comimrison with F^, is to generate double the 
velocity in half the time ; and to do this it must clearly be four 
times as great. 

136. We have hitherto supposed that the point started from 

rest. Let us now suppose that it had, in the direction of the 

force, an initial velocity V. Then the equation of motion is 

(Art. 90) 

v2 = V2 + 2/*, 
or 

Multiplying by m as before, we have 

± 8 = m — ^ — • 
But —^ is the vis viva, or kinetic energy, at the end of the time t, 
and — Y~ ^ *^6 kinetic energy at the begmnm^ oi Wi^ ^wxi^ Vka^si, 
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Therefore the expression on the right hand represents the change 
which has taken place in the kinetic energy during the motion; and 
therefore the correct general statement of the fact here proved is 
as follows : — If a constant unbalanced force act upon a moving body 
for a given time, its effect is m^easured, either by the energy easerted 
(F«) as regards the forces, or by tlie change in the kinetic energy 

m — ^ — j as regards the body, 

ri37. The proposition proved above may easily be generalised. 

Problem. — To find the effect of a force F, acting for an element of 
time, d t, upon a point P, whose co-ordinates are x y z, and which is 
moving with a velocity v. 

Suppose the co-ordinates of P, at the end of the time c?^^ to be 
x-\-dx, y + dy, z + dz ; let v oj, vy, vz represent the angles which. 
P*s direction of motion makes with the three axes respectively, and 
let ¥x, ¥y, F « be the angles which F's direction makes with the 
same axes. Then, by the laws of the resolution of forces. Art. 
121, we can resolve F into three forces — F cos Fas, F cos Fy, 
F cos F z — pai'allel to the axes ; and by the resolution of velocities. 
Art. 123, we can resolve v into three velocities — v cos vx, v 
cos vy, v cos vz — parallel to the same axes. Similarly, if c^t; be 
the velocity generated by the force, we can resolve v + dv into 
(v + dv) cos vx, (v-hdv) cos vy, and (v + dv) cos vz respectively. 
Then, confining our attention to the axis of x, we have a point 
which, in the time dt, moves through a space dx under the action 
of a force F cos F x, and with a velocity which increases from 
V cos vx to {v + dv) cos vx. Hence, by Art. 136, the eflfect of the 
force will be measured, either by the energy exerted, F cos Fa? dx, 

or by the change in. the kinetic energy, m ^ ^ cos^ vx. 

There will be a similar expression for each of the other two 
axes, formed by simply changing x into y and z respectively.] 

138. Hitherto we have assumed that there is no third force 

acting on the moving centre B so as to affect its motion towards 

the fixed centre A. This is what would be true if A and B were 

tie only centres in the universe. In. naWxei «v]l^ «k. qsl^^, oil <:a>^^a^ 



i 
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cannot occur. The Dumber of centres in tlie mechanical uoiverae is 
incalculable, and by the definition of matter these all act upon both 
A and K There are cases, however, where the action of these 
«ztraneous centres, owing to their distance or other causes, ia 
insignificant when compared with the direct action between A and 
E, and may for many purposes be neglected. One such, ease ia 
that of a body falliug to the earth in vacuo. Another is the case 
of impact, such aa the blow of a hammer, where the action is 
almost inataDtaneoua. In these cases the efi'ecta are represented 
with sufiicient exactness by the expressions indicated above. But 
we must now go on to consider what modificatiDna are introduced 
by the presence of other forces. 

139. Let us take the simplest possible case, and assume that, in 
addition to the fixed centre of force, A, and the moving centre, B, 
there is a third centre, C, placed in the prolongation of the line 
A E, on the other aide of B, and therefore acting upon B in th« 
opposite direction to the action of A,* Eor further simplicity, we 
shall assume, (1.) that C and A have no mutual action; (2.) that B 
is initially at rest ; (3.) that as weil as A is fixed ; (4.) that the 
forces with which A and C act on B are constant, or only vary by 
amounts that may be neglected. We will consider hereafter how 
far these assumptions can be renliBed in the univerBe, and how far 
they afiect the conclusions. 

140. Problem.— fo find the net efect of (wo moviitg forces, 
acling in opposite directions upon tJie same parlicla. 

Let P and Q be the forces with which A and C respectively act 
■upon B ; and let P be greater than Q. Then, by the second law 
of motion {Art. 76), each of these forces will produce its full efl'ect 
exactly as if the other was not present, and the net effect upon B 
will be simply the difference between these opposite effects. Since 
P is greater than Q, B will move towards A. 

Let s be the distance through which B has moved towards A at 
the end of a given tima Then the effect of A will be measured, 
just as before, by the product F s. For, aa in our former proof 
mppoacd thronghaut that the Ibrcea ara attractive ; if they aia 

mlsive the demonstrationB will not be aSected, bat B's mcfd.oo.'tn&^iB >m. 
opfodta directJoQ. 
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(Art. 131), we may imagioe the action of A divided into impulses, 
which act at successive points in space separated by small intervals. 
These impulses are independent of the time occupied in describing 
the intervals between one point and another, because, by the 
definition of matter, the forces are not functions of time. More- 
over, each of these impulses will produce its full effect, by the 
second law, independently of the action of C. Hence, as before, 
the total effect will vary jointly as the number and strength of the 
impulses, and will, therefore, be represented by P a. 

Let us now make a similar assumption with regard to the action 
of C, namely, that it is divided into impulses acting at the same 
points in space as those of A. Each of these impulses will produce 
its effect, but this effect will be neutralised, as regards 6, by the 
opposite impulse due to A ; and the net impulse actually given to 
B will be the difference between the impulses due to A and C 
respectively. 

Let dv he the acceleration produced by one of the impulses 
given by A, and let n be the number of such impulses in a second. 
Now each impulse, being instantaneous, can be measured only by 
the total momentum it generates, that is, hj mdv, where m is the 
mass of the body acted upon. And since the impulses are equi- 
valent to the force, it follows that the sum of the momenta 
generated in one second by the impulses must equal the momentum 
generated in one second by the force. But this momentum is the 
measure of the force itself. Hence we have 

P 

n (m dv) = P, or mdv = —• 

By precisely the same reasoning we have 

m a Vi = — . 
n 

Here dvi is the acceleration due to each of the impulses given by 

C, and n is the same as before, because the impulses from A and O 

act simultaneously at the same place and at the same tima But 

if we take any pair of these impulses, they constitute two forces, 

acting on the same point in opposite direc\»ioiva, «txA \Jckst^fere, by 
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Art. 97, the net effect is that due to the difference between them. 
But this difference is 

mdv - mdv-^ = , 

^ n 

Hence the net effect of all the impulses measured during one 
second is 

n 

therefore the effect on the point B is the same as if it were acted 
upon continuously by a single force (P — Q). Hence, by Art. 133, 
when the point P has described the space a, the net energy exerted 
will be represented, as regards the forces, by 

(P - Q)«, 

and as regards the moving point by 

"2"' 

where m is B's mass, and v its velocity at the end of the space a, 

141. The various quantities considered in the foregoing funda- 
mental investigation have all received names, with which it is 
necessary that the student should be acquainted. To some of 
them different names have been assigned by different writers : we 
shall give in the text those which have been generally adopted ; 
but we shall mention the others in footnotes, in order that the 
student may not be at a loss, if he should hereafter consult books 
in which those terms are used. 

142. (Def.) If a point B ia acted upon hy a force P in one 
direction, and hy a leaser force, Q, in the opposite direction (Art. 
140), then the rux/me usually given to P ia the Effort, and that given 
to Q ia the Reaiatance, 

Again, we have seen that the net effect is the same as if the 
point had been acted upon by a single force equal to the difference 
of the two acting forces, or P - Q. Thia difference, P - Q, ia 
called the Unbalanced Effort 

Again, the gross effect of the effort P onB la xe^x^^^eiiXi^^Vj ^a> 
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s being the space moved through by B in the given time. This is- 
called the * Energy Exerted by A upon B. 

Again, the gross effect of the resistance Q on B is represented by 
— Q« (the negative sign being required, because Q acts in the 
opposite direction to P). This is caUed the \ Potential Work 
done upon B, 

Again, the effect of the unbalanced effort (P - Q) on B is repre- 

sen ted by either of the expressions (P - Q)«, or -^— This effect {» 

caMed the XKinetic Work done upon B. 

143. Now, with reference to these names, it may perhaps be 
asked by the student, why the potential work, - Q «, is not called 
the energy exerted by Q upon B, after the analogy of P « ? The 
answer to this is that this (as will be seen below. Art. 149) would 
not accord with the general definitions of work and of energy, upon 
which the above nomenclature is based. These definitions may 
DOW be given. 

144. Definition of Work. — If one centre of force, taken as 
fixed, acts upon a second centre, and if tlie second centre has a 
motion in the direction in which the force of the first tends U> 
move it, then thefi/rst centre is said to do work upon the second; and 
tJie work done is measured by the product of the force and of the 
distance moved through in the direction of the force, 

145. Definition of Energy. — Energy means the power of doing^ 
work; and the total a/mount of energy possessed hy any centre 
of force is measured hy the total amount of work which it is capable 
of doing upon aU the other centres upon which it acts. 

146. It will be observed that work, as defined above, is 
measured in terms of the forces, that is, in terms of the causes pro- 
ducing, not of the effect produced. It may be asked, therefore, 

* It has also been called the work accumnlated or stored np in B, and 
also the total work done upon B by P. 

•y It has also been called the potential energy imparted to B, and also (by 
Rankine) the work done upon B simply. 
X It has also been called the kinetic energy imparted to B, or the energy 
of motion, or (hy Eankine) the actual energy imparted to B : and lastly, it ia 
^own by the old term of vis viva. 
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how are we to recognise and measure work doue in cases where 
we do not know the force acting, but can onljr observe the 
effect on the body acted upon 1 The answer is that the effect ia 
twofold. In the first place, there will in general be an opposing 
force, or resistance, to the point's motion in the direction of the 
moving force ; and the motion of the body through a certain space 
against this re^istaDce represents an effect, or work done, which is 
measured bj the product of the resistance and the space described. 
This is, in fact, the commonest instance of what we call, in ordinary 
language, doing work ; as wheu we lift a body against the force of 
gravity, push it along a plane against the resistance of friction, and 
BO forth. But, secondly, we may also consider oursolveB as doing 
work when we throw a stone, or shoot an arrow; in which cases the 
resistances to the initial motion are insignificant, but we expend 
our energies (as we should say) in the simple fact of giving 
motion. Thus, if in the general case considered, the point has 
had its velocity increased while passing through the given space, 
then work will also have been done upon it in producing thitt 
increase ; and that work will be measured, as shown in Article 
136, by the increase of the vis mva. 

It is, of course, necessary that these two kinds of work, being 
quite distinct in character and measui'ement, should bear distinct 
names. Accordingly, the first is called the potential work, and 
the second the kinetic work,* as in Art. 142. 



H § 12. COMSEEYATIOS OF EnEKGY. 

147. Let ns now consider the definition of energy. Since 
energy is the power of doing work, it follows that energy will be 
lost or expended whenever that power is diminished, gained 
whenever that power is increased. Now, as the body B approaches 
A, we suppose the action of A to be divided into a number of 
impnlses, which act successively upon B. Each of these impulses 

*In Bsnkine'a text-books, e.g., hia Applied Mechanics, the tenn work ii 

.0 the first of these cLuses, i. e. , pot«DtiBl wQik, aiA '&;«& \k vi I 
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has been given once for all, and has produced its proper effect in 
work, potential or kinetic, or both. It cannot be given again, 
for the continuance of A's action upon B will only cause B to 
come closer and closer to A, and can never bring it back to those 
particular distances at which those particular impulses are always 
ready to act. Hence A's power of doing work upon B has 
been diminished by the amount of the work done by that par- 
ticular set of impulses : in other words, energy has been expended 
or lost. 

148. But let us now consider what has happened with respect 
to the action of C upon B. The effect of the motion has been to 
oause a series of attractive impulses, due to C, to take place upoa 
B, as in the case of the impulses due to A ; but each of these 
impulses has been in the opposite direction to the motion, and it 
has been counteracted by the superior impulse due to A. At the 
end of the motion considered, B is farther from C than it was at 
the beginning, by the distance 8, 

Now, if we suppose the action of A annihilated, and the points 
B and C left to themselves, what will happen ? The motion of B, 
being no longer kept up by the action of A, will be checked by 
the attraction of B, and finally stopped. Motion will then begin 
in the opposite direction— i.e., towards C. In time B will come 
again to traverse the space, which we have already described it 
as traversing, but now in the reverse direction. Since the action 
of C, by our definition of matter, is independent of time, and is 
always the same at the same distance, it follows that the first 
impulse given to B, on its returning road, will be exactly the 
same in magnitude and direction as the last impulse which it 
received on its outward journey. Similarly the second impulse of 
the new set will be precisely the same as the last but one of the 
old set, and so on throughout. Thus, while traversing the space s, 
B will receive over again a series of impulses precisely the same 
in number and amount as those it received on the former journey; 
in other words, an amount of energy will be exerted by C upon B, 
represented, as before, by - Q s. 

The power of expending this energy has been given to C by the 
action of A, in drawing B farther from C •. ao \»\ka.\., ^kUa A has 



^Lth< 
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itself been losing energy, expended on B, it baa increased Ca 
energy (i.e., by definition Cs power of doing work upon B) by 
tbe amount Q s. 

149. We now see why - Q » cannot be termed enei^ expended 
by C upon B : viz., because, as a matter of fact, instead of an 
expenditure of energy by C upon B, there has been an increase of 
enet^, due to the more powerful action of B, tending in tho 
opposite direction. 

150. We have here spoken of as remaining fixed and B moving 
towards it, because that was the assumption with which we set 
out. But of course we may just as well assume B to be fixed, and 
to draw C towards it by the equal mutual attraction subsisting 
between them ; or — which would really be the case if B and C were 
left to themselves — that thej both move towards each other under 
tiie influence of that mutual attraction. The only difference will 
be, in the last case, that the distance a, instead of being measured 
along E's path only, will be meaauied partly along B's and 
partly along C's ; being, in fact, in all cases, the distance by 
which the two centres have approached each other during the 
motion. 

We may therefore say that, on our definition of matter, the 
potential work done upon B in the course of its motion renders 
possible the exertion of a precisely equivalent amount of energy, 
due to the mutual attractions between B and C, 

151. We have thus proved that the energy lost by A in the 
case of the three points A, B, C, now considered, bo far as it is 
expended in doing potential work, is balanced by an equiva- 
lent amount of energy giiineJ by B ; in other words, so far as 
potential work ia concerned, there in no gain or loss of energy on 
the whole, if we take the three points A, B, C, as constituting one 
f^Btem. We go on to consider whether the same will hold of 

le kinetic work, ^j;-. 



152. To examine this question by itself, let us suppose that at 
the end of the space a the centres, A and 0, are replaced by a 
single centre at C, acting with a force (P - Q^ — fc^.t w, c(^'ii-\'^ 
ftmoun^ bat oppoaite in direction, to tVe uet itycwi «\a53Q-^»Ba 
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generated the kinetic work, ^ ■ As before, we may suppose 

this force, F - Q, to act by impulses at intervals ds. Then, by tiie 
second law of motion, each of these impulses will produce its 
full effect upon B, irrespective of the fact of B*s present motion ; 
it will therefore destroy a portion of B's kinetic energy precisely 
equivalent to that which was generated by any one of the n equal 
impulses which acted on B during its motion along the space s. 
Hence, by the time that n of these equal impulses, due to P— Q, 
have acted upon B, the whole of its kinetic energy will have dis- 
appeared, and it will be at rest. But in the meantime it has 
overcome the force P - Q through the distance w dJ s = «, precisely 
as the force Q was overcome through the distance 8 in the former 
motion; and therefore, as explained in Ai*t. 148, the kinetic 

energy ^, in disappearing, must have generated an amount of 

potential energy, due to the mutual attraction between Band C, which 
is represented by - (P - Q) «. This is precisely equal in amount to 
the energy by which the velocity v was originally generated in B. 
153. Here, as before, for the sake of clearness, we have repre- 
sented the energy as being destroyed by precisely the same steps 
as those by which it was generated; but this representation is 
in no wise essential to the proof We may suppose, for instance, 
that A and C are both annihilated, and that B flies on in a 
straight line^ with undiminished velocity i7, until it comes into the 
range of another centre, D, whose force, R, may be a repulsive one. 
The centre B will then be gradually stopped, and will come to rest 
in a distance S, which will depend on the value of R, bujb which 

will certainly be such that E, S = -^ ; inasmuch as B S is known 

to represent the total effect which R will, during the passage over 
the space S, have had on B, and this effect has been that of 

destroying the whole of the kinetic energy, represented by -^r^. 

We may, therefore, say that, on our definition of matter, 

the kinetic work done upon B in the course of its motion renders 

possible the exertion of a precisely ec^uivaleii^. a.Tivo\mfe of energy,, 
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due to the matual action between B and any other centre within 
whose range it may come. 

154. Let us how gather our results together. We started with 
an amount, F a, of energy exerted by A. We saw that the effect 
of this exertion was the performance of work, but work under two 
different forms — namely, potential work, represented by Q s, and 

kinetic work, represented hy -^ v^. We then found that the per- 
formance of each of these amounts of work rendered possible the 
exertion of a fresh amount of energy, not due, like the first, to the 
action of A, but precisely equivalent in amount to the original 
energy exerted by A in the two cases. Hence, we see that, taking 
the fifystem as a whole, there has been no gain or loss of energy 
during the action. This is the principle of the Conservation of 
Energy as applied to this particular case. 

155. It will now be advisable to recur to the assumptions (Art 
139) with which we started on this investigation, and see how £sir 
they affect the generality of the principle we have just stated. 

156. In the first place, we assumed that A is fixed. Since in every 
case of mechanics it is necessary to assume some fixed point, and 
to consider the motions relatively thereto, there is no difficulty in 
making A that point In practice the centre of the earth may 
be considered as fixed for all questions of terrestrial mechanics, 
and the centre of the sun as fixed for the puiposes of astronomy. 

157. Secondly, we assumed that C is i^xed. But if C have a 
motion in the direction C A, or the opposite, the only effect will 
be that we shall have to diminish or increase, as the case may be, 
the quantity Q« (expressing the energy imparted by C) by the 
quantity Q^^; where s^ is the space described by C, during the 
time of the motion, either in the direction C A or the opposite. 
The effect will therefore be the same (taking the first case) as if 
were at rest, while the amount of Q was diminished in the ratio 
8 - Sii 8, There would thus be a diminution in the potential 
work, and, of course, a corresponding increase in the kinetic work, 
done by A. 

138, Thirdly', we supposed C and A to Yiave lio 'ai\\\.\>s5^. ^^Niv-ora* 
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In reality this is not, of course, true, by our definition of matter ; 
but in many cases C and A may be fixed with regard to each other 
— as where coals are wound up from a pit by a steam engine at 
the surface, which is fixed with regard to the eai*th — and this 
amounts to the same thing. Moi*eover, as we shall see hereafter, 
the forces of cohesion are very great at insensible distances, but 
are quite inappreciable at sensible distances ; hence, in considering, 
for instance, the case of a rope in tension, we may treat any 
section as being influenced by the two sections on either side of it, 
but not by those beyond. If, however, A does act upon C, the 
effect is to move C in the direction of A, and thereby make the 
distance between B and C, at the end of the motion, less than in 
the former case. Thus, let R be the force which A acts on C, and 
S the distance through which C has moved along the line C A. 
Then A will have exerted the additional energy R S, which will 
all take the form of kinetic work done upon C. 

On the other hand, the energy, P s, exerted on B will be just 
the same as before ; but the part of it which takes the form of 
potential work will be reduced from Q s to Q (« — S), because the 
number of impulses distributed over the space S will not have been 
given by C. 

Now the effect of this on B will be exactly the same as if, C 
remaining fixed, the strength of each impulse had been reduced 
in the proportion s - S : s ; for in that case the total effect would 

5- S 

be represented by Q x « = Q (« - S) as before. But if the 

s 

resistance be reduced from Q to Q > then the unbalanced 

8 

_ Q 

effort will be increased from P - Q to P - Q ; and the kinetic 

8 

work, due to this unbalanced effort, will be increased from 

(P - Q) « to ^P -Q ^— \ 8, or to (P- Q) « + Q S. 

Thus the kinetic work will be increased by Q S, which is exactly 

the amount, as shown above, by which the potential work is 

diminiahed. Hence the assumption that A acts on C does not 

introduce any gain or loss of energy on tike 'w\io\e *, >i)[v^ ^\i^t^ 
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exerted on C takes the form of kinetic work, and the energy 
exerted on B partly of kinetic and partly of potential work, as 
before, but divided in different proportions. 

159. Fourthly, we assumed that B is initially at rest. Now, 
let us suppose that instead of being at rest, the point B ha» 
an initial velocity V in the direction B A. (If the velocity is in 
the opposite direction, B C, the demonstration will be the same, 
simply writing - V for V throughout). Then, by virtue of 
this velocity, it will also have kinetic energy, represented by 

9 ^^> which can be converted into potential work, as explained 

in Art. 152. Let t be the interval of time considered. Then, bv 
Art. 91, since the net moving force (P - Q) has been acting on the 
mass m during the time t, it will have generated in B — irrespec- 

P-Q 
tive of B's initial motion — a velocity represented by — ty 

and will have caused B to describe a space represented by 

P-Q 
i f. In addition to this B will have described, by virtue 

of its initial velocity, a space V t. Hence the total energy exerted 

by A will now be represented by P ( V ^ + J^ —t ^ ) ; and the 

total amount of energy which has to be accounted for at the end 
of the motion, is 

Now the energy left at the end of the motion is as follows : — 
(1.) The potential energy, due to the potential work done in 

moving B through the space {V t->r\ —t ^ ) in opposition to- 

the force Q. This is represented by 

(2.) The kinetic energy, due to the final velocity of B, or to- 
(V + ^ j . This is represented by 
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(P-Q)<' 

Adding the two expressions, we get for the energy left 

2 2m 

This is exactly the same expression as that given above for tlie 
total energy which has to be accounted for. It appears, therefore, 
that there is again no loss of energy during the motion, and there- 
fore the principle of the conservation of energy is not affected by 
the initial velocity of B. 

IGO. Lastly, we assumed that the forces P and Q are constant. 
This of course is never exactly true in the universe, although it is 
true within our limits of measurement in many cases — e,g., that of 
a stone falling to the earth. But we may always assume it to be 
true for an indefinitely small interval of time. Hence, for each 
such interval the conservation of energy will hold, and if so, it 
must also hold for the sum of the intervals; that is, for any 
particular time that is considered. The energy exerted must, of 
course, be determined in this case by the methods of the integral 
calculus. 

161. We have thus proved that the principle of the conserva- 
tion of energy is true, with complete generality, for the case in 
which there are only three centres of force. A, B, 0, lying in the 
same straight line. 

So far as we have hitherto proved the principle, it may be 
expressed by saying : — " If we consider a system composed of three 
isolated centres of force, in the same straight line, then whenever 
energy, or the power of doing work, is lost by one of those centres, in 
consequence of their motions and mutual actions, an equivalent 
amount of energy will be added to one of the others, or to both 
combined ; and thus there is no loss or gain of energy in the 
system as a whole. 
[From this we may deduce the truth of the general principle 
of the conservation of energy, as foWowa. 



PAET I.— FIEST PEINCIPLES. 63 

162. Theorem. — In amy system of matter in motion under its 
otvn forces, the total energy, potential and kinetic, in the system 
remains constant. 

We have already proved this for the case of a point acted on 
by two other points, one on each side of it. We now proceed to 
show that the case of a particle acted on by any number of other 
particles, in any position whatever, may be reduced to the above 
case ; and that the proposition is therefore generally true. 

Take the position of the particle, O, at the instant under con- 
sideration, as the origin of co-ordinates, and let a;^, y^^, z^, be the 
co-ordinates of any other particle, P, whose distance is r^, and 
which acts upon it. Then by the definition of matter, the mutual 
force between P and O varies only with the distance, and may 
therefore be expressed by the symbol 

mm^/ir^, 

where mm^ are the masses of O and P respectively, andy(ri) 
expresses any given function of r^. 

Now, to resolve this force parallel to the three axes, we have 
only to multiply this expression successively by the cosines of the 

angles which r, makes with the axes, that is, by -^, ^, \ Hence 

■^ ^i ^1 ^1 

the resolved part along the axis of x is 

/ (^i) 
m m ^ ^ ^^ ccj^. 

^1 
Let there be any number of similar points, whose co-ordinates are 
^2 ^2 ^2> ^8 y% %» ^^'^ ^^^ ^®* them be resolved in a similar manner. 
Then the total force acting on O along the axis of x in the positive 
direction (assuming x^, x^, &c., to be all positive) is 



m 



[«./-^).,+«^,^ .,+....] 



Now, let us suppose that there is a point distant X, from the 
origin, and such that 
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Then it is evident that the action on O, in the positive direction 
of the axis of x, is the same as if it were acted on by a single 
particle of mass (m^ + mg + . . . .) situated on the axis of a:, at a 
distance X^ and having the same law of force, viz.,y(X,). 

By precisely similar reasoning, the action on O in the negative 
direction of the axis of x, by particles M^, Mg . . ., may be reduced 
to a single force, m (M| + M2 + . . .)/(X^), acting at a distance 
X^ from the origin, in the negative direction. 

But the case is thus reduced to a particle acted on by two 
particles in the same straight line, one of the forces forming the 
effort, and the other the resistance, and both varying according to 
the same law ; and for such a case the conservation of energy has 
been proved to hold. 

Therefore the principle holds generally for the resolved part of 
the forces along the axis of a; ; and similarly it may be shown to 
hold for the resolved part of the forces along the axis of y and z. 
And by the second law of motion the actions of these resolved parts, 
considered independently, make up together the total action of the 
forces ; hence the principle holds generally.] 
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I § 1. CONDITIOKS OF EqUILIBBIUU FOB FORCES ACUNG OH 

One Point. 



163. In the first part of thin treatise (Art. 120), we solved the 
general problem of the reanltant of any number of forces acting to- 
gether upon one point. Let ua suppose this resultant, R, to be found 
in any particular ease, and let us now apply to the point another 
force, - R, equal in magnitude and opposite in direction to K. Let 
us also aBsume that the point is initially at rest. Then, by the 
principle of symmetry (Art. 99), the point will remain at rest^ 
because there ia no reason why it should move, under the action 
of the forces, in the direction £, rather than in the direction — E, 
The resultant of the whole Hystem of forces is then R — B, or 

16+. Now when a number of forces, acting on a body, keep it at 
rest, and therefore have a resultant = 7ero, they are said to be in 
equilibrium * (Art. 95) ; and the position of a body, which is such 
that the forces acting upon it are in equilibrium, is said to be a 
position of equilibrium. 

165. The science which treats of points or bodies when in the 
condition of equiiibrium^in other words, when the forces acting 
upon them have no resultant — is called the science of Statics. 

166. We proceed to consider the condition of eqoilibrinm for a 
point acted on by forces in various circumstances. For the present, 

that all the forces are in the same plane. 



fc 



'167. If only one force acts o 
,not be equilibrium. 



the point, it is obvious that there 



* The word dquilibritim (being derived from the L^tin words for eopil. 
and Boale) refers to the eoniinon case ot a baiUnce, vrtat^win. w^i^i^^'^™"^ 
wien the weights in the two acttles are eqnaL 
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168. Theorem. — If two forces act on a point in equtUbrium^ tJiey 
must he equal amd opposite to each other. For, first, let them be 
opposite, but not equal. Then, by Art 140, the point will move in 
the direction of the greater force, and as if it were acted upon by 
the difference between the two forces. Secondly, let them be equal, 
but not opposite. Then, by the parallelogram of forces (Art 106), 
they will have a resultant, which is represented by the diagonal of 
any parallelogram of which they represent the sides ; therefore the 
resultant is not zero, and therefore the forces are not in equili- 
brium. 

169. Theorem. — Ifikree forces act on a point, they wiU he in 
equilibrium if they are represented in magnitude and dtredion 
by the sides of a triangle taken in order. 

Let A B D be a triangle, whose sides, A B, B D, DA, taken in 

order, represent in magnitude and direc- 
tion the forces AB, AC, DA, acting 
at the point A. Complete the parallelo- 

o — ' ^^i> gram A B C D. Then, by Art. 106, the 

Fig. 10. forces A B, A 0, have a resultant AD: 

that is, the forces A B, AC, DA, are equivalent to A D, D A, 
and, therefore, balance each other. 

It follows that the forces represented by A B, B D, D A, would 
be in equilibrium if they were applied directly at the point A. 

The converse is also true — viz., that if the forces balance, and 
the triangle be constructed, its sides will be proportional to the 
magnitudes of the forces. 

170. The above proposition is usually quoted as the Triangle 
of Forces. It supplies a very convenient method of estimating 
the forces in practice, for any case of equilibrium where three 
forces alone are acting. If we know the directions of the forces, 
and the amount of one of them, we have only to draw a triangle, 
whose sides are parallel to the directions, and make the side 
parallel to the known force represent it to any convenient scale. 
Then the other sides will represent, to the same scale, the forces 

parallel to them respectively. 

2T1. Theorem. — If amy mwmher of /orces act <m a pcA.'ni., tKey -wiBL 
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he in eqwlibrvmit if they are represented in magnitude and direction 
by the fides of a poli/grm taken in order. 

In the polygon ABCDE, we know by Art. b 

T69, tliat A B, BC are equivalent to a force 

represented by AC; similarly AC, CD are Af^ ---^o 

equivalent to A D, and A D, D E are equivdent 
to AE, 

Therefore AB, BC, CD, D E, E A, are 
equivalent to A EI, E A, and will balance each Fig. II. 

other. And the same will told for any larger number of aides. 
Henoe the proposition is true. 

1 72. It follows from the triangle and polygon of forces, that any 
conclusions, established by geometry concerning the relations of the 
aides and angles of a triangle or a polygon, may be extended to 
the magnitudes and directions of forces in equilibrium. Thna we 
taay conclude, from Euclid,, i. 20, that if three forces be in equili- 
brium, any two must together be greater than the third. Again, 
if the directions of two of the forces are at right angles, we conclude, 
by Euclid, i. i7, that the square of the third force is equal to the 
Slim of the squares of the other two. Again, by trigonometry, the 
sides of a triangle are respectively proportional to the sines of the 
opposite angles. Hence, if P, Q, E be three forces in equilibrium, 
and (QE) represent the angle between Q and R, 4c., we have 



* 



p: 



3E)" 



Q 



K 



1 (PE) - 



■ (PQ) 



■173. The polygon of forces gives a geometrical condition for tha 
[Tiilibrium of any number of forces acting on a point, but it ia not 
nn analytical one, nor always easy of application. This defect is 
supplied by the following proposition. 

Problem, — To find the conditions of equilibrium nf any Tvumier 
of forces acting on one point arid lying in one plane. 

By Art. 119 we know that the resultant of any number offerees 
le point and lying in one plane, is given by 
E2= Xa + ya, 
19 X and Y are the algebraical snTas ot ftift oPtcymq^Mfc <^ "^ 
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several forces, taken along any two rectangular axes. Now, if 
there is equilibrium, we must have 

lt = 0. 

But by the form of the equation this is impossible, unless both 
X=:OandY = 0. 

[174. Similarly, if the forces are not all in one plane, we must 
have, by Art. 121, 

X = 0, Y = 0, Z = 0. 

Hence, the general condition of equilibrium is that the alge- 
braical sums of the components of the forces, along any three 
rectangular axes, must separately vanish.] 



§ 2. Conditions of Equilibrium fob a Eioid Body. 

175. Hitherto we have only considered the action of forces all 
acting on the same point. We now go on to consider the case 
of forces acting on several points, which are so connected together 
as to form a single body. This introduces several new concep- 
tions, which require to be defined. 

176. Definition. — A rigid body is a collection of material points 
or pa/rticles, the relative positions and distances of which, with rega/rd 
to each other, a/re supposed to he absolutely fixed, so thai no external 
force can alter them, 

177. There is no such thing in nature as a body which is even 
approximately rigid. A steel bar fulfils the condition as well as 
almost anything ; but even a steel bar is extended or bent, under 
the influence of very moderate external forces, through distances 
which can be easily observed, and even measured by the aid of 
delicate instruments. At the same time such si/rains, or alterations 
in the internal aiTangement of a body, are often numerically 
exceedingly small, as compared with the forces applied, or with the 
changes of position in the body as a whole, relatively to other 
things ; and in such cases they may often be neglected, and the 
body treated as if it were really rigid. By this means conclusions 



maybe drawn, whichttrecorrect for all [jractioal purposes j whereas, 
if the stiuina in the interior of the body were taken into acconut, 
the problems would be rendered so much move complicated 
and diBicuIt as to be unintelligible to the ordinary student, and 
aometimes quite insoluble. It must be remembered by the student 
that, while the methods of physics are generally exact, there U 
practtcally no ajiek Aing as exactness in nature ; there ara always 
small variations and sources of eiTor, which must at some time or 
other be cai-efully investigated, although for many purposes they 
may be neglected altogether. 

178. Definition. — ir/ien oil the points making up a rigid body 
m in inotion in the savie direction, and with the same velocity, the 

^motion is said to be one of translation. 

179. Definition. — When, of tlie points making up a rigid body, 
\-1hose which lie in one straight line are at rest, and the others move 
I .m circles round t/iat line as an axis, ilien t!ie motum ig said to be 

me o_f rotation. 

180. If an axis in a body be fixed, then a motion of rotation 
I is the only motion possible. For if any point in the body moves 
\ parallel to the fixed axis, or moves at right angles to that ttxis in 

Any curve but a circle, it altera its distance from the particles com- 
poaiug that axis ; which by the definition of rigidity it cannot do, 

181. It is, of coui'se, possible for a body to have a motion of trans- 
lation and rotation at the aame time. A familiar instance is a. rifie- 

. bullet, which moves through the air as a whole, while it is at the 

\ Mme time twisting rapidly about its longitudinal axis. Another 

oase is a screw-propeller, which turns about its axis at the same 

time that it partakes of the forward motion of tha ship. As h 

matter of fact any motion whatever of a rigid body, at any jwrticu- 

lar instant, may be treated as made up of a motion of rotation and 

translation combined. In such cases the axis of rotation is not 

fixed as I'egards space, but it is fixed as regards the direction in 

vhich the motion of translation takes place, being parallel to that 

■ direction ; and the points in that axis have that motion of transla- 

only. 

If the body be treated as being in one plane, or in two dimei 



I 
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aions only, the axis of rotation becomes a point in that plane, and 
the other points in the body describe circles round that point. 

182. In the case of a single point, such as hitherto we have 
considered, it is sufficient for equilibrium that there be no motion 
of translation ; for the motion of one point round another cannot 
exist where there la only one point existing. Bat in the case 
of a body or system of several points, it is necessary for equili- 
brium that there should neither be a motion of translation nor 
of rotation. 

183. Problem. — Tojvnd the conditions of eqMihrium for a rigid 
body or system consisting of two points mdy. 

In the case of two points the hypothesis of rigidity merely means 

that the distance between the two points is unalterable. Let A, 

£ (Fig. 12), be the two points, and resolve the external forces 

p acting upon them in directions 

^ ^ along and perpendicular ta 

A £. Let the resultant of the 

components perpendicular ta 

B A £ be P and Q, and let the 



^ i^ 



^^^•^^' resultant of those along AB 

be II and S. Then, since A tends to move, under the influence 
of P, in the direction at right angles to A B, and therefore with- 
out either increasing or diminishing the distance A B, it follows 
that the fact of rigidity will not prevent its motion. Therefore 
if P has any real value, A will move. Hence the flrst oonditiou 

of equilibrium is 

P = 0. 

By similar reasoning, it follows that we must also have 

Q = 0. 

Next, turning to the forces which act along A B, it is evident by 
the principle of symmetry that there will be equilibrium if R = S, 
since there is then no reason why the system should move in one 
direction rather than the other. Hence the condition of equili- 
brium is 

Il = S. 
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These oonditiona Tau.y be summed up iu saying that there must ba 
no foruea acting at rigLt augltia to A B, and that the forceu acting 
parallel to A B must be equal aud opposite to each othi 

184. In the above pvoof we have assumed that both A and B 
are free to move. We may, however, suppose that one of them, as 
B, is abtjolutely fixed in space. Then the force acting on A, in the 
direction A B, may be any whatever ; for A can only move aloug 
A B by altering the distance A B, and by the detiuition of rigidity 
this is imposBible. The only condition for equilibrium in this case 
M therefore 



1 



Iu therefore ^m 

I 
185. Theorem In amy rigid body, if there be tw motion of ^M 
rotation, about a certain point, the reaallcmt o/Cke forces acting upon ^H 
A« bodff must pass tkroiigh titat poitit. ^H 

For if not, draw a perpeudicnlar from the point upon the direo- ^^ 
tion of the resultant. Then we may consider the eystem to be 
reduced to a system of two points, namely, the £xed point and the 
foot of the perpendicular drawn upon the resultant ; and the force ^_ 
acting upon the latter will have a component at right angles to the ^H 
line joining the two points. But, hy Art 183, this is imposuible if ^M 
there is to be equilibrium. Hence, if there is equilibrium, the ^M 

Preaultant of the forces must pass thi'ough the fixed point. ^| 

186. We shall now consider the conditions of equilihrinm fur ^| 
a body or system consisting of three points ; and we will first 
assume that one of these points is fixed, and find the condition 
that the other two may not rotate round it FracClcally, this is 
the same problem as that of a rigid rod, which con turn about one 
point iu its length, and is acted on by forces at two other points, 
the weight of the rod being neglected. Owing to the great im- 
portance of thia particular case, we shall present the problem 
under this form, as is usual in works on Statics. 

187. Befioltiou. — A rigid rod, movable about a fixed point in its 
length, is called a lever. T/teJuced point is coiled tlie /utcrum, and 
the parts between Hie fulcrum, and (Ae extremities l/te arms. 

183, Defifiitiou. — The moment ^a force with respect la a given 
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powUf %8 the product qf the force and the peirpendkvlovr from Ae 
point on tto direction, 

189. Theorem.— j[/* two forces, acting at the extrenwUes of a 
lever and tending to tioiet the lever opposite ways, produce equiH- 
brium, the momenta of the forces about thefuicrvm are equal. 

Let P, Q be the two forces (Fig. 13) acting at A and B, the 

extremities of a lever. Produce the direc- 
tions of P and Q until they meet in C : 
take Omy Cn proportional to P and Q, 
and complete the parallelogram Cmpn ; 
join Cp and produce it to cut A B in O. 
Then the resultant of P and Q acts in 
^ the direction CO, and therefore O must 
^* ' • be the fulcrum (Art. 185), otherwise there 

could not be equilibrium. Draw O D, O E perpendicular to A C^ 

£C; then 

P 8inC;?m COsinBCO OE . 

Q""8inmC;?"C0sinAC0""0D' 
Therefore PxOD = QxOE, 
or the moments of P and Q about O are equal. 

190. If the forces act parallel to each other, their directions 
will not meet, as they are supposed to do in the preceding 
proposition ; in this case we must proceed as follows. We shall 
suppose, though it is not necessary, that the forces act perpen- 
dicular to the lever. 

At A and B (Fig. 14) apply any two equal and opposite forces 

S in the direction of the lever ; this, 

by symmetry, will not affect the 

equilibrium. Then the resultant of 

P and S will be some force in the 

^S direction CA suppose, and that of 

Q and S some force in the direction 

CB. Suppose them both to act at 

, * * C, and there to be resolved into their 

constituent parts P and S, Q and S; the portions S, S will 

counteract each other, leaving a resultant P + Q in the direction 
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C parallel to the directions of the forces. As before, muat 
be the fulcrum. 

Then the sides of the triangle A C ace parallel to the direc- 
tions of the forces P, 8 and their resultant ; hence 
P CO 
S^AO' 



Q CO. 

S BO' 

Therefore P X AO = Qx BO. 

applicable, when the 



forces ; 



The same luethod i 
perpendicular to the an. 

If we had first proved the proposition now under consideration 
for the case of parallel forces peqwndicular to the arm, it would 
have been very easy to deduce the more general case. For if in 
Fig. 13 we Bupiwae the forces P and Q to be each resolved into 
two, one parallel and the other peqieudicular to the arm, it is 
manifest that in the latter components of P and Q only is there 
any tendency to twiat the lever. Now these hitter portions are 
reapectiveiy P sin A O, Q sin C B O ; hence 

PsinCA0xA0 = Q8inCB0xB0, 

orP=<OD = Q=<OE, 

as was proved before. 

191. In the above article it ia clear that the fact of the three 
points, A, B, O, lying in the same etmight line, is in no way 
essential to the proof. Thus we may Bup])O80 the bent line DOB 
(Pig. 13) to be the form of the lever, without in the slightest degree 
altering the demonstration. Hence the principle is applicable to a 
system of any form consisting of three points only. 

192. Problem. — To find Uie conditions o/equilibnum/or a syslem 
conmsting of tliree jiointii only. 

Taking the same diagram (Fig. 13), let DOEbe the three points, 
and let the two resultants of the forces acting on D and E i-espeo- 
tively meet, u before, in C. Then Cp represents this i-esultant ia 
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magnitude aud directiou ; and, as before, if there is equilibrium, the 
direction of Cj9 must pass through O. Let the other forces acting 
upon O have a resultant, E. Then O is in the condition of a single 
point, acted on by two forces, Cp and K ; and, bj Art 168, the 
condition of equilibrium is that these forces are equal and opposite. 
If these two conditions hold, O wUl have no motion of translation, 
that is, it will be fixed ; aud D and E will have no motion of 
rotation round it. Hence, the whole system will be at rest — in 
other words, there will be equilibrium. Hence the following are 
the conditions of equilibrium : The reauUant of the forces acting 
upon any two ofili/e points must pass through the third, and must be 
equal and opposite to the resultant of tlie forces acting upon, that 
third. 

If the resultants of the forces on D and E respectively are 
parallel to each other, the demonstration will be the same, using 
Pig. 14 instead of Fig. 13. 

193. Theorem. — The proper jneaswre of the power of a force, a* 
tending to produce rotation of a body dboui a faced point, is the 
moment of the force about that point. 

Taking Eig. 13, as before, we have the general equation 

PxOD=QxOR 

Suppose P and O D to vary, but OE to remain constant, and to be 
a unit of LengtL Then the turning power of P will always be repre- 
sented by that value of Q which makes the equation hold ; since, 
on giving Q this value, the body will be in equilibrium, and 
therefore the tendency of P to turn the body round O will be 
counteracted. 

First, suppose D to remain the same, and alter P to m P^ 
where m is any quantity whatever. Then, if Q^ be the new value 
of Q, we have 

Qi = mPxOD = mQ. 

Hence, when P becomes m P, the turning effect becomes m Q ; 
that is, when the arm O D remains constant, the turning effect 
varies as the torce P. 
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Similarly, if P i 



r, when the force 



i the saoxe, and D is JacreaseJ t» 
coDStant, the toraiag effect variea as- j 



Hence, by the ordinary law of variatioii, the turning effuct v 
mgememily as the produt^t of the force and the ai-iti — i.e., as 
Pnoiueut. 






194. On account of the property just provedj the conception of 
■moments is one of very ajjecial importance in mechanics, and the 
student is recommended to talce special pains to make himself 
completely master of it. Tha following extension of the principle 
of equidity of moments in very impoitanL 

193. Principle of moments stated generally. — What has been- 
inferred as to P and Q will be true however we increase the 
number of the forces, lu order to ariive at the complete turning 
effect of a number of forces acting in one plane, it sulEcea to add 
their aepamte momenta, for in doijig so we are only adding 
numbers of the same kind. JJouientM tending to turn the body 
in oue directiou must be takeu as positive, and in the opposite 
direction an negative. 

The principle of the lever may therefore be stated generally aa- 



I 



If any number of forces acting ou a rigid body in one plane 
tend to turn it about a fixed axis, there will be equilibrium whea 
the sum of the moments uf the forces acting to turn the body in 
one directiou is equal to the sum of the moments of the forces 
acting to turn it in the upposite direction. In other words, the 
algebraical sum uf all the momenta must be zero. 

That point iu the axis about which the momenta are estiuiated. 
18 often called the centre of vMiiteiiAs. 

196. Problem. — Tofmdtlia reauUant of two paraUel fm-oea. 
In Art. 190 we have shown that the resultant of two parallel 
forces, P and Q, acting iu the same directiou, is a single forca 
equal to their smu, or P + Q, and cutting the line AB perpeu- | 
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dicular to the forces, in a point O, such that P x AO = Q x BO, i.e., 
such that the moments about O are equal. 

Let us now suppose that the forces P and Q act in the opposite 
direction (Fig. 15). Apply two equal and opposite forces, S S, as 




J9 



Fig. 15, 

before, and make the same construction. Then the resultant of 
P and Q will evidently be a force (Q - P) acting in the direction 
O C. Also, we have, as before, 



P 

S 



hence 



CO 
AG' 



and 



s 



00 
BO 



Px AO = QxBO. 



Hence the resultant of the parallel forces P and Q, acting in 
opposite directions, is a force equal to their difference, or Q — P, 
and cutting the line A B produced in a point O, such that the 
moments of the forces about that point are equal. 

197. Let us now examine the case where P and Q are equal, and 
see how we are to interpret the results. In this case the resultant 
is equal to P - P, or zero, and the equation of moments gives 
A O = B 0. This must mean one of two things. Either A and B 
coincide, in which case we are brought back to the case of two 
forces acting on one point, or else A O and B must alike be 
indnite. In other words, the resultant oi t^o ^c^V ^^xslkl forces, 
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magnitude aud directiou; and, as before, if there is equilibrium, the 
direction of C/? must pass through O. Let the other forces acting 
upon O have a resultant, E. Then O is in the condition of a single 
point, acted on by two forces, Cp and R ; and, bj Art. 168, the 
condition of equilibrium is that these forces are equal and opposite. 
If these two conditions hold, O will have no motion of translation, 
that is, it will be fixed ; and D and E will have no motion of 
rotation round it. Hence, the whole system will be at rest — in 
other words, there will be equilibrium. Hence the following are 
the conditions of equilibrium : The resuUant of the forces acting 
upon any two oftli/e points inust pass through the third, and must be 
equal and opposite to the resultant of tlie forces acting upon that 
third. 

If the resultants of the forces on D and E respectively are 
parallel to each other, the demonstration will be the same, using 
Pig. 14 instead of Fig. 13. 

193. Theorem. — The proper jnea^swre of the power of a force, a* 
tending to produce rotation of a body ahovJt a faced point, is the 
moment of the force about that point. 

Taking Fig. 13, as before, we have the general equation 

PxOD=QxOR 

Suppose P and D to vary, but OE to remain constant, and to be 
a unit of LengtL Then the turning power of P will always be repre- 
sented by that value of Q which makes the equation hold ; since, 
on giving Q this value, the body will be in equilibrium, and 
therefore the tendency of P to turn the body round O will be 
counteracted. 

Firat, suppose O D to remain the same, and alter P to m P, 
where m is any quantity whatever. Then, if Qj^ be the new value 
of Q, we have 

Qi = mPxOD = mQ. 

Hence, when P becomes m P, the turning effect becomes m Q ; 
that is, when the arm O D remains constant, the turning effect 
varies as the lorce P. 
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Similarly, if P 1*611181113 the same, and O D is increased to- 
rn x O D^ we have 

or, when the force remains constant, the turning effect varies as 
the arm. 

Hence, by the ordinary law of variation, the turning effect varies 
generally as the product of the force and the arm — t.e., as the 
moment. 

194. On account of the property just proved, the conception of 
moments is one of very special importance in mechanics, and the 
student is recommended to take special pains to make himself 
completely master of it. The following extension of the principle 
of equality of moments is very important. 

195. Principle of moments stated generally. — What has been 
inferred as to P and Q will be true however we increase the 
number of the forces. In order to arrive at the complete turning 
effect of a number of forces actiug in one plane, it suffices to add 
their separate moments, for in doing so we are only adding 
numbers of the same kind. Moments tending to turn the body 
in one direction must be taken as positive, and in the opposite 
direction as negative. 

The principle of the lever may therefore be stated generally as 
follows. 

If any number of forces acting on a rigid body in one plane 
tend to turn it about a fixed axis, there will be equilibrium when 
the sum of the moments of the forces acting to turn the body in 
one direction is equal to the sum of the moments of the forces 
acting to turn it in the opposite direction. In other words, the 
algebraical sum of all the moments must be zero. 

That point in the axis about which the moments are estimated 
is often called the centre qfinonients. 

196. Problem. — To find tJie resultant of two pao'cUlel forces. 

In Art. 190 we have shown that the resultant of two parallel 
forces, P and Q, acting in the same direction, is a single force- 
equal to their sum, or P + Q, and cutting the line A B perpen- 



74 THE student's mechanics. 

magnitude aud directiou; and, as before, if there is equilibrium, the 
direction of Cpuiuat pass through O. Let the other forces acting 
upon O have a resultant, E. Then is in the condition of a single 
point, acted on by two forces, Cp and R ; and, by Art 168, the 
condition of equilibrium is that these forces are equal and opposite. 
If these two conditions hold, will have no motion of translation, 
that is, it will be fi:xed ; aud D and E will have no motion of 
rotation round it. Hence, the whole system will be at rest — in 
other words, there will be equilibrium. Hence the following are 
the conditions of equilibrium : The reauUant of the forces acting 
upon any two oftlye points must pass through Hie third, and must he 
equal and opposite to tlie resultant of the forces acting upon that 
third. 

If the resultants of the forces on D and E respectively are 
parallel to each other, the demonstration will be the same, nsing 
Pig. U instead of Fig. 13. 

193. Theorem. — The proper measiure of the power of a force, as 
tending to produ^ce rotation of a body aJbovJt a faced point, is the 
moment of the force about that point. 

Taking Fig. 13, as before, we have the general equation 

PxOD=QxOR 

Suppose P and D to vary, but OE to remain constant, and to be 
a unit of LengtL Then the turning power of P will always be repre- 
sented by that value of Q which makes the equation hold ; since, 
on giving Q this value, the body will be in equilibrium, and 
therefore the tendency of P to turn the body round O will be 
counteracted. 

First, suppose D to remain the same, and alter P to m P^ 
where m is any quantity whatever. Then, if Qj^ be the new value 
of Q, we have 

Qi = mPxOD = mQ. 

Hence, when P becomes m P, the turning effect becomes m Q ; 
that is, when the arm O D remains constant, the turning effect 
varies as the torce P. 
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Similarly, if P remains the same, and D is increased to- 
*» X O D, we have 

or, when the force remains constant, the turning effect varies as 
the arm. 

Hence, by the ordinary law of variation, the turning effect varies 
generally as the product of the force and the arm — i.e., as the 
moment. 

194. On account of the property just proved, the conception of 
moments is one of very special importance in mechanics, and the 
student is recommended to take special pains to make himself 
completely master of it. The following extension of the principle 
of equality of moments is very important. 

195. Principle of moments stated generally. — What has been 
inferred as to P and Q will be true however we increase the 
number of the forces. In order to arrive at the complete turning 
effect of a number of forces acting in one plane, it suffices to add 
their separate moments, for in doing so we are only adding 
numbers of the same kind. Moments tending to turn the body 
in one direction must be taken as positive, and in the opposite 
direction as negative. 

The principle of the lever may therefore be stated generally as 
follows. 

If any number of forces acting on a rigid body in one plane 
tend to turn it about a fixed axis, there will be equilibrium when 
the sum of the moments of the forces acting to turn the body in 
one direction is equal to the sum of the moments of the forces 
acting to turn it in the opposite direction. In other words, the 
algebraical sum of all the moments must be zero. 

That point in the axis about which the moments are estimated 
is often called the centre of inonvmts, 

196. Problem. — To find tlie resuUant of two pcMraUel forces. 

In Art. 190 we have shown that the resultant of two parallel 
forces, P and Q, acting in the same direction, is a single force- 
equal to their sum, or P + Q, and cutting the line A B perpen- 
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dicular to the forces, in a point O, such that P x AO = Q x B O, ie., 
such that the moments about O are equal. 

Let us now suppose that the forces P and Q act in the opposite 
direction (Fig. 16). Apply two equal and opposite forces, S S, as 




J» 



Fig. 16. 

before, and make the same construction. Then the resultant of 
P and Q will evidently be a force (Q - P) acting in the direction 
O C. Also, we have, as before. 



hence 



?=^-P,andQ=^. 
S AG' S BO* 

Px AO = QxBO. 



Hence the resultant of the parallel forces P and Q, acting in 
opposite directions, is a force equal to their difference, or Q — P, 
and cutting the line A B produced in a point O, such that the 
moments of the forces about that point are equal. 

197. Let us now examine the case where P and Q are equal, and 
see how we are to interpret the results. In this case the resultant 
is equal to P - P, or zero, and the equation of moments gives 
A O s B O. This must mean one of two things. Either A and B 
coincide, in which case we are brought back to the case of two 
forces acting on one point, or else A O and B O must alike be 
infinite. In other words, the resultant of two equal parallel forces. 



acting in oppoRite directions, but not in the same line, is represented 
by an infinitely smal! force at an infinitely great distance ; and 
therefore it has no finite value. There is no single force ■which 
win balance such a pair of forces, or prevent them from having 
their effect in oanaing rotation in the body to which they are 
applied. This eflect requires to be further developed. 

198. Definition. — A pair of eqval and parallel forces acting in 
opposite directions, is called a couple. The perpendicular disUmce 
betvxen the forces is called the a/rm ; and the product of either force 
into the arm is itg moment. 

199. Definition, — A straight line drawn perp&tdimUar to the 
plane of a couple, and proportional in length to its jnoment, is called 
the aoAa of t!ie couple. 

200. Theorem.— rAe efect of a couple is completely represented 

1. The plane in which the forces act is perpendicular to the 
axis, and therefore the direx^on of the axis determines the place 
of the couple. 

2. Let the forces P, F, act at the ends of the arm A B, and let 
the axis cut the plane of the couple, either in A B, or A B pro- 

tduoed, as at £, F. 
The turning efiect round E 
I =Px AE+PxEB=Px a: 

I So also, the turning effect round F 
I =PxFB-PxFA=PxAB 



Fig. 16. 
the extreme case when E coincides 



id this is equally true i 
■with either A or B. 

Hence the turning effect of the couple is proportional to the 
moment P x A B, which is proportional to the axis. 

201. Since a couple is correctly represented in all respects by 
its axis, 'which is a straight line fixed in magnitude and in direction, 
it follows that we may apply to couples the same principles of 
composition and resolution which we have proved to be true in 
the case of simple forces. Also we can add and srobtTasA^ vJafe 
jtarailel axes of a set of couples ytsXi at ^q «&&. « 
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forces acting in the same straight line. By this process we obtain 
what is called a resultant couple. 

202. We are now in a position to attack the general problem, 
which we may take as the fundamental one of statics, — ^viz., the 
conditions of equilibrinm of any nnmber of forces, acting on a 
rigid body or system of any number of points. "Without the 
•conception of moments and couples this cannot be solved. 

203. Problem. — To find the conditions of equilibrium of any 
number of forces acting in one plane upon different points of a rigid 
body. '' 

Let A be any point in the body, Pi Pg, . . . the forces acting on 
the body, a^ ag . . . the angles their directions make with a fixed 
line, X A X^. 

Let Pi act at B, and apply at A two opposing forces, each eqnal 

P, and parallel to the force Pi ; by symmetry, 
p / this will not disturb the equilibrium. 
/ Draw ADi perpendicular to BPi. Then 
Pi at B is represented by Pi at A, parallel 
to B Pi, and by the couple P^ P^, whose 
moment is Pi x A Dj. 

The remaining forces, Pg, Pg . . . may be 
treated in like manner. We thus obtain a set of forces, Pi, Pg, Pg 
. . . acting at A in directions parallel to their actual directions, 
and also a set of couples whose axes are parallel. 

The couples are represented by their moments Px x A Dj, 
Pg X A Dg, &c., and are equivalent to a single resultant couple 
whose moment is 

Pi X A Di + Pg X A Dg + &c. 

The forces acting at A must be in equilibrium. Hence, by 
Art. 119, 

Pi cos Oi + Pg cos ag + &c. = . . . (1.) 

Pi sin «! + Pg sin ag + &c. = Q . . . (2.) 

Also, the resultant couple must disappear; therefore, 

PixADi + PgX AD2+&c.=0 . • • ^^ 
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These three conditions are necessary and sufficient for the 
equilibrium of a rigid body under the action of forces in one plane. 
Since the line X A X^ is any whatever, they are expressed by 
saying that the sum of the components of the forces in any direc- 
tion must he zero, cmd the sum of the moments of the forces rou/nd 
amy point must he zero, 

204. Corollary L— In the foregoing proof we have in effect 
stated that a force P acting at the point D, in the arm A D of 
a lever, and tending to turn it about A, produces a push at A, 
which is equal to P. 

Corollary 2. — If any number of forces acting on a rigid body in 
one plane tend to turn it about a fixed axis, there will be equili- 
brium when the algebraical sum of all the moments about that 
axis is zero. 

[205. Problem. — To find the resulta^Us of any numher of forces 
acting in any directions on a rigid hody. 

Let the forces be referred to three rectangular axes Ox, Oy, Oz 




Fig. 18. 



(Fig. 18); and suppose Pj, Pj, P„... the forces; let x^, y^, z^ be 
the co-ordinates of the point of application of P^ ; let o^ ^s, «s be 
the co-ordinates of the point of application of Pj ; and so on. 

Let Ai be the point of application of P^ ; resolve P iwt» <s«a^- 
ponents Xj, Yj, Zj, parallel to tlie co-OTdm^\ifi^ «i^». "Ijfc^ *^^ 
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direction of Z^ meet the plane of {x, y) in Mj, and draw M^N^ per- 
pendicular to Cos. Apply at N^ and also at O two forces each 
equal and parallel to Z^, and in opposite directions. Hence Zx at 
Ai or Ml is equivalent to Z^ at O, and two couples, of which the 
former has its moment = Zj x N^M^, and may be supposed to act 
in the plane of (y, z)^ and the latter has its moment sZ^ x O Nj 
and acts in the plane of {z, x). 

We shall consider those couples as positive which tend to turn 
the body round the axis of x from y to z, also those which tend to 
turn the body round tho axis of y from z to x, and those which 
tend to turn the body round the axis of z from a; to y. 

Hence Z| is replaced by Z^ at O, a couple Z^ y^ in the plane 
of (y, z), and a couple -Z^x^ in the plane of («, x). Similarly 
Xj may be replaced by X^ at O, a couple X^^j^ in the plane 
of («, x), and a couple - X^ y^ in the plane (a;, y). And Y^ may 
be replaced by Y^ at O, a couple Y^ 05^ in the plane of (05, y), and 
a couple - Y^ z-^ in the plane of (y, z). Therefore the force P^ 
may be replaced by X^, Y^, Z^ acting at O, and three couples, of 
which the moments are, by Art. 201, 

Zj yi - Yi ^^i in the plane of (y, «), 

Yia?i-Xiyi „ „ («, y). 

By a similar resolution of all the forces we shall have them 
replaced by the forces 

2X, SY, SZ, 

acting at O along the axes, and the couples 

S (Z y - Y «) = L suppose, in the plane of (y, z\ 
2(X5;-Za;) = M „ „ „ {z,x), 

2(Yaj-Xy) = N „ „ „ {x,y). 

Let K be the resultant of the forces which act at O ; a, 5, c the 
angles its direction makes with the axes ; then by, Solid Geometry, 

R2 = (2X)2 + (SY)2 + (2Z)2, 

2X , 2Y SZ 

COB a = -^^-> cos = -z^-y cos c = -,— -• 

K lAi rL 
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Let G be the moment of the couple which is the resultant of the 
three couples L, M, N ; X, jjl, v the angles its axis makes with the 
co-ordinate axes ; then, by Art. 201, 

G2=:L2 + M2 + N2, 

, L M N 

COSA = q;> COS;i = ^, COSv = g. 

206. Problem. — To find the conditions of equilibrium of any 
number of forces acting upon a rigid body in any directions. 

A system of forces acting upon a rigid body can always be 
reduced to a single force and a couple. Since these cannot balance 
each other, and cannot separately maintain equilibrium, they must 
both vanish. Hence R = 0, and G = ; therefore 

(2X)2 + (2Y)2 + (2Z)2 = 0, 
and L2 + M2 + N2-0. 

These lead to the six conditions 

SX = 0, SY = 0, 2Z = 0, 
2{Zy-Y«) = 0, 2(X«-Za) = 0, 2(Ya?-Xy) = 0.] 

§ 3. Centre op Gravity. 

207. The case in which all the forces acting on a rigid body are 
parallel to each other and act in the same direction, is a very 
important one, inasmuch as it includes all ordinary cases where 
gravity may be considered as the only force acting. For this 
reason it requires special consideration. 

208. First take the case of a weightless rod A B, acted upon 
by two parallel forces, P, Q, at 
its extremities. Divide A B in c/ 

O, so that Qg = p, and draw a,'^ ^^.,-- Jq 

OC, OD perpendicular to P / ^"'^-^.^ /q 

and Q. Then, by similar ^ d 

x„. „i^„ OC OA Q Fig. 19. 

triangles, qD = q-B = P ^ 

.•. OOxP^ODxQ, or the momenta ot P axA C^ ^i^woX.^ ^^'^ 
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equaL Hence AB will have no tendency to torn about O, and 
if it be supported at O by a force P -f Q, parallel to P and Q, it 
will be in equilibrium. 

The above proof is quite independent of the inclination of the 
forces to AR Conversely, therefore, if A B be acted upon by 
two parallel forces of constant direction (such as the forces of 
gravity), it may be turned in any way about the point O, and 
will still be in equilibrium. 

209. The same principle may be extended to any system of 
parallel forces whatever, as follows. 

Theorem. — Every system qfpa/rallel forces has a centre. 

Let Wj, Wj, Wg, W^ . . . be a rigid system of particles, the 

forces on which are W^, Wj, 
Wg, W^, . . . respectively. 
Suppose Wj, "Wg joined by a 
rigid rod without weight, and 
divide the same rod in G^, so 
that 

W^Gi : WgGi : : Wg : Wi ; 

then, by Art 208, W^ and Wg 
will balance in all positions 

about Gj, and if we suppose G^ supported, the pressure upon the 

support will be Wj + Wg. 

Again, join G^ Wg, and divide it in Gg, so that 

GjGg : WgGg : : Wg : Wi + Wg; 

then, if we suppose the rod W^Wg to rest upon the rod G^Wg, and 
Gg to be supported, the pressure W^ + Wg at G^ and Wg at Wg 
will balance about Gg. Hence the three bodies W^, Wg, Wg, 
supposed rigidly connected, will balance in all positions about Gg. 

Similarly we may find a point Gg about which W^, Wg, Wg, 
W^ will balance in all positions, and so of any number of particles. 
Hence every system of parallel forces has a centre. 
It 18 obvious from the method of proof that the system of 
particles need not lie all in one plane. 
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Theorem. — A »ystem of par(dM forces can Ao» mih/ ons. 

For suppose there are two, and let the eystem be bo turned that 

ihe two centrea lie in the same plane perpendicular to the foreea. 

rhen the different forces form a syatem, the resultant of which 

mnst pass through each centre of parallel foreea, otherwise the 

L «ystem conld not balance about that point ; hence the said resul- 

1 tant must paaa throngh two points in the same plane at right angles 

I to its direction, which is absurd. Therefore there are not two 

mtres of parallel forces. 

211. Problem. — To find the centre of any number of parallti | 
'ijoreei in the savie pla/ne. 

Let Wj, Wj, Wg, . . . be thepoints of application of the force* I 
W,, Wj, Wg, . . . ; in the plane , 
in which they lie, take any rect- 
angular axes, A a:, A.y, at right 
angles to each other, and let h^, 
Aj, A,, ... be the distances of 
"Wi, Wp Wj, . . . from A x, and 
'^11 ^ ^3) • ■ ■ their distances 
from Ay; also, let A, A be the * 
<listances of the centre of the ^' 

Bystem from Ax, Ay respectively; then it is evident that if t 
find A and k, we shall have solved the problem. 

Join Wj, Wj, and let Gj be the centre of parallel forces for 1 
W„ Wj; from W„ W^, G^, dmw W^ a,, W^o^ and G^ . 
jtendicular t« A a; ; then we have 

W, X 'W, Gj = Wj X Wj G, ; 
I tnit it ia evident, &om mmilar figures, that 



1 






orW, {A6i-i,) = Wa(ij-A6i); 
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If we consider ODother force, W3, we may, in searching for the 
centre of the three, W^, Wg, W3, suppose the two former to act 
together at their centre, G^, already found; hence, if Gg ^ ^^^ 
centre of the three forces, and we draw Gg b^ perpendicular to A o;^ 
we shall have 

^^"2- W1 + W2 + W3 

" Wi + Wg + Wg ' 
and so on for any number of forces. Hence we shall have 

"- W1 + W2 .... +W, ' 
aad, in like manner^ 



''" W1+W2 . . . . +w„ • 

[212. Problem. — To find the centre of any number of 'pwraJld 
forces not in the same plane. 

Take any three planes perpendicular to each other, to form a 
system of rectangular axes. Let h^, k^, l^, be the perpendicular 
distances of W^ from the three planes respectively, and so on of 
the other particles, and let h, k, I, be the perpendicular distances 
of the centre ; then we may prove, in like manner as in the last 
proposition, that 



similarly. 



and so likewise, 



'*- w +W2 .... +W„ ' 
"" W1+W2 .... +W« ' 

^"" W1 + W2 . . . . +w„ J 



213. We have thus solved the general problem of finding the 

centre of parallel forces under any circumstances. As already 

mentioned, the interest of this case ar\aea ixom \Jfta ^jwi^ tlaa.t the 
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I 



weight, of any body (that is, tlie attraotion of the earth upon its 
several points or particles) forma siicii a system of parallel fovoea. 
The force in this case having the name of gi-avity, the centre of 
parallel forces naturally takes the name of the Centre of Gravity; 
and in the remainder of this section this natne wUl he used, 

214. In diBcusaing the centre of gravity of any body, itia always 
assumed (unless the contraiy is stated) that the particles of the 
body — that is, the centres of force which it contains — are uniformly 
distributed throughout its volume. In nature, of course, tbia ia 
naver absolutely true, and the results obtained are therefore 
approximate only. Also, in speaking of the centre of gravity of 
any plane figure, such as a triangle, we are really consideriDg that 
of a thin uniform lamina or slice of that particular form. 

I 215. Problem. — Tojlnd the centre ofgraviUj of a physical straight 
lijie, or of a uniform thin, rectilinear rod. 

The middle point will be the centre of gravity ; for we may 
suppose the line to be divided into pairs of eijual weights, equidis- 
tant from the middle point, and the middle point will be the centre 
of gravity of each pair, and therefore of the whole system. 

216. Problem.. — To find the centre of ijraaity of a triangle, or 
^a tliin lamina of matter in the form of a triangle. 

Let A B C be the triangle : bisect B in D, and join AD; 
dtaw any line, bdc, parallel ^ 

to B C ; then it is evident 
that this line will be bisected 
by A D in d, and will there- 
fore balance about d in all 
positions; similarly all lines 
in the triangle imralkl to 
B C will balance about 
points in A D, and tliere- 
fore the centre of gi'avity 
must be Boniewhere in A D. 

In like manner, if we bisect A C in E, and join B E, the centra 
of gravity must be in B E ; hence G, tbe iutevaecfe-Wi at t^-^ *» 



I 




Fig. 22. 
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Join D Ey which will be parallel to A B {JEttoUd, vi. 2), then th» 
triangles A B O, D E G are similar. 



.'.AG 


: GD 


::AB: 


DE 






::B0! 


:D0 






:: 2 


: 1, 


or 


AG = 


2GD, 




and .■. 


AD = 


3GD, 





Hence, if we join an angle of a triangle with the bisection of the 
opposite side, the point which is two-thirds of the distance down 
this line from the angular point is the centre of gravity of the 
triangle. 

217. Corollary. — If three equal pa/rtidea he placed at the angtdaa^ 
points of the triangle ABC, their centre of gravity wiU coincide 
with that of the triangle ABC. 

For the construction for the centre of gravity will evidently bo- 
the same as that just described. 

218. Problem. — Given the centre of gravity of a hea/i>y body, and 
edeo that of a certain portion of it, to find the centre of gramty of 
the remainder. 

Let G be the centre of gravity of the body (Fig. 23), W its 

weight : G^ the centre of gravity 
of the given portion, W^ ita 
weight. Join G^G, and in that 
line produced take G^, such 
that 

Gj,G:GiG :: Wj iW-W^. 

Then Gg will evidently be the 
centre of gravity required. 

The preceding proposition i» 
applicable to a variety of ex- 
amples : it will enable us, for 
instance, to find the centre of 
Fig. 23. gravity of the frustum of a 

pjmmid or of a cone, that is, the centre of gravity of a portion 
of the body cut off by a plane parallel to tYi^\iaaei. 
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219. The following is one of the most important properties of 
the centre of gravity. 

Theorem.^ When a body is placed upon a horisontal plane, it 
will stand or fall according as the vertical line ilwaugh the centre 
of gra/mty faUa within or wilkoui the lose. 




Fig. 24, 



Fig. 244. 



Suppose the vertical line G C through the centre of gravity G, 
to faJl within the base, as in Fig. 34 ; theu wc may suppose the 
whole weight of the body to be a vertical pressure W acting iu the 
lioe G C ; this will be met by an equal and opposite pressure W 
from the plane on which the body is placed, and so equilibrium 
wilt be jiroduced and the body will stand. 

£ut suppose, as in Fig. 24a, that the line GO falls without the 
base; then there is no pressure equal and opposite to W at C, and 
therefore W will produce a moment about B (the nearest point in 
the base to C), which will make the body twist about that point 
and fall. 

220. According to the proposition just proved, a body ought to 
rest without falling upon a single point, provided that it is so placed 
that the centre of gravity is in the vertical line passing tbrougb 
the point which forms the base. And, in fact, a body so ratuated 
would be, mathematically speaking, in a position of equilibrium, 
though practically the equilibrium will not subsist. 

This kind of equilibrium, and that which is practically possible, 
are distinguished by the names of un»UAle and slable. Thus an 
au egg will rest upon it« aide in a position of stable equilibriuro, 
but the position of equilibrium corresponding to the vertical posi- 
tion of its asis is unstable. The diatinctwn \«i\.-«<a<iTv sinH* wA. 



{ 
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unstable equilibrium may be enunciated generally thus : — Suppose a 
body or a system of particles to be in equilibrium under the action 
of any forces ; let the system be arbitrarily displaced very slightly 
from the position of equilibrium, then if the forces be such that 
they tend to bring the system back to its position of equilibrium 
the position is atctble, but if they tend to move the system still 
&rther from the position of equilibrium it is unstable. 

221. Theorem. — When a heavy body is suspended frork a point 
ahotU tjohich it ca/n twmfredy^ it wiM rest with its centre of gramity 
in the vertical line passing through the point of suspension. 

For let O be the point of suspension, G the centre of gravity, 

and suppose that G is not in the vertical 
line through O j draw O P perpendicular 
to the vertical through G, that is, to 
the direction in which the weight W of 
the body acts. Then the force W will 
produce a moment W x O P about O as 
a fulcrum, and there being nothing to 
counteract the effect of this moment 
equilibrium cannot subsist. 

Hence G must be in the vertical line 
through O^ in which case the weight 
W produces only a pressure on the point 
0, which is supposed immovable. 




Fig. 25. 



M 



§ 4. Friction. 

222. It nearly always happens that amongst the pressures which 

keep a body at rest are the reactions 
of one or more surfaces in contact 
with each other. Thus, suppose a 
mass M to rest on a table AB, 
and suppose it to weigh 1000 
lbs. ; that weight must be sup- 
ported by the table, which must 
therefore exert upwards a pressure o£ 1000 Iba. m a direction 



Fig. 26. 



a 
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oi^Hffiite to the direction of the weight. This reactioa forma what 
ia called a dmtribuled inesaure, for the undef euiface, C J), will 
be in contact with the table at many [lointa, and at each point 
tliere will he & reaction. The magnitude of the reactions at the 
different points ia not commonly known; they must, however, be 
such that theii- resultant shall act vei-tically npward through the 
centre of gravity of M, and shall equal 1000 lbs., otherwise there 
could not be eciuUibriuni. And, ia general, if a body is at rest 
when pressed against a surface, the vaiioua pointa of that surface 
must supply reactions whose resultant is equal and opposite to the 
resultant of the pressures by which that body ie urged against the 
surface. This resultant reaction is called Ihe Teadion of the 

333. The amount and the direction of the reaction, which a 
given surface can exert, depend upon the form of the surface, and 
the nature of its substance. 

224. With regard to its form, a plane sur&ce, such as a table, can 
exert reaction at an indefinite number of points, aa in the last 
article. But a curved surface, such as a sphere, can only exert 
reaction through a single point, that, namely, which ia in contact 
with the pressing body. The only exception is whei* the cui-vature 
of the pressing body ia the same, but in the reverse direction, as 
in an ordinary ball-and-socket joint. In this case, as in that of 
a plane surface, the exact diitribution of the reactions is very 
difficult to determine id practice. 

225. With regard to the nature of the surface, let us suppose the 
forces causing the pressure to be resolved into two components, 
E and F, the firat being perpendicular, and the second parallel, 
to the reacting surface. It is evident that, if there is equili' 
brium, there must be reactions, —Hand — F, equal and opposite 
to these respectively. 

226. With regard to the first, or normal reaction, it is found that 
however we increase the value of the pressure E, the reaction — E 
will increase to correspond with it, up to a certain limit. When 
that limit is reached, the reacting surface gives way, and is either 
crushed or punctured. The crushing of an e^ under a weight ia 

a familiar example of the first; the ■\neic\ag\S.'si\'Cfi.»."5ai.,*i1 ■*!»& 
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aeoonl The exact limit for any case depends upon many 
oircnmstances connected with the form and nature of the two- 
bodies. 

227. With regard to the second, or tangential reaction, this i» 
evidently the same thing as the resistance opposed hy the sfu/rfoLce to 
the motion qf a body along it. To this particular resistance is 
given the name of Friction. 

228. Friction, like the normal reaction, is found to increase, a» 
F increases, up to a certain limit : when this is reached, friction is 
overcome, and the body slides over the sur&oe. The limit of 
friction is found to vary very greatly, according to the nature of 
the surfaces in contact. In some cases it is very large, in others 
very small. The interposition between the surfaces of some 
lubricant, such as oil or grease, is found to diminish friction in a 
remarkable manner. In such cases it is probable that the sur&ce» 
are not in contact at all, being divided by a film of the lubricant^ 
over which they slide j and the limit is found to depend greatly 
on the nature and amount of the lubricant. The laws of statical 
friction {i.e., of friction between bodies relatively at rest) have been 
investigated by careful and numerous experiments, especially 
those of the late General Morin, but the results are only to be- 
considered as general approximations. They have been formulated 
as follows : — 

229. First Law of Statical Friction. — The limit of/riaion hetweer^ 
two bodies at rest is proportional to the norm>al pressures between the 
bodies. 

230. Second Law of Statical Friction.— T!^ limit of friction, 
is independent of the area of the surfaces in corUa>ct. 

231. Both laws are expressed symbolically by saying that 
F = ^R, where ^ is a number which is constant for any variations 
of pressure, or of area in contact, and which is approximately the 
same for all surfaces of the same kind, and under the same 
conditions as to lubricatiou, <&c. This number is called the 
co-efficient of friction. It is always less than unity. 

232. This equation will necessarily be true, if we suppose that 
each suiface is covered with little hills and hollows, like a file 
(I^j£: 27), and that the hills of each fit more or less into the hollows 
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of tho otter. The resistaiico of friction woxtld thea be the resiat- 

anoe to the lifting of o 

surface A away from t 

other HufBcieutly to allow t 

respective hills to pass c 

each other; and, other 

being eqnal, this resistance 

would clearly be proportional 

to the normal pressure. There Kg. 27. 

is no doubt that even the smoothest surfaces are thus r 

and it ia probable that the above explanation accounts for at least 

the main part of the resistance, io the case of statical friction. 

233. The laws of fiiction cease to be even approximately correct 
when the normal pressure is very great, that is, when it approaches 
the limit at which the surface would be crashed or punctured, 
as explained in Art. 226. This is, uo doubt, due to the great 
deformation or alteration of shape which then occurs in the 
anrfaca 

234. If we suppose^ to vanish, the whole of the reaction between 
the snrfaces becomes normal to the surface. In this case the 
friction is nothing, and the surface is said to be "absolutely smooth." 
No such surfaces occur in nature, but it ia often convenient to 
neglect friction, and to treat surfaces as being absolutely smooth. 
In such cases they are generally called, for brevity, " smooth 
surfaces." Since fi-o, we have the principle, that iAe reaction of a 
smooth ^irface ia alwat/s normai to His surface. 

235. Problem. — Tn fiiul (A* angle at which a rough plane may 
be inclined, so thai a b nly may just rest upon it wiUiout sliding. 

Let a, be the angle of inclination of the plane ; W the weight 
of the body ; E the normal pressure on the plane ; ^ E the force 
of friction. Then, resolving the forces perpendicular to the plane- 
and parallel to it, we have these equations of equilibrium : 



E = Wcoaa, 
/iE='W ain «; 
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This equation determines the limiting value of the inclination of 

the plane, for which equilibrium 
is possible; for any smaller value 
there will be equilibrium it 
fortiori, 

23G. It will be observed that 

if the condition which has been 

investigated be satisfied, equili- 

_ brium will subsist however great 

Fig. 28. W may be ; the reason being 

that in whatever manner we increase W, in the same proportion 

we increase the friction upon the plane, which serves to prevent 

W from sliding. 

237. Definition. — The Angle o/Bepose/or any two surfaces is the 
a/ngle aA which ovie of the surfaces is inclined to the horizon^ when 
the other J being acted upon by tJie force of gravity ordy^ jvat rests upon 
it without sliding. 

It will be seen by the last article that the tangent of the angle 
of repose is equal to the co-efficient of friction. 

238. Theorem. — The direction of the reaction of a rough sv/rfoLce 
{when motion is on tJie point of beginning) is inclined to the per- 
pendicular at cm angle equal to the a/ngle of repose. 

Let E be a point of some body in contact with the plane A 6, 
and just prevented from sliding by the friction F. 

Let £. be the pressure at E in a direction perpendicular to A B, 
and K' the resultant of E and F inclined at an angle ^ to E R. 

Then R' sin d = F, R' cos d = R, 

' R F R' sin d , ^ 

T^ = xTi ^ = tan ^, 

R R' cos d ' 

F 

But ^ =A''3 therefore /{/fr = tan d, 

But /(/& = tan a, 
therefore d = a, 

i.e., the direction of the resultant reaction, or R', is inclined at 
an angle a to the perpendicular. 




•B 



Fig. 29. 
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§ 5. ViHTUAL Velooitibb. 

239. Let lis suppose a body, or system of particles, to be acted 
on by a certain nniuber of external forces which are in equilibrinm 
among themselves. Further, auppose the body, instead of being 
actually at rest, to have a motion of its own ; but a motion such 
that its change of position does not affect the amoant or the 
relations of the external forces, so that, at the end of any given 
displacement, these are the same as they were at the beginning. 
Sue!) a displacement may be called a Conservative Displacement. 
For a displacement to be conservative, any rigid body in the 
system must retain its exact form, any two bodies in contact must 
remain in contact, any rods or strings in the systeoa must remain 
nnbroken, and so forth. 

240. Theorem.— //'(/ifi external forces acting an a system, are in 
efuUibrium, and if the eyatem receive a conservative diaplaeement, 
die net energy exerted by tin external forces toill be zero. 

The net energy exerted by the forces is the same thing as the 
net effect produced by the forces during the displacement (Art. 
136). Mow if this net effect be not zero, it must be an effect 
tending either to increase or to retard the motion of the system. 
But, by the principle of symmetry, if the forces are in equilibrium, 
thoy must have no more tendency to increase motion than to 
retard it. Hence the net energy exerted by the forces must be zero. 

The same thing will follow from considering that, if the forces 
could produce an accelerating effect by any displacement, they 
■would of themselves cause that displacement, and therefore they 
could not be in equilibrium. 

241. Definition.— //■ l/io poini of application of a force bs 
supiiosed to be displaced throtigh an indefinitely gmall space, then 
this hypoUietical displacement, as Tneaswed in t/ie direction of tlie 
force, is called the virtual velocity of t/ie force ; and (Ae product of 

tlie force and the virtual velocity is called Hie vtHiuU raomenL 

Thus, let P be the force, A the B 

original, and B the new point of / 
application, snd draw BN ner- A- — L- 
pendicular t 
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242. The terms virtual velocity and virtual moment are here 
retained, as they are used in many works on Mechanics. But it 
will be seen that the expression for the virtual moment is the 
same thing as that for the energy exerted by the force during 
the displacement (Art. 129). Hence, by the last theorem, Art. 
240, we have the following principle : — If a system in equilibrium 
receive a very small conservative displacement^ the sum of the virtual 
moments of aU the external forces {or the sum of the products oj 
the forces amd their virtual velocities respectively) is zero, 

243. This principle is generally known as the principle of Virtual 
Velocities, and is of very great use in the solution of practical 
problems in Statics. It may be proved independently of the 
conception of energy ; but the proof is cumbrous and difficulty 
and is quite needless, if the principles of energy have once been 
explained. 

244. It will be observed that, in Art. 240, the limitation to an 
indefinitely small displacement was not made. In many cases (as 
will be seen farther on. Arts. 295, 300) a finite displacement may 
be conservative, and it may even be more convenient to consider a 
finite displacement. In many other cases any finite displacement 
is sufficient to alter the amount or direction of the forces, so as to 
pi-event the principle of Art. 242 from being applicable. This 
difficulty can always be got over in practice by supposing the 
displacement to be indefinitely small. For, let P be any force, and 
p its virtual velocity under any displacement ; and let the effect 
of the displacement be to alter P to (P + c? P). Then the true 
value of the virtual moment would be (P + c? P) p. But if jp be 
exceedingly small, c?P will be exceedingly small, and therefore 
their product, pc?P, will be exceedingly small as compared with 
the other term ^ P. Hence the product pdV may be neglected 
without sensible error, and we may use the principle of virtual 
velocities as if P remained absolutely unaltered. 

245. One special advantage of this principle is that it enables us, 
in forming the equations of equilibrium for any given problem, to 
•omit altogether a number of forces which would otherwise have 
<to be included. Such forces evidently are : — 

(L) Forces acting at a point in t\i© sya\ftm ^Incb. remains at 
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rest during the displacement : for their virtnal velocities are 

(2.) Equal and opposite forces, such aa the reactions between 
two surfaces in contact ; for their virtual moments are also equal 
and opposite, and cancel each other. 

(3.) Forces whose directions are at right angles to the displace* 
ments of their points of application ; for their virtual velocities are 



Vg 6. MACaiNES IS GEKESAIk 
246. A machine is a mechanical contrivance for enabling power 
to be applied in the most convenient way for the doing of a certain 
required work. The power miiy be that of men, of horses, of the 
steam-engine, etc. ; and the work may be of any kind, such as the 
drawing of a cart, the lifting of coals from a pit, the planing of a 
piece of metal, 4o. In all such cases there is some resistance to 
be overcome : and as the resistance of gravity ia the most common 
and familiar form of resistance in practical work, the name of the 
Weight has been commonly given to the resiatanoe, the overcoming 
of which constitutes the work to he done. The force eserted by 
the power is also called, for shortness, the Power ; and the general 
problem with regard to machines may be stated as beii 
the relation between tlie power and the weight. Sometimes it ia 
most convenient that this relation should be one of equality : in 
other words, that the force applied by the power should be equal 
to the force applied directly to the weight The common 
L-shaped crank, used in bell-hanging to alter the direction of the 
wires, is a good example of this. Generally, however, it is moat 
convenient that the power should be very different from the 
weight. Thus, if a man has to lift a weight of I ton hanging by 
a rope, it is clear that he cannot do it unless the pulleys, or other 
mechanical contrivance provided, enable him to lift the weight by 
exercising a pull of, say, 1 cwt. When, as iu this case, which is 
a very common one, the power is smaller than the weight, 
mechanical advantage is said to be gained. When, as 
other ataea, it ia desirable that the 'powet ft^icnA^ \i«i ^gce&^Rt "^oa, i 
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the weight, mechanical advantage is said to be lost. A macliiney 
therefore, may be described generally as an apparatus for 
obtaining mechanical advantage. 

247. Theorem. — Whenever, in a machine, the power cmd the weight 
may be taken as the only forces acting^ then theUrr amwwnts a/re iyv- 
veraely proportioTud to the displacements of their points of application. 

Let P be the power, W the weight, and let all other forces be 
lefb out of account in applying the principle of virtual velocities. 
Let p be the displacement of P, and w of W, in any small con- 
servative displacement of the system. Then the resulting equation 
must be 

P « = W i(7, or -fi^r = — . 

^ W p 

Hence the smaller P is in comparison with W, the smaller w will 
be in comparison with p. But the smaller P is in comparison 
with W, the greater is the mechanical advantage gained. Hence 
we arrive at the important principle, that the greater the 
mechanical advantage gained, the less will be the displacement 
of the weight in comparison with that of the power. Since, if 
motion actually takes place, the velocities of the points of applica- 
tion will be in proportion to their displacements, this principle 
may be put in another form, in which it is usually known — viz., 
WJtatever is gained in power is lost in speed, 

248. There are no cases in which the assumption just made, 
namely, that the weight and power are the only forces to be con- 
sidered, rigorously holds. In every movement of a machine there will 
always be a certain amount of friction ; and friction can never be 
left out of the equation of virtual velocities, because it always acts 
along the line in which the point of application moves. There are, 
however, cases (as that of a balance resting on a knife-edge) where 
the friction is exceedingly small ; and for these the principle, that 
what is gained in power is ]ost in speed, is very approximately 
true. Where the friction is considerable this is no longer the case. 

249. If we include friction, the equation for any machine will 

take the form, 

P^-Wi/?+¥/=0, 
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1 the frictioD, /ila virtual velocity. In general, if -we 

» make <p very large, and thna get P very small, we 

i complexities, vhich increase tbe value of F ; and this 

pats a practical limit to the mechanical advantage which it in 

possible to obtaiii by the use of machines. 

250. The name of Mechanical Powers has been given to certain 
simple contrivances for obtaining mechanical advantage, which are 
coustantly used, and form the elements, as it were, out of which more 
complicated macLinea are built up. They are generaUy enumerated 
as follows ; — The lever, the wheel and axle, the toothed wheel, the 
pulley, the inclined plane, the wedge, and the screw. In addition 
to their importance as elements of macbinery, they form very 
instructive examples of the application of the principle of virtual 
velocities j and they will therefore be considered separately. 



^ § 7. The Lever. 

251, The conditions of equilibrium of the lever, considered as a 
system under three forces, have already been discussed (Art. 186) ; 
but its great importance, forming as it does the type to which 
almost all other contrivances may be ultimately reduced, requires 
that we should give it a fuller description. 

252. Problem.— To proiw (Ae principle of lite lever hy Ote method of 
virtual velodtiee. 

Let A B be the lever (Fig. 31 ), having its fulcrum at O, and let 
P, Q be the forces actiogat A and B. Draw D, OE perpendicular 
to the directions of P and Q. Suppose the lever to be turned 
r.xoand the fulcrum O through a very small angle, d 9, into the posi- 
■ ^OD ab. Then the total distance through which A will have 
I moved will be represented hyOAxdi; and the distance meaaured 
iJn the direction of P will be 

rf fl . cos (.. A D) = O A X sin (D A 0) X rf S = D X </ d. 

dlarly, the displacement of B, measured in the direction, nf Q„ 
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Fig. 31. 

Hence, if we form the equation of virtnal velocities, it will be 

as follows : — 

PxODxc?d = QxOExc?d, 

or PxOD = QxOE. 

This is the principle of the lever, as previously demonstrated, 
Art. 189. 

In the above, we have supposed friction to be neglected ; and if 
the lever turns about a sharp edge, like the scale beam of a balance, 
the friction will really be exceedingly small. In machines, how- 
ever, the levers usually consist of flat bars, turning about rounded 
pins or studs, which form the fulcrums ; and between the lever 
and the pin there will, of course, be friction. It is easy to form 
the equation of equilibrium in this case. Let us call P the power, 
Q the weight ; and let us make the usual assumption that P is 
about to overcome Q, so as to make the lever turn in its own 
direction. Then the friction will act as against P. To find the 
amount of the friction, let us remember that the pressure on the 
fulcrum must be equal to the resultant of P and Q — say R. The 
resistance of friction (Art. 231) will be found by multiplying this 
by the coefficient of friction, or ft. Hence the amount of the 
friction is fi R, and it acts tangentially to the surface of the pin. 
Let r be the radius of the pin ; then the displacement of the point 
of application of the friction, by the turning of the lever through 
the angle d &, will be rd&. Hence the virtual moment of the 
friction will be 

j«» H X r d d. 
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Hence the equation, of vU'tual momenta will now bo formed a 



irms of a etraight 
Then E = P + Q, 



follows : — 

IP X D = Q X O E + At R »•- 
;_ 253. Cor. Lety, q be the lengths of the two 
[ever, and let P, Q be pLirallel to each other. 
Bnd the equation becomes 
25i. We shall give yet another proof of the principle of the lever, 
which ia independent of the parallelogram of forces, being derived 
directly from the jirinciple of symmetry. From this principle 
it follows that a uniform heavy rod will balance about its middle 
point, since there is no reason for its turning in one direction 
rather than the opposite Therefore, an upward pressure applied 
at the middle point, and equal to the weight, would keep the rod 
at rest ; and therefore the statical effect of the rod ia to caase a 
downward pressure at the middle point equal to its weight. 

This being premised, let 
A B be a heavy uniform rod 
equal in weight to the sum 
of two given weights, P 

and W; then the rod Afi Fig, 32. 

balances about its middle point C. 

Divide AB in D, so that AD : DB :: P : W, and let E be the 
middle point of A D, F of D B j then A D or P may be conceived 
to be collected at E, and B D or W at F, Consequently P acting 
t E will balance, about the point C, W acting at F. 

EO=AO-AE=BC-ED=DB-EC; 



.-. P : W : : A D : D B, 
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255. Upon the doctrine of the lever thus demonstrated, it is 
possible to construct a complete system of statics ; the steps are as 
follows. From the preceding proposition it is easy to conclude that 
two forces, acting at the extremities of the arms of any lever, will 
produce equilibrium when their moments are eqi^al and tending to 
twist in opposite ways. And this being premised, we can demon- 
strate the parallelogram of forces. 

Let A m, A n represent in magnitude and direction two forces 
P and Q acting at the point A; complete the parallelogram AmBn, 
and join A B. Also draw B C, B D perpendicular to Aw, An 

produced. Now suppose A B to be a lever 
movable about B, and acted on by the forces 
P and Q at A. Then 




P Am sin(mBA) sin(nAB ) BD 
y" An"Bin(mAB)""8in(wAB)"'BC' 

^ig-33. orPxBC = QxBD; 

therefore the forces P and Q would keep the lever at rest. 

And since the resultant of P and Q would produce the same 
effect as P and Q together, it also acting at A would keep the 
lever at rest. But no single force acting at A can keep the lever 
at rest, unless it act in the direction AB; consequently, AB is 
the direction of the resultant. 

That A B represents the resultant in magnitude must be proved 
as in Art. 117. 

256. Levers are frequently divided, for convenience, into three 
classes, according to the position of the fulcrum. 

257. The first class has the fulcrum between the power and the 
weight. In this case any amount of mechanical advantage may be 
gained, by making the arm upon which the power acts sufficiently 
long. A crowbar used to lift great weights, a poker, a pair of 
scissors, are examples. Thus, with the poker, the coals are the 
weight, the bar of the fireplace the fulcrum, the force exerted by 
the hand the power. 

258. The second class of ]ever has the weight between the fulcrum 
and the power. The oar of a boat ia an e^aoi^^a, ycl -sRhich the 
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water furnis the fiilcruni, the resistance of the boat applied &t the 
rowlock the weight, and the power is applied by the hand of the 
rower. Id this case mechanical advantage is gained. 

2-59. The third claaa has the point of application of the powi 
between the fulcrum and the weight. The most interesting example 
is tlie human arm, when applied to lift a weight by turning about the 
elbow ; here the fulcrum. 13 the elbow, and the power is applied at 
the wrist bj means of ainens, which exert a force when the muscles 1 
<tf the arm contract. In this case mechanical advantage is lost, < 
but this is more than made up by the quickness of action obtained. 

In aU the cases here mentioned, and in the mechanical powers i 
generally, the object is to produce motion, not rest ; in other words, 
to do work. The statical investigation of these casea shows only 
the limit of force to be applied before any work can be done. 
For any nseful effect, the force applied must exceed this limit, i 
the greater the excess, the greater the amount of work done. 
There is, however, one cksa of applications of the lever where the 
object is not to do work, but to produce equilibrium, and which 
1 therefore specially adapted for treatment by atatioa. This is 
! important class of measuring machines, where the object is not 
overcome a particular resistance, but to laeaaure its amount. 
A teeting machine is a good example, measuring the pull which a 
bar of any material will sustain before breaking. But the mo^t 
fitmiliar examples are weighing machines. These are of two 
kinds — (1.) those in which the arm is constant, but the weight i 
TBties, or balancesj (2.) those in which the weight is constant, but 
tiie arm varies, or steclyai'ds. 

261. We proceed to describe the common balance. 
Let A B be a rigid rod, C D a small rigid piece attached to its 
middle point and peipendicukr to it, and let D be fixed ; E, F two 
scales or pans of equal weight depending ftom - 

the extremities A and B. Then it is evident a | 

that if the scales be equally loaded, the beam 
A B will be horizontal ; and if not, that the 
more heavily loaded scale will cause the 
[tremily to which it is attached to ^te- "^S^^^ 
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ponderate. For, if B sinks, turning about D, the moment of P 
about D will diminish, while that of E increases ; and this will ga 
on till the two moments become equal, which will be the position 
of equilibrium, if the beam have no weight. The weight of the 
beam also tends to produce equilibrium, since its moment is in 
the opposite direction to that of F. For the sake of clearness of 
explanation we have spoken of C D as a small piece attached to- 
A B ; in reality D is merely the point of suspension of the beam to 
the extremities of which the scales are attached. In practice, the 
weight of the beam may be used alone to balance the excess in one 
scale ; and then the points D and C may coincide. 

262. The preceding explanation represents the balance in it» 
simplest form, and exhibits its principles ; in practice many modi- 
fications and additional contrivances must be introduced. Much 
skill has been expended upon the construction of balances, and 
great delicacy has been obtained. Thus, the beam should be 
suspended by means of a knife edge, that is, a projecting metallic 
edge transverse to its length, which rests upon a plate of agate 
or other hard substance. The chains which support the scales- 
should be suspended from the extremities of the beam in the same 
manner. The point of support of the beam should be at equal 
distances from the points of suspension of the scales ; and when 
the balance is not loaded the beam should be horizontal 

263. To test the accuracy of a balance, first ascertain that the 
beam is horizontal when the balance is not loaded : then place two- 
weights in the scales such that the beam shall be horizontal r 
lastly, change these weights into opposite scales ; then if the beam 
still remain horizontal the balance is a true one. 

264. The chief requisite of a good balance is what is termed 
sensibility; that is to say, if two weights which are very nearly 
equal be placed in the scales, the beam should vary sensihly fron^ 
its horizontal position. In order to produce this result two con- 
ditions should be satisfied. 

(1.) The point of support of the beam and the points of suspen- 
sion of the scales should be in the same straight line. The conse- 
qnence of this wiiJ be that two equal wei^Yv^a \ti tlaa scales will 
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produce a. resultant through the point of support ; they will there- 
fore have no effect whatever in twJBting the beam, and the devia- 
tion from horizontality will be the same for a given different 
weights, however great the weights themselves may be. 

(2.) The point of support should be very near the centre of 
gravity of the beam, and a little above it. The nearer these 
points are to each other the greater will be the sensibility, for the 
weight of the beam acting at its centre of gravity must in thie 
case be in equilibrium with the small difference of the weights, 
acting at one end of the beam, and this difference of the weights 
will act at a greater mechanical advantage the nearer the centre of 
gravity of the beam is to the fulcrum. 

'1^5. These facts may be examined analytically, by forming the 
equations for a balance when in equilibrium. Let ACB (Fig. 
35) represent such a balance. Let E, F be the weights in the 
Bcalea, and let G be the weight of the beam itself Let the angle 
DAC = a, CAE = /3i then CBF = ji— /3. Then if we take 
AD = c, DG = a, OA = cf, the equation of moments about D may 
be written 




Kg.8S. 

From this equation ^3 may be calculated when the weights are 
known ; or conversely, if /3 be obaerved, the difference between 
■ Uie weights F and E may be calculated. 

= 0, the equation becomes 

(P-E)cMnp=Gft«»&> 
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a being iiow the distance of tlie centre of gravity of tbe 1>esm 

below D. Hence it follows that ^ diminisbes as a diminishes, or 

r the centre of gravity to tha centre of suspension, the 

I greater will be the sensibility. 

2G0. Wo will now proceed to the other form of weigbingl 
nachine, or the steelyard 
If a beam A B (Fig. 36) is suspended about an axis passiugl 
through its centre 
gi'avity 0, and on tl 
arm B is placed a mOT--! 
uble weight G, then if a I 
body Q, equal in weight 1 
to G, is suHpended from , 
A, the beam will balance 
when G is at a distance J 
from C equal to AC. I 
If the body Q equalftl 
twice the weight of G, I 
the beam will balanoa 
when G's distance &om,fl 
C equals twice A G ; and I 
The beam is made heavy at tbe end 
: that point ; then the arm B C can 
be divided into equal divisions, which indicate the weight of a 
substance suspended at A by means of the position occupied by 
G when it balances that substance. An instrument constructed 
on this piinciple is called a steelyard, and is used when heavy 
enbstances have to be weighed, and extreme accuracy is not 
required ; the advantage it possesses arises from the fact that the 
weights employed are much less heavy than the substance to bo 
weighed. 

26T- If the point of suspension is not coincident with the oenttefl 
of gravity, the graduation will be performed as follows r — 

Problem. — To grad-uate the common steehjard, when the Jkik 
ia in any position. 
Zet ObetiiB fulcrum (Fig. 3T), W t\w b\iVbUiw« to ' 




in any proportioi 
) that C is very i 
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hanging at the extremity A, P the movable weight 
weights W and P were re- 
moved, the longer arm of 
the steelyard, which is that 
upon which P Langa, would 
preponderate ; Biippose then 
that B is a point auch that Fig- 37. 

F hanging from it would keep the steelyard in a horizontal posi' 
tion, and take C D ^ B C. Then the moment about C, produced 
by the weight of the steelyard itself, is equivalent to the moment 
of F hanging from D. 

Now, let W hang from A, and P from any point E, thea for 

■ equilibrium we must have 

I WxAC=PxCD+PxCE-PkBE; 

W 
.-. BE= p X AC. 

Suppose that P = l lb., and make W successively eijual to 1 lb., 
2 lbs., 3 Iba., &c., then the values of BE will be AC, 3AC, 
SAC, &.C., and these distances must be set off, measuring from 
B, and the points so detei'niined marked 1 lb., 2 lbs., 3 lbs., &0. 

H § 3. The Wbebl akd Axlb. 

■ 268. This machine consists of two cylindets having their axes 
coincident (Fig- 38), the two cylinders 
forming one rigid piece, or being cut 
from the same piece ; the larger is called 
the wheel, the smaller the axle. The 
cord by which the weight is suspended is 
tastened to the axle and coiled round it; 
the power acts sometimes by a cord coiled 
round the wheel, sometimes by handspikes, 
as in the capstan, sometimes by handles, 
as in the itmdlats, 

269. Problem.— iTo^W the ratio of the Power to the Weigfa, 
vilten there w equiliiiriiLm upon the Wliael aivl AxU. 
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Let AB, CD (Fig. 39) be the wheel and axle, having the 

commoii centre ; P and W the power 
and weight, supposed to act bj strings at 
the circumference of the wheel and axle 
respectively. 

For simplicity's sake P, W, and the arms 
at which they act are represented in the 
figure as in the same plane. 

From the common centre O draw OA, 
^ ^ O D to the points at which the cords sup- 

^' porting P and W touch the circumferences 

of the wheel and axle respectively ; these lines will be perpen- 
dicular to the directions in which P and W act ; hence, by the 
principle of moments, 

Px AO = WxOD, 
P O D radius of axle 




or .s^ = 



W A O radius of wheel 

270. It is evident that, by increasing the radius of the wheel, any 
amount of mechanical advantage may be gained. It will also be 
seen that the principle of the wheel and axle is merely that of the 
lever; the peculiar advantage of the wheel and axle being this, 
that an endless series of levers (so to speak) are brought into play, 
which is essential to the practical use of the lever, when applied to 
such purposes as raising a bucket in a well, heaving an anchor, or 
the like. 

271. In the above investigation we have neglected friction, or, 
which comes to the same thing, have assumed that the point on 
which the axle turns is indefinitely small. In practice, of course, 
the pivot has a certain radius r, and a certain coeificient of friction 
/u. Then, the pressure on the pivot is T + W + w (where w is the 
weight of the apparatus), and the friction is /i (P + W + w) acting 
tangentially to the radius r. If we suppose P to be about to 
overcome W, this force will act in opposition to P. Hence, the 
true equation of moments will be 

P+ A = W X D + im. (P -v^ -v-iD^ T, 
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projeo- 




^H* § 9. The Toothed Whbel. 

I 272. TootheiJ wheek are wheels providpd on thi 

tionB or toetb, which interlock, as sh 
therefore capable of transmitting 
force. WTien the teeth are shaped 
correctly, the wheela will roll upon 
one another, juat i 
oii'clea, indicated by the curved j 
lines abe, dec, and called 7)i(oA | 
circles, will roll together. The 
pitch circle of a toothed wheel 
IB thus the element which deter- '"' 

minea its value in transmitting motion. Snppoae that two axes at 
a distance of 10 inches are to be connected by wheel-work, and ara 
required to revolve with velocities in the proportion of 3 to 3. 
Now, two circles, centred upon the respective axes, and having radii 
4 and 6 inches, would by rolling contact move with the desired 
relative velocity t hence these innst be the pitch circles of the 
wheela when made. Thus, whatever may be the forms of the 
teeth upon the wheela to be constructed, the pitch circles are 
determined beforehand. 

273. The curves to be given to the teeth in order that the 
wheels when made shall run truly upon one another are described 
in Goodeve's Elements of Mechanism and elaewhera The direction 
of the transmiBsion of force between the wheels is not absolutely 
fiied in direction, but the teeth commonly Hsed are so shaped 
that the main part of the action takes place in a line touching 
the two pitch circles at their point of contact. 

274. It follows from the above, that in treating of toothed wheels, 
we may treat them as if they were reduced to their pitch circles, 
rolling againat each, other. Suppose that ABO, ADEfFig. 41} are 
two such circles, in contact with each other at A, and that the power 
P acta at C, and the weight W at A. Then, if we suppose the 
wheela to tnm through a small angle, their peripheries must move 
through the same space, and tiierefore the displacement of P will 
be the same as that of W. Heace, by '^m, ^nxict.^Ub ol -sivi^ioB^ 
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velocities^ P mu8t = W, or no mechanical advantage is gained. 

Motion is often transmitted in such a manner, for the purpose of 

gaining space, but no mechanical advantage is gained thereby. 

. If, however, we place a smaller wheel, O F G, on the axis M of 

ABC, and a larger wheel, OHK, on the axis N of ADE, and then 

slip ABC and A D E past each other, so as to make O F G and 

OHK gear at O, then the case is altered. The wheels, ABC and 

O F G, then form a wheel and axle, and a tangential pressure is 

AM 
given at O, the value of which is P x Tyrf- The wheels, OHK 

and ADE, also form a wheel and axle, of which the power is 

AM 
represented by the pressure P x ^ at O, and the weight by W 

at A. Hence, by Art. 269, we have 

W-Px^xM 
^"^ OM AN' 




Fig. 41. 



275, In such an arrange- 
ment, the larger wheel of 
each pair is called the 
wheel, and the smaller the 
pinion. Any number of 
such pairs maybe employed 
in succession, and form 
what is termed a Train of 
Wheels. If Rj, Rg* ^s 
... be the radii of the 
wheels in such a train> 



and 






^2> ^3 



those 



of the pinions, it is evident that the relation of power to weight 
will be given by 



^1 X r2 X rg X 



W Rj X Rg X Rg X ... 

276. In the above we have not taken any account of friction. It 

is clear that in this case there will be two sorts of friction : — (1.) the 

Action of the bearings in whicli t\i^ «tx\^ mw^^, ^x^d (20 ^^^ 
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friction of tlie teeth (afl at 0), wLicli cannot move paat each other 
without a certain amouut ol' griuding. 

The amount of the first, or axle friction, will be proportional 
to the pressure on the bearing, and it will act at an arm f, where 
p is the radius of the bearing. 

The amount of the second will be proportional to the preasnre 
between the teeth, and if this be called Q, we may take the friction 
to he jji Q. It wUl act at an arm which will be nearly equal to 
the radius of the wheel, and may be taken as exactly equal to it. 

Taking two pairs of wheels and pinions only, and following the 
notation of the last article, the equation of moments for the first 
pair will be 

The efjuation for the second pair will be 

Q«E,,Wyr, + ,,(Q-W)p,. 
Combining the two equations, we 1: 



Px(Rj-^p^).(r, 



+ ;«Pi) 



. W(r,-,.pj 



-t^Pi 



which gives the proportion between P and W. 

The weights of the wheels, rtc, themselves are here neglected. 

277. It will be observed, in toothed gearing, that the smaller the 
radius of the pinion as compared with the wheel, the greater will 
be the mechanical advantage gained. There is, however, a practical 
limit to the size that can he given to the pinion, because the teeth 
must be of a certain size for strength, and must not be too few in 
number. Six is generally the least number admissible for the teeth 
of a pinion. They are often joined together by a solid rim at each 
end, beyond the teeth of the wheel. Such a pinion is called a 
lanthom pinion. 

278. The equation. Art 115, shows that by a train consisting of 
a very few pairs of wheels and pinions, an enormous mechanical 
advantage may be gained. Thus, suppose there are three pairs, 
and that the ratio of the wheel to the pinion in each is 10 to 1. 



Then the ratio of P to W : 



I 1 



1 



1 



lU " LO. W VWi" 



Thus P ia oul.'i 
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one thousandth part of W ; but on the other hand, W will only 
make one turn where P makes one thousand. Such trains of 
wheels are very useful in machines such as hand cranes, where it 
is not essential to obtain a quick motion, and where the power 
•available is very small in comparison to the weight. 

§ 10. The Pulley. 

279. The pulley, in its simplest form, consists of a wheel, capable 
of turning about its axis, which may be either fixed or movable. A 




Big. 42. 




Fig. 43. 



<x)rd passes over a portion of the circumference ; if the axis of the 
pulley is fixed (Fig. 42) its only efiect is to change the direction 
of the force exerted by the cord, but if it is movable, as at B 
(Fig. 43), a mechanical advantage may be gained, as we shall see 
immediately. Combinations of pulleys may be made in endless 
variety j we shall here consider only the simple movable pulley, 
and some of the more ordinary combinations. 

280. No account will here be taken of the weights of the pulleys 

themselves, or of friction, or of the weight and rigidity of the 

cords. With regard to the first, the weight of a set of pulleys 

Js generally small in comparison with the loads which they lift ; 

^nd the friction also need not be \aTg<6. T\i^ «k\AS\i«9;& q1 \3c^^ <sard^ 
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if the pnlleys are small, ia not inconHiJerable ; but to introiiuca 
it would complicate the problem too much. We therefore, in 
this and similar cases, treat the cord aa a " string ; " by which 
is meant ia mechanics a thin, weightless, fiexible line, simply 
aerviug to transmit tensile force along its length. The force which 
a string exerts has no component at right angles to its direction 
when in equilibrium. It is therefore incapable of opposing any 
resistance to a force acting at right angles to its direction ; it 
aimply takes «p the position which such a force assigns to it, 
without modifying its tension in any way. Hence, if a string pasa 
over any smooth surface, its tension is unaltered ; for all the 
reactions of such a surface are normal to the direction. This ia 
sometimes expressed by saying that the tension of a string is the 
Bame throughout ; but this is misleading, if used without qualifica- 
tion, because it does not hold for points where the string is acted 
upon by forces, such as friction, which have components parallel 
to its direction. 

281. Problem. — To find Hie ratio of (Ae power to the weight in 
the single movable pulley. 

Let be the centre of the pulley, which is i 
supported by a cord passing under it and attached 
to some fised point C at one end, and stretched 
by tLe force P at the other. Suppose the weight 
W to be suspended from the centre O. 

Join the points A, B, at which the contact of 
the cord with the pulley commences, by a straight 
line AB, which will pasa through the centre O.* 
Then we may consider the mechanical conditions 
of the problem to be the same as those of a lever 
A B, kept in equilibrium about the fulcrum O by 
the force P at A and the tension of the string at B. 
Eat the tension of the string, neglecting friction, 
must be the same throughout, and is therefore W 

eqnal to P. Hence the force at each end of the Fig- *t 
lever ia P, and the resultant of these two parallel foi'ces 2 P. 

But this resultant supports W ; 
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282. The asme result follows by the principle of virtual velo- 
cities. For suppose the pulley, and the weight W with it, to be 
lifted by any distance. Then both the halves of the string, B 
and A. F, most be shortened by the same distance, and hence P 
mnst move through double the distance. In other words, F's 
displacement is double Ws displacement, and therefore P = i 
W. 

283. Problem. — To find the ratio of tlte power to the weight, 
in a system. ofpuUeys in which each pulley hamga by a separate 
airing. (First system of Pulleys.) 

This system of pulleys is represented 

in Fig. 45. Suppose there are n pnl- 

leys ; then the tension of the string pass- 

W 
ing under the first = ^ (by the property 

of the simple pulley). The tension cf the 

string passing under the second =^, 

and so on. That of the string under the 

W 
last pulley = -^ > but this must be equi- 
valent to the power P j 
^ W 




Fig. 45. 



W 



284. Problem. — 7'o find the ratio of the power to the toeiffht, 
in a system of pulleys in which t/te same siring passes roumd 
oM the pulleys. (Second system of Pulleys.) 
TbJB ejstem is represented in ¥\j. 46, Ttetft are two blocks. 
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the lower one movable, and each contain- 
ing a number, of pulleys. Since the same 
string goes round all the pulleys, the 
tension throughout will be the same, and 
equal to the power P. Let n be the 
number of strings at the lower block, then 
the sum of their tensions will be ti P, and 
we shall have 

wP = W, 
P 1 



or s^ = 



W 



n 



285. Problem.— -To find the 
ratio of the power to the weighty 
in a system of pulleys in which 
all the strings are attached to 
the weight, (Third system of 
Pulleys.) 

Fig. 47 represents the system. 
The tension of the string by 
which P hangs is P; that of 
the next = 2 P (by the property 
of the simple pulley); that of 
the next 2^ P, and so on. Let 
there be n strings, then the 
tension of the last = 2**~^F, 
and the sum of all the tensions 






rih 






6 



6 

W 




Fig. 46. 



Fig. 47. 



= (1+2 + 22+ +2"-i)P = W; 



P 

or === = 



1 



1 



W 1 + 2 + 22+ + 2«-i "" 2^^^^* 

286. The second system is the only one of practical importance. 
In practice the pulleys are made all of the same size, and placed side 
by side in one frame, the rope being inclined slightly aside to x^^sa 
from one pair to the next. Thia iotm^ -vVbl^* \a ^^^e.^ ^ ^fc*^ ^'^ 



lU 



THE student's mechanics. 



Blocks and Falls, which is very commonly nsed on shipboard, and 
wherever weights have to be liA;ed at irregular times and places. 

The weight of the lower set of pulleys in this case merely forms 
part of the gross weight W. 

287. The friction on the spindle of any particular pulley is 
proportional to the total pressure on the pulley, which is dearly 
2 P. It may therefore be taken as a* x 2 P, and the amount of 
its displacement, when W is raised, will be to the displacement 
of W in the ratio of the radius of the spindle, r, to that of the 
pulley, R. 

§ 11. The Inclined Plans. 

288. In the mechanical powers, as hitherto considered, the fric- 
tion is mainly that of lubricated bearings, and is relatively smalL 
In the three which remain — ^the Inclined Plane, Wedge, and 
Screw — the friction is, however, considerable, and must not be 
neglected. 



289. Problem. — To find the force required to overcome the resist" 
ance of a heavy body on an inclined plane. 

Let AB be the plane (Fig. 48), a its inclination to the horizon. 

Let W be the weight of 
the body acting at B. Ke- 
solve this into two com- 
ponents, parallel and per- 
pendicular to the plane. The 
value of these will be W" sin a 
and W cos a respectively. 
The former offers a direct 
resistance to movement up 
the plane, and the latter 
occasions a resistance of fric- 
tion fi W cos a, which acts 
in the same direction. Hence 




Wfttn 



cos a 



Fig. 4a 



the force P, which, acting along the plane, will just overcome the 
resistance ofWto upward movement, la ^^^n by 



r 

^■^ 290. Cor. 1 
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P = W8i 



iWo 



" 290. Cor. 1. If P does not tict along tbe plane, but raakea an 
ingle (3 with it, we may reBolve it into componeuta, P cos ^ and 
P sin jl, parallel and perpendicular to the plane reepectively. 
The latter goes to dimiuiaU the component W cos «, and therefore 
the force of friction, while the former acts dii-ectly to overcome 
the resistance. Hence the equation in this case is 






= Wb 



+ JU (W COBO 



»P). 



291. Cor. 2. If we suppose the f'rictiou to be z 
P and W is given by 

P = W8in a. 



292. It follows from Cor. 2, that the smaller the inclination to tho 
horizon, the greater will be the mechauicul advantage gained. If, 
however, we take in friction, this is uu longer neceHgarily the caae, 
for the term ft W cos a increases as a diminishes. 

The gradieutH on railways are the most common examples of tbe 
use of the inclined plane ; these are always made aa tow as is con- 
VBuient, iu order to emible the engine to lift the heaviest possible 
train. Is there, however, a limit to tbe advantage thus gained 1 
We will consider this (jueatioii. 

293. Problem. — To find the limil to the medimaeai advantage 
on an indined platie, the eo-e^ieieat o//riction heiauj given. 

Let a be the limiting angle sought, and let {a + da) he another 
angle very near this, so that dam exceedingly small Then the 
wjuations for the values of P lu these two cases are, 

P = WBina + /*Weo3a 
P = Wsin((i + da) + ^ W 
= (WBina + ^WooBo) 
Since daia Tery smftU, ire may pus 



co.(» + io) 




• (1) 


K»Jo-,(Wco.c,-„W. 


no). 


n,i<,(l) 
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Bind a = d Qy co»d a=l- — «' . 
Then the equation (2) becomes 

P = W sin a + /it Wcos a+ (W costt-/it W sin a) d a 



s 



-(W8ina + /iWcosa)^'^2^ (3.) 

Now let us suppose that the value of o is such that 

W cos a- /I W sin = (4.) 

Then the co-efficient of da vanishes; therefore, in this casey 
whether da he positive or negative, the value for P with the 
inclination (a + da) will be less than the value for P with the 

inclination a, by the quantity ( W sin a + /x W cos a) ^- . In such 

a case P is said to have a maximum value for the inclination given 
by equation (4), that is, for the angle given by 

cot a = fx. 

Hence it follows that there is a certain angle, depending 
on the value of fi^ for which P is greater than it is if we make 
a = 90°, in which case P = W. For this angle, and for angles on 
either side of it, mechanical advantage is not gained, but on the 
contrary is actually lost. Since fj^ is generally a small fraction, 
this limiting angle is usually not very far from 90°. An inclined 
plaice at all approaching this limiting angle will have a disadvan- 
tageous effect. To find the greatest angle at which the plane will 
have an advantageous effect, we must put P = W in equation (1). 
Then we have 



or 



W =i W sin a + /x W cos a, 
1 - sin a 



cos a 



= M- 



If a be found from this equation, we shall know that an inclined 
plane will he of no practical use unleaa it \ie> iwdiued at a less angle 
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than a. On the otber hand, the equation shows that if it be 
inclined at a less angle, there is no other maximum or minimum 
value of P, and therefore the mechanical advantage will always go 
on increasing the more we diminish the gradient. 



E § 12. The Wedge. 

394. The wedge ia a double inclined plane, movable instead of 
fixed, as are the planes considered above, and used for separating 
bodies. The force is applied in a dii-ection perpendicular to the 
height of the plane, or parallel to the base, and the resistance to 
be overcome consists of friction and a reaction due to the mole- 
cular attractions of those particles of the body which are being 
separated. This latter reaction will act in a direction at right 
angles to the inclined sariace of the wedge, or length of the 
pla«e. 

W5. Froblem. — -Tojind Ihs mec/uinioal advantage in C/te cane of 
the wedge. 

Suppose the wedge has been 
driven into the material a distance 
equal to D C by a force P acting 
in the direction D C, then it is 
clear that the energy eserted by 
P is P«DC. Draw D E, DF | 
perpendicular to AC, BC. Then, ' 
since the points E and F of the 
material were originally together, 
the woi'k done against the resist- 
ance R is B X D B + R =< D F = 
2 R X D E. Fig. 49- 

Lastly, the friction at E will evidently be represented by ft R, 
and its point of application will have moved from C to E. Hence 
the work done upon it is ^i R m E C. Therefore the equation o 
y, or of Virtual Velocities, will be in this case 

PxDC = 2RxDExa(fcB.x^«i. 
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If the angle of the wedge, or A B, be 2 a, this becomes 

P = 2Ilxaina + 2/LcIlx cos cl 

296. Cor. If friction be neglected, the equation is 

P = 2 R X sin a. 

It follows that the smaller the angle of the wedge, the greater will 
be the mechanical advantage gained. 

297. In general, the wedge is driven, not by a steady pressure, 
but by a series of violent blows. Now between the blows there is- 
a powerful reaction E, acting to push the wedge back again out of 
the cleft, and this is resisted by the friction, and in some cases by 
the weight of the wedge. The latter is small, and may be neglected* 
Besolving the two reactions and the two resistances of friction, all 
parallel to D, the limiting equation of equilibrium will be 

2 H sin a -2 /I It cos a = 0. 

The value of a thus obtained is a = tan~V* ^^ ^ ^^ greater than 
this value, the wedge will fly back again after being struck", as. 
sometimes happens in practice. 

§ 13. The Screw. 

298. The screw is another application of the principle of the 
inclined plane, in cases where a straight inclined plane would be im- 
practicable. Thus, suppose it is wished to provide access to the top 
of a lofty round tower, at a slope up which people can walk con- 
veniently. To make a long straight staircase, or inclined plane^ 
reaching from the bottom to the top, would be very expensive, and 
perhaps impossible. But if the inclined plane be made to wind 
round and round the inside of the tower, still keeping the same angle^ 
the ascent may be constructed with ease. This forms the ordinary 
spiral staircase. If the tower be large, so that the staircase pro- 
jects but a little way from the wall, and if the steps be replaced by 
an inclined plane, we have a representation on a large scale of 
what is called a female screw, or an ordinary nut. The projecting 

rib or staircase is called the thread, t\ie d\a>\.?cvvQi^ Vs^ ^h\ch it rises 
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vertically in one complete turn is called the pitch, and its slope to 
the horizon is called the angle of the screw. The bolt, or male 
screw, is a cylinder, having an exactly corresponding thread cat 
on its ouleide, and juat of a size to fit into the nnt. The work is 
done by holding the bolt fast, and turning the nut round (or vice 
versd), when the nut screws itself along the bolt, this being the only 
way in which motion is possible, 

299, Thei-e are two modes of form- 
ing the thread in practice, which are 
indicated in Fig, 50 ; in which it is 
also Bhown how one complete turn of 
the thread may be represented by the 
wrapping of a triangle round the 
cylioder. The reactions of the nut 
will, of course, be perpendicular to the 
^ surface of the thread at each point, as 
P and Q ; but if we consider any par- 
ticular [loint on the thread, we shall see 
that the forces acting on it are as 
follows : — 

(1.) The resistance to motion W„ 

F'g- 50- acting parallel to the axis of the screw ; 

(2.) The reaction Rj at right angles to the thi'ead ; 

(3.) The frictional resistance, fi Rj, parallel to the thread ; 

(4.) A foi-ce, P^, produced by the power ; this we may consider 

IS acting at right angles to W, and tending simply to turn the screw 




If a be the angle of the thread, we have, by resolving the forces 
perpendioolar to the thread, 

Ri = WiCOsa + PiSina, 

which gives the valae of the reaction R, 

If we form the equations of equilibrium for this and every other 
point, and add them together, we shall obtain the general equations 
for the screw : but this would be a troublesome process. The 
principle of virtual velocities eaves as t\i\& ^ivoM^^Xft. 
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300. Problem. — To find the relcUion between the potoer cmd the 
weight in the screw. 

Suppose the power P, which need only be employed to make the 
screw revolve, to act in a plane at right angles to the axis, and at 
the end of an arm r. Now, suppose the screw to have made one 
complete turn, and consider what the displacements will be for the 
several forces. 

(1.) The power P will have been moved through the whole 
circumference of its circle of motion, or through 2 tt r ; 

(2.) The weight W will have been moved through the distance 
A B, or the pitch ; 

(3.) The total friction, fi (W cos a + P sin o), will have moved 
through the whole length of the thread, or A C. 

The reaction It will not appear, because the motion is always at 
right angles to its direction. 

Hence the equation of virtual velocities will be 

P X 2 TT r = W X AB + /it (W cos a + P sin o) x A C. 

AB 

Since A C = -: — , this equation may be written 
sm a 

P X (2 IT r-/i X AB) = W X A B (1 +/1 cot a). 

301. Cor. If friction be neglected, the equation becomes 

Px27rr = WxAB. 

302. It will be seen that the mechanical advantage gained is 
greater as the pitch A B is less. In some cases, as in ordinary bolts 
and nuts, it is desirable that the screw should work at fair speed, 
and then the pitch must not be too small. In cases where the 
screw is specially used for obtaining pressure (as in screw-presses 
for cotton, <fec.), this does not apply ; but a practical limit to the 
pitch is given by the fact that, if the angle of inclination is 
very flat, the threads run so near each other as to be too weak. 
In that case the screw is apt to " strip its thread," that is, to tear 
bodily out of the hole, leaving the thread behind. 

303. Where great pressure is required, it may be obtained by 
means of the Hunter screw, in which, the main screw has another 
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screw, of somewhat finer pitch, fitting into it, and turning in the 
opposite direction. The advance of the screw at one turn is then 
only the difference between the two pitches, and this difference 
may be made as small as we like without weakening the thread 
of either. 
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PART III— KINEMATICS. 
§ 1. Motion in one Straight Line. 

304. Kinematics, taken as a separate branch of Mechanics^ deals 
with problems of motion only, without reference to the forces 
which cause the motions. 

305. A body, left to itself, moves uniformly in one straight line, 
and any change in this motion must be due to some cause, that is 
to say, to some force. It follows, therefore, that in every problem 
of motion the existence of some force must be assumed, and there- 
fore that everything in Kinematics falls really under the head 
of Dynamics. Strictly speaking, this is true ; but there are cer- 
tain cases in which, the forces being simple and constant, the 
changes of motion which they produce may be studied by them- 
selves, and as if they existed of themselves, without any further 
reference to the forces which cause them. These are the cases 
which will be studied in the present division. They may practi- 
cally be classed under one heading — namely, as those in which 
there is only one force, and that constant in direction and amount. 
In this case the acceleration is also constant, and we may treat it 
as a change in the velocity, independently of the force which 
causes it. 

306. The ordinary example of such a case is that of a body mov- 
ing under the action of gravity, which for small distances, vertical 
or horizontal, may be treated as constant in direction and amount. 
In practice other forces, especially the resistance of the air, act on 
a flying body ; these for simplification are omitted, although in 
practical cases at high speeds (e.g,, in artillery) the resistance of the 
air must be taken into account. 

307. We shall treat this subject, therefore, as applying to bodies 
moving in vacuo under the action of gc^Nity — that is, with & 
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constant acceleration g, of about 32'2 feet per second ; lint it mnat 
be remembered that they apply equally to bodies under any otbep 
constant acceleration, y! 

308. The snbject falls into two divisions, according aa tbe initial 
velocity of the body is, or is not, in the same direction as tbe 
acceleration. We shall begin with the first division. In this it 
is evident that the whole of the motion under gravity will he in 
one vertical lina We shall assume that velocities are positive 
when measured upwards. 

309. Problem. — To JinU the equationa of motion for a body in 
vacuo moving in a vertical Urn under the action of gra/oUy. 

These equations are precisely those which have been deduced in 
Part I., Art. 90. If m be the initial velocity of the body at time 
t-=o,ii its velocity at the time t, and « the space it has desoribed^ 
then 

V =u-gl 



310, PrDblem. — To find Ote time during which a 
projected verticaUy upwards. 

Let M be the velocity of projection. Then 



Here m must, of course, be taken pomtive or negat 
as the initial velocity is upwards or downwards. 

These formulie will enable ua to solve any problems with regard 
to bodies moving in ono vertical line. 






is the velocity of tbe body after any time t. But when the body 
has reached its highest point, its velocity is zero. If, therefore, 
we put v=o in the above equation, the corresponding value of t 
will be the time of rising. 
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311. Problem. — To find the time of flighty ie., the whole time 
before returning to the starting point, 

n fi 

The formula « = u«-^ gives the distance of the body ftom 

the starting-point after t seconds. Now, when the body, having 
risen to its maximum height, has returned to the point of projec- 
tion, 8 = 0. If, therefore, we put « = in the above equation, the 
value of it will be the time of flight ; but from the equation 

ut^^ = 

2u 
we get < = 0, or ^= — . The former of these two values oorro- 

if 

spends to the instant when the body starts; the latter to the 

instant when the body has returned. Hence — is the whole 

9 
time of flight. 

312. Cor. 1. — Since - has been proved (Art. 310) to be the time 

if 

at 

of rising, — must also be the time of falling ; i,e,y the time of rising 

if 

eqtuda the time of falling. 

313. Cor. 2. — The final velocity = g x - = u; hence a body 

if 

returns to any point in its path with the same velocity at which 
it left it. 

314. Problem. — To find the height to which the body will rise. 
Grenerally "i^^v^ — ^ gs; but v = at the summit, and the 

corresponding value of s will give the height to which the 
body will rise ; 

.-. u^ = 2gs, 
or 

315. Cor. — Since u^=^2g8, where s is the height from which a 
bodjr faJla to gain the velocity u, it ioWo^^ t\i^t «. V^^d^ will 
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rise through the same space in losing a velocity uasit would fall 
through to gain it. 

316. By an extension of the same fundamental formulae, we may 
treat the case of a body sliding from rest down a smooth inclined 
plane. 

317. In this case we must conceive the force of gravity to be 
resolved into two parts, one parallel to the plane, the other perpen- 
dicular to it. The latter will merely produce pressure on the plane, 
while the former will accelerate the motion of the body, and is 
the only part with which we shall be here concerned. 

318. Problem. — To find the acceleration with which a heavy 
body will move, if it slides dovm or is projected up a given inclined 
plane. 

Let the body be moving down 
the plane AB, and suppose it to 
be at a. 

Draw ab vertically downwards, 
and make it equal to AB. Take 
ab to represent g, the vertical 
acceleration of gravity. Then, if 
6 c be drawn at right angles to 
A B, the triangle abc is in every 
respect equal to the triangle 
ABC, and a c represents the re- 
solved jmrt of the acceleration g 
in the direction AB. Hence, if 
/ be the required acceleration, 

AC 




Fig. 51. 



J, ac 

•^=a-^^=AB 



yg. 



Let A C, the height of the plane, equal h, and A B, the length 

of the plane, equal I. 
Then 

f=j>cg. 
If the body be projected up the plane, tliftT^\a.T^^\wi^'^\ft*^8!>si 
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body's tendency to fall will also be repfeseuted by ac, and will be 
^ual to jxg. 

The motion of the body, if allowed to fall down the plane, can 
be ascertained by putting /=t g (or /=^ sin a) in the equations 

If the body be projected up or down the plane, the motion can 
be determined by substituting this value of/ in the equations 



v=u ±ft} 8 = Ut ± 



= ut ±<-L' 



2 



t^ = U^±2/8, 




'319. FroblOQL — To Jmd the velocity acquired by a body in 
JaUing down a given inclined plane. 

Let A B be the inclined plane, 
a its inclination, P the place of 
the body at a given time, 

B P = «, V = the velocity at P ; 

then we have by our formula^ 
since u = Oy 

v^=2g sin ax 8, 

^^' ^^' which gives the velocity. K 

we draw B C perpendicular to the horizontal line through A, and 
•call V the velocity at A, we have 

Y^ = 2g . ABsina 

=:2^.BC. 

Hence the velocity is the same at A, as if the body had fallen 
through the vertical space B C : that is to say, the velocity gene- 
i-ated by gravity depends solely upon the vertical space through 
which it is allowed to act ; a result which might, perhaps, have 
been anticipated. 



-^£0. Problem, — A body is ^wojected upwcwda dlcyng om. ^iMdvned 
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plane with a given velocity ; to find how high it will ascend, a/nd 
the time of ascend. 

If V be the velocity at the time t, when the body has ascended 
through a space s, a the angle of the plane, and V the given 
velocity of projection, we have 

t;2 = V2 - 2 ^ s sin a. 

When V = the body will stop ; hence, the distance required will 
be given by the equation 

V 
2 g sin a 

For the time, we have the equation 

v^^ — gt sin a; 

and the body stops when i? = 0, or when 

g sin a 

321. Theorem. — Let A OB he a circle in a vertical plane, A its 
highest point ; the time of descent down 
all chords drawn through A, conr 
sidered as inclined planes, will he the 
sa/me. 

Let AP be any chord, a its inclina- 
tion to the horizon: draw the verti- 
cal diameter AB, and join BP, then 
ABP = 90"-BAP = a. Now if t be 
the time of descent down AP, we 
shall have (Art. 318) 

AP = 5rsin a-gj 
but,AP = ABsina, 




Fig. 63. 



and t 



V 



2Xg. 
9 
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This valne of t is independent of a, and is therefore the same for 
all chords. 

322. Problem. — From a given point to draw the line, dawn 
which as an inclined platie a particle loUl descend to a fixed line 
in the sliortest time possible. 

Let A be the given point, and through it draw a horizontal line 

Q to meet the given line in B; in the 
given line take BC equal to BA; 
join AC, which shall be the line 
required. 

It is easily seen by geometry that 
a vertical circle having A for its 
highest point will touch the given 
straight line in C. Now if AC be 
not the line of quickest descent, let 
^' ' A E D, cutting the circle just men- 

tioned in E, be the required line; then the time of descent 
down A C is equal to the time down A E, and therefore is less 
than the time down A D. Therefore A C is the line of quickest 
descent. 

323. Similarly it may be shown, that in general the line of 

quickest descent from a point to any given curve will be found by 

describing a circle, to touch the horizontal line passing through 

the given point at that point, and also to touch the given curve. 

The chord joining the points of contact will be the line of quickest 
descent. 

§ 2. Motion of Peojectiles. 

324. We now go on to the case where the initial velocity of the 
body is not vertical, which is that of a body flying through space, 
such as a cricket ball or a rifle bullet; in this case the body will 
clearly describe a curve, and our first object is to discover the 
nature of this curve. 

325. Def. — A body flying through space wnder the auction of 
gravity is called a Projectile; and the path which it describes is 
called its Trajectory, 
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Fig. 55. 



326. Theorem. — The path of a projectile in vacuo toUl he a 
parabola. 

It is evident that the path will lie in the vertical plane through 
the direction of projection: let it be the 
plane of the paper, and let P (Fig. 55) 
be the point of projection, PNR the line 
in which the body is projected, which 
will manifestly be a tangent to the curve 
described. 

Let V be the velocity of projection, and N 
the point at which the body would arrive 
with this velocity in the time t, so that 

From N draw NQ vertical, and make 

N Q =^ ; then, since the space which the body would describe 

in the time t, under the action of gravity only, is N Q, and since if 
gravity had not acted the body would have been at N, therefore 
when the body is simultaneously under the action of its original 
velocity V, and that generated by gravity, it will be at Q. 
Complete the parallelogram P S Q N ; then 

PS = NQ=^, 
QS = PN = V<; 

...QS2 = V2«2=f-l- X PS = 4PSx '^-. 

9 ^9 

But in the parabola QS2=:4PSxOP, where O is the focus. 
Hence Q lies in a parabola, of which the m 
axis is vertical, and the distance of P 

from the directrix or focus is -rr- . 

^9 

Cor.— From the point P (Fig. 56) 
draw P M perpendicular to the directrix ; 

then 

Y^ = 2g.O'P = 2g. PM. 




¥v^.5^ 
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Hence, the velocity at <my point of the parabola %8 that to&ic& 
tootUd be acquired in falling /rom the directrix, 

327. ProblenL — To determine the position of the focus of the 
parabola. 

Let P be the point of projection, 
P Q the direction of projection, A S B 
the axis of the parabola, P M vertical, 
P B horizontal ; and let Q P B (which 
is called the angle of projection) = »• 

From P draw P S, making the same 
angle with PQ as PQ makes with 
PM; then, by a property of the 
Fig- 57. parabola, the point S, in which P S 

meets the axis, is the focus. 

NowSPB = QPB-QPS = QPB-MPQ 

= a-(90'-a) = 2a-90°; 

.-. PB = SPsin2a, and SB= -SPcos2a; 
batSP = „— ; .-. PB = 5- sin2a, andSB= -s-cos2a.* 

The lines P B, S B determine the position of S ; for we have 
only to measure the distance PB horizontally and BS verti- 
cally, and we shall determine S. Or we may determine the posi- 
tion of the line P S as above, and take in it a point the distance 

V2 
of which from P is 5^- i *bis will be the focus. 

328. Cor. — If a = 45°, the focus of the parabola is in the hori- 
zontal plane passing through the point of projection. 

329. Problem. — To determine the greatest height to which the 
projectile wiU rise. 

ya 

*The quantity - x— cos 2 • will be positive^ because in the figure 2 m has 

been supposed to he greater than dO*". 



PART 111. — KtNKMATICS. 



131 



The velocity of projection may be supposed to be resolved into 
two velocities, one horizontal — V cos a, the other vertical = V sin «. 
The vertical motion of the body will be the aame aa if it were pro- 
jected vertically with this latter velocity ; hence, if h be the height 
i^quiredj we have 



2? 



^^ 330. Problem.— yp JliJd the latna rectum of the 
parabola. 

Draw the perpendicular SY on the tangent 
P Y, which is the line of projection ; let A be the 
vertex, then A Y is a tangent at the vertex, and P 
therefore horizontal 
Tlien 
I SYA = 90°-a, and8PT = MPY=90°-. 

^H .: the latus reetum ^i AS = iSY cos a = 4SF 



2V3 



331. Froblem. — To fimd the Sange of the projectile, that U, fhs 
digUmce/rom the point of projection at which the body meet» ths 
horizontal plane tJirough tlie point of projection; and also the tim* 
ofjlight. 

The range will evidently he twice the diBtance of the point of 
projection from the asis of the parabola. But thia distance was 



shown i 



V» 



.•. the range = 



' To find the time of flight we have only to observe, that the 
horizontal velocity of the body is uniform and equal to Y" cos a, 
and therefore that the time which elapses between the moment of 
projection and the moment of the body striking the ground ia that 

occupied by a body moving through the space — sin 2 a with the 
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/. the time of flight = — t= 

if 



V«8iii 2a 2V . 



cos a 



sm a. 



The same result may be arrived at from the consideration of the 
vertical motion of the body. For since the vertical velocity of 
projection is V sin a, the time of flight will be that which elapses 
before a body projected vertically with a velocity V sin a falls and 
strikes the ground ; and this time is manifestly expressed by 

, since the time of ascent will be and the time of 

9 ' 9 

falling the same. 

332. Cor. — The greatest value which sin 2 a can have is 1, 
which corresponds to a = 45°; hence, the range of a projectile 
will be greatest when the angle of projection is 45°. 

333. Problem. — To find the relation between the velocity cmd 
angle of projection, in order that the projectile may strike a yiven 
point. 

Let O be the point of 
projection, O M horizontal, 
and M P vertical ; let P be 
the given point, and let 
O M = A, M P = ^ Draw 
AB the axis of the para- 
bola, and P N perpendicular 
to AB. 

Then we have proved 




Fig. 59. 
(Arts. 327, 329) that 



^9 
V2 sin^ a 



.-. AN = 



and AB= 

V2 sin* a, 



2j7 



-h 



PN = A-T'r2" 



2^ 



2V2 



Also the kUus rectum = cos? a •, Vveace 

9 
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. PN2 = ^l— -cos^a.AN: 
9 

/, V2sin2a\2 2 V2 . /V2 8m2a A 

^'{^ — 2^)=-^^^^'«(-27"- ^;> 

Y2 y2 

or A2 _ 2 A — sin a cos a + 2 ^ — cos2 a = 0, 

9 9 

which is the relation between « and V required. 



§ 3. General Theorems. 

334. There are one or two general facts with respect to the 
motion of bodies^ which are properly included under the head of 
Kinematics. The first of these is the conception of Angular 
Velocity, as distinguished from Linear Velocity. 

Definition. — If the motion of a particle in a plcme he considered 
with reference to a fixed point in that plane, the angular velocity of 
the former about the latter rrieans the rate of increase of the angle, 
which the line joining the two makes with smrve fixed line in the 
plane, 

335. By the rate of increase of the angle, we mean the ratio 
of any given increase of the angle (supposed to take place uni- 
formly) to the time during which it takes place. If the increase 
of the angle he dd, and the time d t, and if both be very small, 
then we may always consider the increase to be uniform : hence 
we shall have, as the proper value of the angular velocity «, 

dO 



<!> = 



dt 



The increase of the angle, in angular velocity, thus takes the 
place of the increase of the distance from a fixed point in linear 
velocity. 

336. Cor. — If the increase of the angle be constant for any 
time t, we shall have 

(Ot = 0, 

337. The following general proposition a&ta t\!kft\fc\sa*ANi^^asss^^ 
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ments of the particles iu a system is a very important one, from the 
oonvenience it affords in solving dynamical problems. It will be 
observed that no condition whatever is attached to the motion, 
and therefore the proposition holds, whatever be the forces acting 
on the system. 

888. Theorem. — Ifvot suppose the velocity of amy one particle of 
a system, reversed in direction, to he communicated to each particle 
of the system in addition to tliat which it already possesses, then 
the relative motions of all about the first thus reduced to rest, 
ioiil be the same as their relative motions about it when all were m 
fnotion. 

It is evident that if at every instant the distance of two- 
particles, and the direction of the line joining them, be the same 
as for two other particles, the relative motions of one of each pair 
about the other will be the same. 

Now let P and Q be the positions which the first particle and 

any of the others would have 
occupied (if undisturbed) at the 
end of a time b t. Suppose that 
the same additional velocity v, 
in any direction Vp, is im- 
pressed on both during the 
interval bt', then the particles 
will be at the end of the 
interval in the positions p, q^ 
and pq \& evidently equal and 
parallel to PQ. This will be 
true for all indefinitely small 
values of bt, and therefore at every instant the relative motion of 
the two particles p, qia the same as that of P, Q. But by im- 
pressing on the whole system a velocity equal and opposite to that 
of P, the latter is reduced to rest. Whence the proposition. 

339. We have given a formal proof of the above proposition, but 
in fiict it follows immediately from the principle that all known 
motion is relative. Thus the motion of P, which we suppose to be 
known, could not have been absolute motion, but merely motion 
relative to some point assumed to be fixed, such as the centre or 




Fig. 60. 
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the eartk Therefore we may, if we choose, take P to be the fixed 
point, instead of ; and thia we shall clearly do if we suppose each 
particle to have impressed upon it a velocity equal and opposite 
to the velocity of P relative to the point 0, originally suppcaed 
to be fixed. 

340. We are thus enabled to determine, irom the actual motions 
of all the particles of a system at any time, their relative motions 
with respect to any one of them ; or conversely, from the actua,l 
motion of one particle, and the motions of the others relative to it, 
■we can determine the actual motions of the latter, lu practice, 
of course, the term " actual motion" can only mean motion relative 
to some point generally taken as fixed. In many examples of 
dynamics, the action of the forces becomes much simpler and easier 
to grasp, if we can tate some particular point in the system as 
fixed; ajid this is always possible, on the above principle, by 
finding the velocity of this point, and impressing that velocity, but 
in the reverse direction, on every particle of the system. 

341. Two examples of the above principles may be given. 

342. Theorem. — Two particles -will aJiwaya describe similar orbits 
about each other, and (dioiU l/ieir common centre o/ gravity. 

Let A and B be the particles, G their centre of gravity at any 

time. Then >j-p = -j, if A and B repreaeut their masses, and this 

is a constant ratio. 

The path of B about A wiU evidently be the same as that of A 
about B, since the length and direction of the line AB are the 
same whichever end be supposed fixed. Also if G be fixed, the 
path of B about it will evidently differ from that of E about A 
by having corresponding radii vectores diminished in the ratio 

-T — p- But this is the definition of similar curves. The same, of 

course, would hold with respect to the relative path of A with 
i-eapect to G. This proposition enables us materially to simplify 
'e equations of motion of two mutually attracting free particles. 

343. Problem. — Suppose two particles, one of which nuww 
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un^fcmdy in a straight Une, while the other moves uniformly in 
a circle ahouX it as centre ; to determine the path of the latter, the 
motion being in one plane. 

Take the line of motion of the first as the axis of x, and let v 
be its velocity ; let the plane of the circle be the plane of xy, a 
the radius of the relative circular orbit, oi the angular velocity in 
it. Suppose the revolving particle to be initially in the axis of as. 
Also at time t suppose the line joining the particles to be inclined 
at an angle 6 to the axis of x. Then for the co-ordinates of 
the revolving particle we have 

y=a sin 6, 
x^vt + a cos ^. 



But 



6^(ut ; 



aj=t;«-fa /]T^ = %in ^'•^+ J{a^-y^)', 
\/ a- w a 



which is the equation to the absolute patli required. 
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344. The principles on wtich the Science of Dynamics proper h 
founded have been already laid down iu Part L We now go on 
to consider hov these principles may be used, as in the case of Statics 
and Kinematics, to develop the leading facts relating to this branch 
of our Bubject, 

345. The central problem in Dynamicsmay be stated as follows: — 
Given the mane, velocity, and ■poailion of even/ particle of a system 
at a given iitne, and also t/te forces acting upon it, to delennine 
their veloeitiea and positions of any svhseguent time. 

This problem is immeasurably more difficult than the corre- 
sponding central problem in Statics (Art. 202), and we shall not 
attempt its solution. The reason of this difficulty is that in this 
case the relative positions of the particles are continually altering, 
and this altemtion causes variations in the forces which they 
exercise upon each other (by the definition of matter). All these 
variations have to be taken account of, and they complicate the 
question so much that even in the case of three particles, free to 
move under their mutual attractions, the problem, in the form 
stated above, has never been solved. This problem, which is 
known as that of the Three Bodies, is the fundamental problem ^ 
of t)ie Lunar theory; but it is there solved only by approximate 
methods, based on the circumstance that one of the three bodies 
— the Hun — is very much larger than either the earth or the moon. 

346. Hence, to study Dynamics at all, it is necessary to malce 
certain asaumptions for the purpose of simplifying the question. Of 
general assumptions, the most convenient is that the syatem is a 
rigid one — i-e., that the geometrical relationsof its particles, or their 
positions relative to each other, are always constant (Art. 176). 
This, of course, never holds exactly in nature, hut it haldsiW^-^-t^^-i^ , 
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matelj in cases where the external forces are small in comparison 
with the internal forces, which tend to resist any change in the 
geometrical relations of the system. This branch of Dynamics is 
called Kigid Dynamics: but even this, if treated in a general 
manner, is of great difficulty, and requires the aid of high 
mathematics 

All that we can do, therefore, in Dynamics is to investigate 
certain cases, in which by special assumptions very great simplicity 
may be attained. In some of these cases the hypothesis of rigidity 
will be introduced, in others not. 

347. Generally, it may be said that the aim, in all dynamical 
problems, is to find the velocity and the resultant acceleration of 
each particle of the system, at a given instant. When these are 
known, its path, for the next instant, is given at once by the 
ordinary equations of acceleration (Art. 90). 

§ 2. Motion op Two Bodies under Gravity only. 

348. In this class of problems the acceleration is constant, and 
it might be supposed that they should be treated, like those of 
projectiles, in the chapter on Kinematics. But in these problems 
it will appear that the acceleration can only be determined when 
the mass moved has been considered. "We have therefore to use, 
not only the equations of acceleration, but the fundamental equation 
connecting the statical and dynamical measures of force. This 
equation is (Art. 125) 

P = M/, 

where P is the resultant force or unbalanced effort (Art. 142), acting 

on the system, measured in the pounds weight it will lift; 
„ y is the acceleration, or change of velocity produced on the 

system, measured in feet per second; 
yj M is the mass moved, the unit of mass being the mass of 

g lbs., where g is the accelerating force of gravity, and 

= 32-2 nearly. 

349. Problem. — To find the motion of two bodies, the masses of 
which a/re M cmd M respectively, avd which are connected by a fine 
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weig^htless atrijig pasavng over a amooCA pei/ or gmall puliei/, the 

only effect of the peg being to change the dwectioti of the etrmg. 

Let M be greater than M'; then the moving force 

producing motion, or the unbalanced efi'ott (Art l-i3), 

is the difference of the weightB, or Mg-M'g; but the 

whole moaa moved ia M + M'; consequently (by the 

M-M' 
equation P = M_/^ the accelerating force is ^ — ttt^' 

Hence, if a; be the distance of M from the peg at the 
time t, V ita velocity, a the diataace irhen the motion 
commenced, we Bhall have 



_ M-M ' 
M + M' 



:^* 



350. Problem. — In the same case, to determine the tension of 
the string. 

To do this we observe, that if the weight Mfir were suspended 
at the extremity of a string and were at rest, the tension would 
be M.g, the force being entirely employed in producing tension. 
Ah it is, however, a portion of the force acting on M is employed 
in producing motion, and the remainder in producing tension of 
the string. Now, the accelei-ation correapoDding to the former 

M-M' 
portion wo have determined to be j^ — ,g^' and the acceleration 

corresponding to the whole is g 



-M |j. 



an expression which, it may be observed, involves M and M' 
Bymmetrically, aa manifestly it ought. 
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351. This problem may be solved in another manner, which will 
give ns at once the tension of the string and the accelerating 
force. 

Thus, let T be the tension of the string ; then the moving force 

upon the body M will be M^-T, and the accelerating force 

T 
therefore 9-iur' In like manner, the accelerating force upon M' 

T 
will be ^ - ^, > and these two must be equal, but of opposite 

algebraical signs, since one of the bodies necessarily ascends with 
the same velocity with which the other descends. 
Therefore, 



<xr 



^ 2MM' , ^ 

And the acceleratmg force = gr-~=gr- ^^ j^, y = ^^^^^ y. 

Example. — Suppose M = 2 M', and a = o, to find how far M will 
•descend in 1". We have 

2-lpr IG.l ^^. . 



Also in this case the tension of the string = | M^ = two-thirds 
of the heavier weight. 

352. Problem. — Two weights are placed upon two opposite 
inclined planes, and connected by a fine string which passes aver 
<L smooth pulley at the highest point of the planes: to determine 
^ motion. 




Let A B, A C be the two planea, a, ^ 
their respective inclinations, 

Then the part of the weight M g 
which iR effective in producing motion is 
M rj ain a, and that of M'p ia M'y 
the difference, or MyBina-M'j 
ia the moving force ; the luaas tnoved 
ia M + M' ; therefore the accelerating 
force is 

Mgjnw-M'ain/S 
WTW 



If X be the distance of M from A at the time t, a the distance 

at the beginning of the motion, 



Msi 



a_^g^ 



M + M' 

The tension of the string may be found as in Art. 350. 
^H Example.— Suppose M = 3 M', « = 30°, (3 = 60°: then, 



. ^/3 



-1.7 



6 1\ nearly. 



3S3. The caHe of two falling bodies connected by a string is 
especially interesting, because it enables us to prove by direct experi- 
ment the constancy of gravity, and its amount. A weight suffered 
to fall freely acquires almost instantaneously so high a velocity that 
accurate measurement is difficult; and, moreover, the resistance of 
the air at once begins to have a considerable effect. But in the 
case of Art. 349, it will be seen that the velocity at any moment is 
])roportional to M — M', and therefore, by making these very nearly 
equal, we an abl« to reduce the yelooit^ «& in^ujo. w^-^^A^sioisib. 
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Its measarement then becomes easy, and the resistance of the air 
liecomes at the same time insignificant. On the other hand, some 
fresh conditions are imported into the problem, as the weight and 
stiffness of the stringy and the friction npon the pnlley; but bj 
various contrivances these may be got rid of or allowed for. All 
apparatus arranged for this purpose is called an Atwood's machine^ 
from the name of its inventor, and is often seen in physical 
laboratories. 

§ 3. Impulsive Forges. 

354. Forces in dynamics are usually divided into continuous 
forces and impulsive forces; and though there is no essential differ- 
ence between the two, yet they require different treatment, and 
must therefore be separately considered. 

355. A continuous force is such as we have already discussed in 
Part I., acting continuously for a finite time, and producing a finite 
change of velocity in that tima Such a force is measured, in its 
effect on .a body of mass M, by the product of the mass it moves, 
and the acceleration, yj which it causes— that is, by the increase 
which it causes in Ws momentum during a unit of time 
(Art. 68) : and the momentum which it generates in any other 
time t is expressed by M/^. Again, its total effect on the mass, 
while acting upon it over any space, s, is expressed by the energy 

exerted, Mfs, or — — ^ , where u is the iiutial 

velocity in the direction of the force (Art. 129). 

356. So long as the acceleration of a force is of moderate amount, 
compared to the ordinary units of space, and so long as the time 
during which it acts is not very small, there is no difficulty in 
applying the above formula. If the acceleration be small, and the 
time small also, the measurement of the momentum becomes 
difficult : but as this momentum is then insignificant, this difficulty 
is of no importance. If, however, the force be very great, and the 
time very small, the difficulty becomes serious. A typical case 
is the blow of a hammer. Here the time during which there is 

<!onta<it 18 apparently instantaneoxi^a — cet^aaiiVj t^o small to be 
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measured by any ordinary methods : yofc the effect produced is very 
considerable. In such cases it is impossible accurately to deter- 
mine/and '-; but we can determine their product, or ft, since this 
is merely the change in yelocity caused by the blow. Hence, in 
the case of blows, or impulaive forces, we do not att«mpt to 
measure the force and the time of action separately, but simply 
take the whole momentum produced, as the measure of the im- 
pulse. Similarly, we cannot measure the space a described under 
the action of the force, in order to determine the work done; but 
must content ourselves with measuring the change in the kinetio 

energy, or in — 5—, in which there is generally no difEculty, eIdcq 

the change in the velocity can easily be determined. Hence, we 
arrive at the following as the definitiou of an impidsive forca 

357. De£ — An impulaive force is a force so large in amount, and 
etcliTig for so short a time, that we have to measure its effect simjiy 
hy paeans ofUie change in velocity which it producea. 

358. It was formerly usual to define an impulsive force as an 
indefinitely largo force acting for an indefinitely short time ; and 
then to explain that, while there were, of course, no such forces in 
nature, there were forces, such as the blow of a hammer, which 
had to be treated on that supposition. But this seems quite 
unnecessary. As a matter of fact, improved modes of measure- 
ment are frequently enabling us to apply the ordinary formula to 
forces formerly considered impulsive. Thus the explosion of a 
cannon would once have been considered almost a type of an 
impulse : but now that we can measui'e accurately to the ten- 
thousandth of an inch, or of a second, the effect of time in an 
explosion may be studied, and has been studied with important 
results, 

§ 4. Motion of a Fartiolb in a Odrted Lnts. 

369, Theoi'ein. — A parHcle moving in a curved line, without 
friction, does not lose any of its velocity in corasquence of the reac- 
tions which compel it to move in that line. 

Suppose a particle to move along a amoQ& ^\Baa, &J&i ^Si^^ ^&> 



1 
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and at B to meet another plane, B C, inclined at an angle a to the 

.^ former. An impulsive action will 
then take place, due to the reaction 
of the plane, BC, which will cause 
the particle to follow that plane. Since 
the plane is smooth, this impulse must 
be normal to the plane B C (Art. 234); 
and it will be measured by the velocity 
which it imparts to the particle (Art. 
^- ^- 357). Let B M, drawn at right angles 

to BC, represent this velocity, and let BN represent the 
original velocity of the particle. Then, by Art. 122, the 
resultant velocity will be fixed, in amount and direction, by 
the diagonal of the parallelogram, of which B M, B N are the 
sides. But we know that this velocity must be in the direction 
of B C ; hence, the fourth point O of this parallelogram must lie 
on B C. Draw B P perpendicular to O M. Then the velocity 
B M may be considered as compounded of a velocity P M, which 
goes to diminish the original velocity B N, and a velocity B P, 
which is at right angles to the original velocity, and alters the 
direction of the particle's motion fi-om A B to BO. The values 
of these two component velocities are : 

Velocity P M = B M sin a, 

Velocity B P = B M cos o ; 

also the resultant velocity, or B O, = B N cos a. 

Kow let us suppose the angle a to be indefinitely diminished. 
Then we may consider A B, B C as two successive elements of a 
smooth curve, considered as made up of an indefinitely large 
number of indefinitely short planes following each other. But in 
this case, sin a approaches the value 0, while cos a approaches the 
value 1. Hence, the ratio of P M to B P, or of the part of the 
impulse which destroys velocity to the part which changes direc- 
tion, becomes indefinitely small : or, in the limit, the whole of the 
impulse is employed in changing direction, and none of it in 
destroying velocity. The same wi]\l \)e ^tvx^ iot ^^ wym. ^^l ^xs^ 
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number of Huccessive impulses ; tLftt is, the ratio of the velocity 
destroyed to the velocity employed in changing direction will be 
indefinitely small. But the velocity employed in changing direc- 
tion is itself a finite quantity ; therefore the velocity destroyed ia 
an indefinitely araall quantity, or the particle does not lose any 
velocity from being constrained to follow the cnrve. 

The same appears from the expression for the resultant velocity, 
B N COS a, which, in the limit, becomes equal to E N". 

360. The above proposition is often proved by simply saying that 
the reaction at any point of the curve is normal to the curve, and 
therefore can have do effect on the velocity, which is tangential to 
the curve ; but since it is clear that, if a is a finite angle, there 
a distinct loss of velocity at each change of direction, it see 
desirable to show at length that, when a becomes indefinitely 
small, the sum of all these losses of velocity vanishes. 

3C1. In the proof it has been supposed that the particle is con- 
strained to move in the curve by the resistance of a smooth rigid 
body, as would be the case with a small ring sliding on a smooth 
curved wire, or a ball rolling in a smooth bowl. But it is clear that 
the proof does not depend upon this supposition. The impulse E M 
may be given in any other way ; for instance, by the tension of a 
string, as in the case of a stone tied to a cord and whirled round in 
the hand ; or by the tension of the inner parts of the same piece, 
as when a aledge hammer is being swung by a smith ; or, lastly, 
by a force of attraction acting across the intermediate sfiace, as in. 
the case of a planet describing its orbit round the sun. All 
that is required is that there should be a force of some kind 
normal to the curve, and thus causing the particle to follow the 
curve instead of proceeding along the tangent, which, by the first 
law of motion, it otherwise would do. 

362. Any curve may be considered as the limit of a polygon, 
the number of whose sides is nmde indefinitely great, and their 
length indefinitely small. Let A B, EC, Fig. 64, he two successive 
equal sides, or elements, of such a. polygon. Bisect them in D, E, 
and draw perpendiculara, D O, E O, to meet in 0. Then, DO 
will be equal to E 0, and a. circle described with radius 
DO or E O will touch both BC and A.^ ^<iia<», fe^"*.,"^*^ 
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may be considered as successive elements of a polygon circnm- 

scribed round this cii^cle; and when 

the sides of the polygon are made 

indefinitely small, the lines A B, B C 

will form elements alike of the curve 

and of the circle. Such a circle is 

called the circle of curvature for that 

point of the curve, and O D is called 

the radius of curvature. 

363. Definition.— 2%6 circle ofcwr- 
vcUure at cmy point of a curve is that Fig. 64. 

circle of which two successive elements coincide with ttoo successive 
elements of the curve; and its radius is called the radius of 
curvature, 

364. Hence it follows that, to study the conditions of a particle at 
any point on a curve, we may conceive it to be moving, not in the 
actual curve, but in the circle of curvature at that point. On this 
supposition the normal impulse, which keeps the particle on the 
curve, will pass through the centre of the circle. Such an impulse 
is called a centripetal impulse {c&nf/rum = centre, petere = to seek). 
If we now suppose the particle to continue to ijaove in the circle 
of curvature, instead of following the curve, then, since the circle 
is a curve everywhere symmetrical, it follows, by the principle 
of symmetry, that each successive impulse must be equal to 
the last. The sum of these small equal impulses will take 
the form of a constant force, always acting towards the centre 
of the circle; and this force is called the centripetal force. By 
Art. 359, it also follows that the velocity in the circle will be 
constant. 

365. Definition. — A particle moving uniformly in a circle is 
under the auction of a constant force tending always to the centre; 
amd that force is called the Centripetal Force, 

366. Problem. — To find the centripetal force for a particle of 
given mass, moving in a given circle with a given velocity. 

Let M be the mass of the particle, Y its velocity, and r the 
mdius OEof the circle, Fig. 64. liet t\i^ «L\i^\<& EB F be a, then 



PABT IV. — ^DYNAMICS. 147 

HOD also = a, and E O B = -s. Let dt he the element of time 

during which the particle is describing the space D B E with 
velocity V. Draw E G perpendicular to B F, Then, if the 
centripetal force had not acted, the particle would have been, at 
the end of the time dt, on the line B F, instead of which it is now 
in the position E. Hence E G represents the space which it has 
been caused to describe by the centripetal force in the direction 
normal to its original direction. Hence, by the formulse for 
acceleration, we have 

•EQ = l/{dt)^ (1.) 

Here / is the acceleration due to the centripetal force, or, in other 
words, the velocity it will generate in a unit of time. 
ButEG = EBsina, 

andEB = OEtan EOB = r tan?- 

Also E B + B D, or 2 E B, is the distance described by the particle, 
in the time d t, with the velocity V ; hence 

Y dt = 2EB = 2rtajil' 

Hence the equation (1) becomes 

/ /2r tan ^\2 

V 

But in the limit, when a becomes very small, we may write ^ for 



. a . / /2rtan^\» 

rtan^sm« = ^( 2) 



tan X, and a for sin a. Then the equation becomes 

2 2V2 " 
whence 

^■?- 

T 

This is the centripetal acceleration acting on the mass V. The 

centripetal force is therefore 

Y2 

Mx — 
r 
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367. The above proof does uot depend upon the &ct that the 
particle continues to move in the circle, except so far as this is the 
condition that the ceutri(>etal impulses shall all be equal, and there- 
fore the centripetal force constant Hence, if a particle move in 
any curve whatever, we may apply the proof to determine the value 
of the centripetal force at that point ; that is, the value which the 
centripetal force would have, if the particle continued to move in 
the circle of curvature at that point. The centripetal force at that 
moment is exactly analogous to the velocity at any moment, in the 
case of a particle moving with vaiiable velocity. The demonstra- 
tion will be exactly as in Art. 366, taking the circle of curvature 
for the circle in which the particle moves. Hence we have the 
theorem : If a particle of mass m move in any curve whoatever^ U 

mai/ be taken as acted on at any point hy a centripetal force = m ^ 

where V ia the velocity^ and r the radium ofcu/rvature at that point. 

368. When the moving particle is kept to its curvilinear path by 
a tensile force (as in the case of a stone whirled round at the end of 
a string), the centripetal force takes the form of a tension in the 
string. As this must act both ways, the hand holding the string 
will feel a pull upon it, which, if the circular motion be left out 
of consideration, may be taken to be the pull due to an actual 

M V2 
force, such as would be caused by a weight, equal to , and 

acting at the end of the string. To this supposed force the 
name Centrifugal Force has been given. But, according to ouf 
definition of force, this is not a force at all. For a force is a 
cause of motion, and if not counteracted, it will always produce 
motion in its line of action. But suppose, by suddenly cutting 
the string, we leave this centrifugal force free to operate. 
Then the stone will not move a single inch in the line of action 
of this force, but will " fly off at a tangent;" in other words, 
continue to move in a straight line at right angles to the supposed 
force. In point of fact, it is not the stone which is pulling at my 
hand, but my hand which is pulling at the stone, and continually 
causing it to move in a new direction. If I were pulling it 
towards me along a smootb. table, 1 ^o\v\A. \\i ^^ ^axaa ^^^ Wve 
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to exert force in order to start and increaae its motion, but there 
would be 110 force upon tbe Btone, tending to make it move away 
from my band ; and if the string were broken, tbe stone would 
continue to move forward with the exact velocity it bad at that 
moment. Centripetal force is expended, not in balancing a 
centrifngal force, but in causing the body to move in a new direc- 
tion ; and the work done by the force is represented by the actual 
energy, in that direction, imparted to the body. 

369. Centrifugal force is, however, a convenient term to esprefls 
generally the tendency which bodies have, when whirled round in 
a circle, to move farther and farther away from the centre. Tbie 
tendency is very often taken advantage of in the mechanical arts. 
Thus, in an ordinary centrifiigal pump, water is admitted to the 
centre of a hollow disc, rapidly revolving, and escapes at a high 
velocity, but of course in a tangeotial direction, at the circumference. 
Centrifiigal tana, for producing a blast of air, are similarly coe- 
Btructed. Again, since tbe expression for the ao-oalled force is 

■ — , it wDl be seen that, other things being the same, the ten- 
dency is greater as the mass is greater. Hence, if a mixture of 
two fluids, one heavier than the other, be set in rapid rotation, tbe 
heavier, owing to its greater mass, will pass more rapidly towards 
the outside, and, if prevented from escaping, will accumulate there. 
Advantage of this is taken in the separation of cream from milk. 
The milk being rotated inside a disc at an enormous velocity 
(several thousand revolutions per minute), the skim milk, which 
is the heavier, flies to the outside, and issues tlirough a pipe from 
thence, while the cream is collected nearer the centre. Lastly, 
the occasional bursting of rapidly revolving articles, such as grind- 
stones, is a special inatauce of the eflect of " centrifugal force ; " 
but of couree in such cases the fragments fly off tangentially, 
not normally, when tbe fracture takes place. 

370. Hitherto, we have supposed that there wna no external force 
acting on the revolving particle. Let us, however, suppose that 
there is a resultant force P, whose components are P cos a, and 
P sin Oy respectively parallel and perpendicular to thfi ta.'a.^^Q.\.V> 
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the curve. Then P cos a will simply go to increase or diTniniHh> 
the velocity ; but the equation for the centripetal force will now 
be 

M/± P sin a = > 

where My* is the centripetal force, and the + or - sign is to be 
taken according as P sin a acts towards or from the centre of the 
curve. 

371. If we suppose P sin a to act towards the centre, then it is 

evident that as long as is greater than P sin a,/ will still be 

positive ; or, in other words, the particle will still remain on. the 
curve, in spite of the inwards tendency of the impressed force. 
This explains how it is that a loose stone in a sling, or the water 
in a bucket, can be whirled round in a vertical circle without 
fidling ofL At the highest point of such a circle the tendency to 
fall is measured by the weight of the body, or by M ^ ; and the- 
condition that the body shall not fall is given by 

from which the requisite velocity can be calculated. 



§ 5. Elasticity. 

372. In our discussions upon energy we supposed throughout that 
the centres of force concerned were separated from each other by 
a finite distance, and that the forces acting between them were 
actually or approximately constant. But it is clearly conceivable 
that two centres of force may come within an indefinitely small 
distance of each other — in other words, may meet ; and all ex- 
perience confirms what is expressed in the definition of matter, 
namely, that the forces between the centres, as actually existing, 
are not constant, but vary with the distance. It becomes there- 
fore necesaaxy to consider what will happen if two centres meet ;. 
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and to do this we must esamioe more closely what the laws of 
the forces actiog tetween theiu really are. 

373. Let us, as a preliminary, examine what would happen in the 
meeting of two equal centres, which attract each other, if the forces 
were really constant. Suppose them to start from rest, at a. 
distance from each other of 3 feet. Then, by the principle of 
symmetry, they would meet at the midway point, each with o, 
finite velocity due to the action of the constant attractive force 
over the space of 1 foot. There hoing nothing to stop this velocity, 
they would pass through each other — in this ideal state of things 
we need not discuss the question of penetrahiltty — and go forward 
each in its old dii-ectiou. But the attractive force on either centre, 
being now in the opposite dij'ection to that of motion, would check 
this velocity, and destroy it at the end of the same apace in which 
it was generated — i.e., I foot. Hence, when each centre hod 
arrived at the precise spot originally occupied by the other, it 
would be at rest. The circumstances would now bo the same as at 
first ; the centres would begin to approach each other again, would 
again pass through each other, and return to their original pod- 
tiona. This process would go on for ever, the two centres describ- 
ing regular oscillations about the midway point. 

374. Let us now make another eupposition. Suppose that, when 
each of the centres had moved half way to the middle point, or 
through 6 inches, the constant attractive force was suddenly 
changed to an equal and opposite repulsive force. This would 
destroy the velocity thus acquired in exactly the same space in 
which it was generated. Consequently, at the instant when tho 
two particles met each other, they would both come to rest. The 
repulsive force would then drive them asunder ; but if, when the 
two were once more 1 foot apart, it was changed back into an 
attractive force, the velocities would he again checked, and the 
centres would come to rest precisely in their original positions. 
They would then again approach each other as before, and would 
thus continue to oscillate backwards and forwards, alternately 
approaching to and receding from the midway point. 

375. It is needless to say that nothing approaching either of these- 
proceBses has ever been observed; and, in fact, we knov tfiat. 
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the forces of the universe are not constant. At the same time the 
two cases illustrate clearly a way in which a stable or conservatiye 
movement — or an oscillatory movement, using the word in its 
most general sense— may be produced by the action of attractive 
forces, or of attractive and repulsive forces combined ; and we 
know that the world is, on the whole, in such a stable condition. 

376. If then, the foraes which hold in nature are not constant, what 
are the laws according to which they vary ? Unfortunately, the 
present advance of mechanical science does not enable us to answer 
this question. There is, indeed, an answer which appears to be 
complete and accurate (within our present limits of observation), 
so long as the points are at a considerable distance from each 
other; but it is certainly not complete when they approach 
within a certain distance. The law here referred to is that 
discovered by Newton, and known as the law of gravitation. 
Expressed in the strictest terms, it is as follows : — Every eenfyre 
of force in the solar system attracts every other centre voith an 
equal forcCy va/rying inversely as the sqwvre of the distance bettoeen 
them. 

By equal forces are meant, of course, forces which are equal at 
equal distances. 

377. The above statement refers to individual centres of force. 
Let us now extend it to the case of two bodies, A and B, which are 
so far apart that their own dimensions may be neglected in com- 
parison with the distance between them. Let this distance be r, 
and let n n' be the number of centres in the two bodies respec- 
tively. Let fhe the absolute value of the force — that is to say, 
the accelerating force acting between two centres when at a unit 
of distance apart. Then the attraction which any given centre in 

A exercises upon any given centre in B is expressed by ^. The 

sum of the attractions which it exercises upon all the n^ centres in 

B will therefore be expressed by n'^. And this sum will be the 

same (approximately) for each one of the n centres in A. Hence 

f 
the total attraction exercised by A upon B will be given by n n-^. 
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And hj the definition of matter, tlie attraction exercised ty B 
upon A will be equal and opiiosite to the above, and will bo 
represented therefore by - Hn'{^ But, by Ai-t 60, n, n' are 
proportional to the maseea of the bodies. Let these be m, m,'. 
Then the total attraction may also be vrntt^n 'wra'-^i where c 
ia the attraction between two bodies of unit mass at unit distanae. 
Expressing this in words, and remembering the definition of & 
particle as a body so small that its dimensions may be neglected, 
we may state the law of gravitation as follows : — 

Any particle in the boIot system attracts any otlurr particle with a 
force which varies jointly as (AeiV Toasses, arul inversely as Hie square 
of the distance betioeen them. 

This is substantially the form in which the law is usually 
stated. 

378, To give the proof of this law is beyond the scope of the 
present treatise. Assuming it to be true — as all competent judges 
assume — we have next to inquire whether it ia the only law ; in 
other words, whether it will, by itself, aecount for all the pheno- 
mena of the universe. As already stated, this must be answered 
in the negative. For, were two centres left to themselves under 
this law, they would rush together with a velocity which, at the 
instant of meeting, would become infinite, since, the distance being 
nothing, the force would then be infinite. What would happen it 
is needless to inquire, but at least it would not be anything like 
what we see around us. Nor is the case altered by the existence 
of other centres. A system starting from rest, under the action 
of gravitation alone, would coalesce in like manner. Heace there 
must be something beyond gravitation — something which acts as 
a repulsive force, and prevents the centres from thus dashing 
themselves against each other. tJufortunately, we cannot give the 
law, scope, »bc., of this force as we can in the case of gravity ; but 
we may glean a few facts resijectlng it. It must be practically 
insensible at sensible distances ; otherwise, the law of gravity 
would not be found iully to account for the facts of astronomy and 
of falling bodies, which it is known to do, Kence it must 
diminish as the diat&nce decteaaen ; in othnt vi(ivi&^& iB»ti^-^«z^ 
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inversely aa some power of the distance. But this power must be 
higher than the square j for if it were less than the square, it 
would increase faster than gravity j and if it were the square itself 
it would increase or diminish just as i^ai as gravity, and no faster, 
and would only have the effect of diminishing the apparent 
absolute value of gravity. These conditions are satisfied by 
assuming that the real law of force acting between two particles is 

represented, not by the expression mm* -^, but by the fuller 
expression 

where n is some positive quantity. 

379. It may perhaps be thought that the second term of this 
expression could not possibly disappear from view so completely 
as it does in all questions relating to the attraction of gravity at 
sensible distances. To examine this point, let us suppose that 
the attractive and repulsive forces are equal in amount at a dis- 
tance of one-millionth of an inch, and also that the repulsive force 
varies as the fourth power of the distance. Then we have — 

c X (1,000,000) 2 = (/ (1,000,000) * 

or c = c' (1,000,000) 2. 

If the distance is one-thousandth of an inch, the expression 
becomes — 

mm' [c (1000) 2-c (1000)4 

ormm'[c(1000)2.c(1000)2xj^^^). 

Hence, at the distance of one-thousandth of an inch, the repulsive 
force will be only one-millionth part of the attractive force, and 
therefore quite insensible. 

The assumptions here made are, of course, arbitrary ; but they 
are sufficient to show how easily the repulsive force may really 
exist at all distances, yet may be imperceptible, by the most 
delicate measurements, unless at distances which are almost 
inconceivably small. 
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380. Assuming the law of foi-co ta be something like what has 
been described, let us now consider what will happen when two 
centres of force are left to its operation. We may consider tlie 
motion of one of them, B, relatively to the other, A, taken as fixed. 

381. Suppose, first, that B ia placed exactly at the point of 
equilibrium, that is, at the point where the attractive and repulsive 
forces balance each other. Then B will clearly remain at rest. 

382. Suppose next that B is slightly beyond this point of equili- 
brium. Then, the attractive force being slightly the largest, B will 
move towards A, and will pass the point of equilibrium with a cer- 
tain small velocity. From this moment, however, the repulsive force 
will be the largest j the velocity of E will consequently be checked, 
and at a, certain small distance within the point of equilibrium it 
will come to rest. The repulsive force being still the largest, the 
same operations will then begin in the reverse order ; B will be 
repelled from A, and pass the point of equiUbrium with the same 
velocity aa before, but in the reverse direction, and will then be 
checked by the attracting force, and brought to rest exactly at the 
point from which it originally started. The same cycle will then 
begin again ; in other words, B will continually describe, with 
regard to A, a series of small oscillations about the point of 
equilibrium. If B is placed at first slightly within this point, 
instead of beyond it, the same events will follow, but in the 

383. In either of the above oases, suppose a third force to act 
upon B, tending to move it towards A. So soon as B is within 
the point of equilibrium, the repulsive force will he larger than 
the attractive force, and the excess will increase very rapidly as 
E continues to approacli A. Hence this excess of the repulsive 
force will soon counterbalance the external force, and B will 
remain at rest at a new point of equilibrium, defined as being the 
point where the three forces balance caoU other; or, rather, will 
continue making small oscillations about that point. 

If, on the contrary, the third force tends to move B away from 
A, then the attractive force will be in exce^, will counterbalance 
the third force, and wiU form a new point of equilibrium fevther 
away irom A than the original one. 
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In the first case, the force is compreanvef and the net result is 
that, so long as the force acts, the distance between A and B will 
be permanently shortened. In the second case, the force is tenaikf 
and the net result is that, so long as the force acts, the distance 
between A and B will be permanently lengthened. 

384. Again, let us suppose that B starts from a point at a con- 
siderable distance beyond the point of equilibrium. Then, by 
the time it reaches that point, the attractive force, which through- 
out this distance is largely in excess, will have imparted to B 
a very comsiderable velocity. Or, which comes to the same thing 
we may suppose that B starts from the point with a consider- 
able impressed velocity towards A As soon as B has passed 
this point, its velocity will be checked by the excess of the 
repulsive force; and it will be destroyed, and B brought to 
rest, somewhere in the very small space between the point of 
equilibrium and A. But B will never come in actual contact 
with A For if A and B were in actual contact, the distance 
between them would be indefinitely smaU, and therefore the 
repulsive force would be indefinitely great. But the accelera- 
ting force which would destroy any given finite velocity v in any 

given finite distance 8 is simply given by the expression ^- : and, 

however large v may be, or however small s may be, this will 
always have a finite value. Hence the effect wiU be that B will 
be stopped in an exceedingly short space and time— much too 
short for our measurement — and will then have a very large 
excess of repulsive force acting upon it. Hence it will begin to 
return with very great rapidity, will pass the point of equilibrium 
with the same high velocity, but in the reverse direction, and will 
then be checked by the excess of attractive force, finally coming to 
rest at the point from which it started. If no other cause inter- 
venes, the same cycle will then begin again. 

385. Lastly, let us suppose that in the last case B becomes fixed 
in space at the moment when it is stopped by A, while A becomes 
free to move ; or, which comes to the same thing, let us consider 
the motion relatively to B, instead of relatively to A Then, since 
A, by the third law of motion, has exactly the same repulsive 
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force acting upon it ae E has, it will fly off with the same rapidity 
as was aaoribed to E in the last section, will travel to exactly the 
aome distance, and there will come to rest and begin to return^ 
imlesa some other canae supervene. 

386. These deductions from the assumed form of force have 
been seen to follow naturally and clearly upon each other. It now 
remains to show that they accord with the facts of the universe, 
as relates to the behaviour of the particles of solid bodies iu close 
contact with each other. Of course, the matter is greatly com- 
plicated by the fact that we can never observe the motions of 
single centres of force, or even single particles. What we obssrve 
are bodies, greater or less in size, but of which the adjacent 
particles act in various ways upon each other, and are also acted 
upon in various ways by extwaal forces, such as gravity. Never- 
theless, effects simitar to those here described are in many cases 
plainly discernible. 

387. Thus, in accordance with Art. 382, the pai-ticlea of any 
solid body do take up apparent positions of e<^uilibrium with each 
other — which, however, are known not to be really positions of 
rest, but centres of small oscillations which the molecules are con- 
tinually describing. 

388. If an external force be brought to bear upon such a body, 
then, iu accordance with Art. 383, the body becomes extended if 
the force be tensUe, or shortened if the force be compressive j and, 
having thus taken up a new position of eL[uilibrium, it retains 
it until the force is withdrawn. Should the force be beyond the 
resisting powers of tbe body, the extenaion or compression goes on 
until &acture of some sort takes place. 

389. Again, if a body be projected against another with consider- 
able velocity, which is equivalent to the supposition of Art. 384, 
then, after apparently strikiug it, it flies back in the direction from 
whence it came, the reversal of the motioji being usually effected 
far too rapidly for any ordinary means of observation to follow it. 
It is this property of I'ebounding which forms what is called the 
elasticity of bodies, Newton, who investigated it, found that the 
effects might be represented by supposing that^ at th« Qu.t\&«vA' c>^ 
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impact, the nioniontiim of tlio striking body was stopped by a yeiy 
large force, brought into existence by the action, and opposing the 
original force of im|uictj and that the bodies having thus 
been brought to rest, the force continued to act in the same 
direction, and to drive the striking body back again towards the 
point whence it started. This agrees fully with Art. 384. If the 
body actually reaches that point, it is called "perfectly elastia" 
As a matter of fact, no substance in practice is found to be 
perfectly elastic; some, however^ as glass and ivory, approach 
the limit pretty closely, while others can scarcely be said to 
have any visible elasticity. For some time this was supposed 
to show that in practice the force of restitution, causing the 
rebound, was somehow less than the original force of impact^ 
in a varying ratio, generally expressed by the letter e. But 
it is now universally admitted that this difficulty simply arises 
from the fact that we can only observe the action of finite 
bodies as a whole, and not that of their minute parts. For 
instance, when a billiard ball strikes the cushion, it is but a very 
small ai*ea of each which is actually opposed to the other ; all the 
rest of the billiard ball is caused to stop and to rebound by the 
lateral cohesive actions of the parts nearer the centre. These 
actions set up movements between the particles, in which more or 
less of the energy due to the impact becomes expended, and is not 
therefore available for the repulsion of the body as a whole. It is 
not now doubted that the ultimate atoms of any body are per- 
fectly elastic* 

390. Lastly, if the body struck be free to move, instead of being 
fixed, the result stated in Art. 385 is actually seen to follow — ^that 
is, the struck body flies away with a velocity which depends on 
the momentum of the striking body ; or, in other words, upon the 
force of the blow. Familiar instances are the striking of one 
billiard ball by another, the propulsion of a football, &c. In such 

* In other cases the energy is largely expended in ** deforming " or 

altering permanently the shape of the body, as a lump of clay is flattened 

by falling to the ground. The power of bodies to resist this, or to recover 

their form, is sometimes called their elasticity; but in mechanics the term 

jnereljr indicatea the existence of a rep\i[\swe iatc^ ca^vxsMi^^T^wssvd. 
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cases the striking body may either be brought to rest, or may 
follow in the same direction as the struck body, but with 
diminished speed, or may rebound again in the direction whence 
it came. These variations depend upon variations in the masses 
and velocities of the two bodies, as will be seen hereafter. 

391. It appeai-s therefore that the fundamental facts of elasticity 
are all accounted for by the hypothesis that the law of the force 
subsisting between any two centres is substantially of the char- 
acter represented by I -^ ;r^ I ■ Of course, we do not affirm 

that this Is its exact representation. It may be much more coni- 
plicat-ed— e.^., there may be other factors which may bring about 
the differences existing between the chemical elements, considered 
as kinds of matter. 

392. Again, the centres of force are in nature grouped together 
permanently into separate atoms or molecules (Art. 52). It is 
further probable that the centres comprised in each molecule ai'e 
in very rapid motion relatively to each other, and that each mole- 
cule is also in rapid motion with reference to other molecules. 
All these facts tend to complicate immensely the estimation of the 
forces acting in any particular caaej but the fact remains that the 
general taw of force must be, speaking roughly, of the character 
indicated abov& 

393. From this discussion we deduce the following defiuitiona 
and laws : — 

Deflnition. — A body is ehaiic when, after strikiTig another body 
considered OBJUced, it rebmmds, or receives a motion in the opposite 
direction to tlie original motion. 

Definition. — A body is perfectly elasHe when, the impressed 
forces remaining tlie srnne, the motion of rebound is in all respecta 
the reverse of the motion of impact. 

Definition. — A body is imperfectly elastic loAen the motion of 
rebound is leas than tJiat of impact. 

First Law of Elasticity. — The ultimate atoms of every body are 
perfectly elastic. 

Second Law of Elasticity, — Svery body, taken as a whole, is 
imperfectly dastia. 
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Third Law of Elasticity. — In any body, taken as a wholes and 
therefore imperfectly elastic, (he ratio which the force of restittUion 
bears to the force of compression depends only on tlie nature of thi 
body. 

§ 6. Impact. 

394. It has been said that when one body strikes and rebounds 
from another, the action is usually so rapid that it cannot be directly 
measured. It should be observed, however, that this is not always 
the case. The difference is well illustrated by the mineral waggons 
on a railway, some of which have dead buffers — that is, buffers com- 
posed of wood, — while others have spring buffers — that is, composed 
of an iron head and bar, packed with discs of india-rubber. If two of 
the former strike each other, they will be seen to spring back in- 
stantaneously, so far as the eye can judge ; but if two of the latter 
strike each other (at a modei-ate velocity), there will be an appre- 
ciable time during which the buffers are yielding before they come 
to rest, and, again, an appreciable time before they completely 
separate. 

395. In such cases as the last, if the law of resistance of the spring 
is known, the time and distance in which the body will be brought 
to rest can be determined by the usual formulaB for accelerating 
force, in the same way as we determined the stoppage, under the 
action of gravity, of a body projected vertically upwards. 

Example. — Two railway waggons, each weighing 12 tons, meet 
each other at a speed of 8 feet per second, and after the buffers 
touch, each waggon moves 6 inches before coming to rest : To find 
the mean resistance of the buffers — that is, the force of resistance 
supposing it to be constant throughout the collision. 

The energy of either waggon at the moment when the buffers 

touch is given by the expression - -jr , or (taking ^ = 32) 

9 ^ 

12x2240 8x8 __ _,^ 
____x -^=12x2240, 

and this is destroyed by the exertion of an energy R s, where R is 
the resistance, s the space througjci \sr\i\ci\i Vfe ^^cXa, ox \iQ^\.. ^^^e^jsifc 
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11x1 = 12x2240; 

R = 24 X 2240 lbs., or 24 tons. 

396. In cases where the action is very mnch more rapid, the same 
treatment may still be used, provided we may make certain 
assumptions as to the conditions. For example, suppose that the 
waggons in the last case had dead buffers, and that the wood 
yielded by the sixteenth of an inch before they came to rest Then 

we have only to substitute in the equation ^o — r^ for J, and the 
value of R is given by 

11 = 12 X 16 X 12 X 2240 lbs. = 2304 tons. 
The accelerating force of this pressure upon the waggon is — x ^, or 

12 X 16 X 32 = 6144 feet per second. 

The time occupied in stopping the motion is the time in which 
this accelerating force will generate a velocity of 8 feet per second. 
Hence, since v =ft, we have 

^"^^ ""6T44" 768 ^^ * ^^'''^• 

This example will suffice to show how rapid is the action and how 
great the forces caUed into play, even in the case of impact at 
very moderate velocities. 

397. In practical cases, where the times and spaces cannot be 
exactly observed, the forces of restitution must be treated as im- 
pulsive forces — that is (Art. 356), they must be estimated according 
to the total momenta which they generate. It is to questions of 
this character that the title of impact is usually confined. 

Let us first consider the impact of totally inelastic bodies. 

Problem. — Two inelastic halls, movvng in the samrie direction, hU 
with different velocities, impinge upon ea>ch other; to determine 
the motion after impact 

398. Let M M' be the masses of the two balls, V V theis 
velocities before impact 
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When the bodies implDge, there will be an impolslYe pressure 
between them, which we will call R, and which will be measured 




Fig. 65. 

by the momentum it generates. This pressure will be equal in 
magnitude and opposite in its direction upon the two balls — i,e,, 
accelerating one and retarding the other. For while the pressure 
is acting, the bodies are in contact, and therefore moving with 
the same velocity : hence the conditions are the same as if they 
were at rest, and R will be the sum of the forces acting between 
the bodies, which by the third law of motion will be the same 
for each body. 

The momentum of the ball M before impact is M V ; there- 
fore its momentum after impact is MV-R, and therefore its 

velocity is ^ - tTf • 
Similarly, the velocity of the ball M' after impact is 

But since, by the hypothesis of inelasticity, there is no force 
after impact to separate the balls, they will proceed with a common 
velocity ; 

..V j^-v +^,. 
MM' 

and if V be the common velocity, 
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W^ ' M + M' 



399. Cor, 1. — If the balls are moving in opposite direction b, wo 
have onlj- to write — V instead of V, Then the equationa become 

B_ MM' 



M+M' 



400. Cor. 2.— Inthecaeeof Cor. l,if V M = M' V, wehave«=0. 

In other words, if two inelastic Imlla, moving in opposite directione, 
and with equal momenta, impinge on each other, they will bo 
reduced to rest. 

401. Cor. 3. — From the two equations for v we have, according 
as V is positive or negative, 



M« 



■M'u-M'V+M'V, 
■ M'« = M'V-M'V'. 



Both of these are expressed by saying that t/ie algebraical sum of 
the momenta of the haU» is Uie Eame after impact as before it. 

403. We can now proceed to the problem of elastic bodies. We 
may consider the impact as consisting of two parts — viz., during tbe 
compression of the bodies, and during the restitution of their 
forms. As long as compression continiies, the problem is pre- 
cisely the same as if the bodies were inelastic; and if we call B 
the impulsive pressure between them during compression, the value 
of E will he that already found on tbe euppoaition of the bodies 
being inelastic. For, though the bodies do not, for any sensible 
time after impact, move with the same velocity, yet during that 
very short time in which the compression takes place they do so ; 
hence the/oree of compression is already determined. When the 
restitution of form takes place, ii new force K' is brought into 
action, which we have distiugaisbed aa the force of restitution. 
To detemune K' we must have rccow&e to ts 
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foand (Art 389 above) that the ratio of R' to R is independent 
of the velocity of the bodies, and dependent only on the natare ci 
the substances of which they are composed. So that, if we make 
R'b0 K, we may consider « to be a known quantity; sinoe in 
any given exami)le, if the substance of the bodies is given, the 
value of e may be found from exi)eriment, or by referenoe to 
tables of elasticity. The quantity e is called the modulus of 
eUuUdty ; for finite bodies it is always some quantity less than 1. 

403. Problem. — Two elastic balls moving in the same direcUony 
but with different velocities, impinge upon one another; to find 
ike velocities after impact. 

Let MM^ be the masses of the bodies, 
W their velocities before impact, 

w/ „ after „ 

RR' the forces of compression and restitution respectively, 
80 that the whole impulsive force between the balls =R + B' 
<= R (1 + 0), where e is the modulus of elasticity. 

We may find R on the supposition of the bodies being inelastic ; 
hence by our previous investigation (Art 398), 

M + M'^ '' 

.•.«=V-^'=V-(l+«)|=V-(lH-«)^(V-VO, 

T> , T>/ T> TUT 

404. Cor. 1. — If the balls are moving in opposite directions we 
must change the sign of V; then the equations are, — 

405. Cor, 2. — We have, by subtraction, 

v-v' = Y-Y'-{l+e)(J-Y% 
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If we suppose V to be greater than V, and that after the im- 
pact the ball M' is driven on by M in the direction in which it 
was moving before impact, ij will be greater than u, and we may 
write the preceding equation thus. 



Now V - V ia the reh^ive velocity of the balls before impact, 
that is, the rate at which tfaey approach each other, and v' — v is 
the relative velocity after impact, or the rate at which they 
separate ; hence the preceding formula may be expressed by 
saying, that the ratio of the relative velocities before and after 
impact is a quantity depending only on the nature of the sub- 
stances of which the balls are composed. 

406. Cor. 3. — If we multiply v by M, and tj' by M', and add, we 
have, according as V is positive or negative, 
Mw + MV-MV-hM'V. 
orMi>.i.MV = MV-M'V'. 
Hence, as before, the algebraical sum of the momenta of the balls 
is the same after impact as before it. 

This result, which is thus shown to he general, might be deduced 
by general reasoning. For it appears that the total action on 
either ball, whether inelastic or elastic, varies as R, where K is 
an impulsive pressure, acting equally in opposite directions on the 
two balls, and measured by the momentum which it generates. 
Hence the effect of the impact ia to generate in the two balls, con- 
sidered as one system, an equal amount of momentum in opposite 
directions; and it is cleai' that this cannot have any effect on the 
n of the system taken as a whole. 



407. Problem. — An eUulic baU impingea direcUi/ uptni a faaed 
•pUrne; tojind Ifte velocity ajler impact. 

Let V be the ball's velocity before impact, 
« „ after „ 

R R' the forces of compression and restitution, 
e the mtxlulus of elaslicLtj. 



166 THE studeiit's mbchanics. 

Then, to find E, we suppose the body inelastic ; but in this case 
there would be no velocity afler impact, since the plane is fixed ; 

.-. V-^ = 0, or R=MV; 
M 

.-. R + Il' = (l+e)MV, 
but Mv = MV-(R + R') 

.-. i; = V-(l + e) V=-«V. 

Hence the ball's velocity will be diminished in the ratio of 1 : d> 
The negative sign indicates that the motion after impact must be 
in the opposite direction to that before impact, which must 
manifestly be the case. 

408. By the term oblique impact we designate those cases of 
impact in which the direction of the velocity does not coincide 
with the direction of the mutual impulsive pressure. 

Problem. — A body impinges upon a fixed plane, in the direction 
of a li/ne making a given angle with the normal to the pla/ne: to 
determine the motion after impact. 

Let V be the velocity before impact, a the angle which its 
direction makes with the normal to the plane : v, similar quanti- 
ties after impact. The rest of the notation as before. 

We may suppose the velocity V to be resolved into two velocities, 
one parallel to the plane (V sin a), the other pei-pendicular to it 
(Y cos a) ; the former will not be altered by the impact, the latter 
may be treated as in the case of direct impact, and will therefore 
be diminished in the ratio of 1 : e. The resolved parts of the 
velocity after impact, parallel and perpendicular to the plane, are 
V sin &f and v cos & respectively j hence we shall have, 

V sin ^ = V sin a, 

V cos ^ = - eV cos a ; 

.*. cot d= - e cot a, and t;^ = V^ (sin^a + e^ cos^a), 

which equations determine & and v. 
It may be observed that this investigation is applicable to the 
case of impact on any surface, by «^3\i«i\I\\.\>^axi^ lot "Ockfe ^sjaa^ Qtt 
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whict the impact has been supposed to take place the plane which 
touches the surface at the point of impact. 

409. Cor. — If the elasticity be perfect, or e = 1, we shall have 
^^1 cot d = — cot a, 



and«2 = VS, ori' = V. 
The interpretation of these restilCs is, that the ball Tcill rebound 
from the plane with a velocity equal to that of incidence, aud in a 
direction making an angle irith the normal equal to the angle of 
incidence, but on the opposite side of the normal. This is the 
ordinary rule in the case of a billiard ball striking the cushion. 

410. The more general case of the oblique impact of two balls may 
be solved in like manner by resolving the velocity of each ball into 
two, namely, one in the direction of the mutual impulsive pressure, 
and the other in the direction at right angles to it ; then the latter 
portions of the velocities will not be affected by the impact, and 
the former will be modified exactly in the same way as if the 
impact had been direct 

411. We can now prove mfttbematically what we have already 
mentioned — viz., that the conservation of energy does not hold in the 
case of imperfectly elastic bodies, inasmuch as the sum of their 
kinetic enei^es (or the total vis viva) ia always diminished by the 
impact. We have already seen in fact (Art. 400), that if the bodies 
betotallyinelaatio, and if they meet each other with equal momenta, 
the velocities, and, therefore, the actual energies, will be totally 
destroyed hy the impact; and if the elasticity be imperfect, a similar 
effect will, of course, take place, though in a less degree. We 
shall, however, give a direct proof. 

412. Theorem. — In the direct impact of perfectii/ elattia bodies, 
the inim of the masses of Uie bodies multiplied each by tha square 
of its vsloeity is the same before and after impact. 

Let M M' be the masses of the bodies, V V their respective 
velocities before, and v i/ after, impact. 

Then, we have seen (Art. 403} that (taking e =Y^ 
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.•.«-t/=V-V'-2(V-V0=-(V-V'), 

orv+V = t/+V' .... (1.) 



Again, 



Mv+MV = MV+M'V', 
orM(i;-V)= -M'(t;'-VO . . . (2.) 

Multiplying together (1) and (2), we have 

M (i;2 _ V2) = - M' (t/2 - yz), 
or, M i;2+ M't/2 = M V2+ M'V'Z. 

But the mass of a body multiplied by half the square of its 
velocity is its Vis Viva; hence it appears that when the elasticity 
is perfect, the total Vis Viva of two impinging bodies is not 
altered by impact. 

413. Theorem. — In the collision of imperfectly elastic bodies, Vis 
Viva is lost by the impact. 

In this case we have 

.-. Mi?+ MV = M V+ M'V'; 
alsov-'y' = V-V'-(H-e)(V-V)= _e(V-V'); 

thus (Mv+ MV)2 = (M V+ M' V)2, 
and MM' (v-v'f^MW^ (V- V^ 

= MM'(V-V'f-(>."ei^MMXV-V7; 



^^R'liy addition, (i 
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^di( 



^fcy addition, (M + M") (Mu'+MV^) = (M+M") {MV'+M'V') 
^(l-is2)MM'(V-V7, 

orMt^+M'u'« = MV>+MT'S-(l-e2)^^,(V-V')<; 

which provea the propoaitioa, einoe e is less than 1. 

As already mentioned, this does not affect the truth of the 
CoDservation of Energy, inaemacb as the ultimate atoms of all 
perfectly elaatia 



§ 7. Energy and Wosk. 



4] i. In the remainder of this treatise we shall develop someirhBt 
further the principles of Work and Energy, as laid down in Part 
I., Sections 10 and 11. We begin by returning to the Consarva- 
tion of Energy. 

415. On account of the importance of this principle, we preferred 
to give a formal proof of it (Art. 162), following on the general 
principles of Geometry and Dynamics.^ But we lauet repeat that 
it is an immediate deduction from the principle of conservatiou 
(namely, that effects live), aa soon as we have proved (as in Art. 
13G) that the true measure of the effect of a force acting upon any 
particle for any time, is the change which it has wrought in the 
energy of the particle, taking the word to include both the 
potential and kinetic enei^y. For this effect cannot disappear, 
oxcept by producing an equivalent effect iu some other body; or, 
which is the same thing, the energy of the particle cannot be 
diminished, except the energy of some other particle or particles 
be increased by a like amount. And this is what is meant hj 
the conservation of energy. 

416. Problem, — To find l/ie si/mbolieal e:i:jM'esewn/or the conser- 
vation of energy, in the ease of a, single particle in motion wider 
the action of given forcea in one plane. 

'Tho proof naunlly given (aeo, eg., Routh'a R'mid Djfitamica) it more 
elegant and complete, but involves a higher applicatiou of the DiSerentisl. 
Calculus than ia admiuible in this tTutaaa. 
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In this case the other particles of the system are supposed at 
rest^ and therefore the kinetic energy of the system is given hy 
that of the moving particle m. Let this start from the origin, and 
move through a very small distance, r, in a very small time, dt. 
Let the projections of r upon the axes he dx, dy; and let 
X, Y be the resultant of all the forces acting on the particle, 
when resolved in those directions. Then the total energy 
expended on the particle is found by multiplying each of these 
forces by the distance through which the particle has moved in its 
direction, and taking the sum. This sum is clearly 

ILdx + Y dy. 

Since this represents the energy expended by the forces, it also 
represents the change in the potential energy of the system (apart 
froD^ the moving particle) which is due to the motion. 

Again, let v be the velocity of the particle at the beginning of 
the interval, and v + dv at the end. Then the change in the 
kinetic energy of the particle is given by the expression 



^r(t? + c?i;)2-2;n. 



And these two changes, by the principle, are equal to each other. 
Hence we have 

'^{v + dvf-v^'^=:X.dx + Ydy. 

[417. If the motion is in three dimensions, we may similarly 
deduce the equation 

"2 {v^dvf-v^ \=X.dx^Ydy + Zdz\ 

418. There are, of course, no instances in nature where all the 
particles of a system but one are really at rest; but there are 
many instances where all the particles, whose influence on a 
certain particle needs to be taken into account, may be considered 
as at rest with respect to it. Such cases are those where gravity 
is the only force acting. Thus, suppose a body to fall vertically 
from rest under the action oi gravity, aa^VX. •o\i^\\&'^^lQcity after 



in 

it has fallen through a, space s. Then the left hand side of the 
equation becomes -^ v^, and the right hand side becomes mgs. 
Hence the equation becomea 

m- =mgs, 

which is equivalent to the well-known formula, u^ = 3 j g, given in 
Art. 90. In this case the above equation holds exactly; that 
18, the potential energy of the body is diminiahed (since it haa 
approached nearer to the centre of the earth), while ita own 
kinetic energy has increased by a con-esponding amount. 

Again, let us take the case of a particle projected upwards, with 
initial velocity V. Then the equation becomes 
V2-^_ _ 

Here the potential energy expended ia represented by the negative 
quantity — 2ps; in other words, the potential energy haa been 
iTicreased by the quantity mga. At the same time the kinetio 
energy has been diminished by the corresponding amount. 

419. It is only in Tery simple cases that the whole change of 
energy, from potential to kinetic, thus takes place, as it were, within 
the moving body iteelf. Generally the energy is expended, wholly 
or in part, on other bodies, which therefore have to be taken into 
account. In such cases we mnst subtract from the total energy 
expended by the moving forces the energy which has been expended 
upon these other bodies; and the remainder will represent the 
energy which has been expended on the moving body, and which 
must therefore be equated to the change in the kinetic energy. 
The enoT^ expended on the other bodies will have gone to increase 
either their actual or potential energy ; this will have to be a 
matter of separate inquiry. 

420. Thus, suppose the case of a train starting from rest on a level 
road. Let P be the forward force exercised upon it by the engine, 
and let R be the resistance to motion, which we may, for the 
pneent, ooiiuder conatanL Let m be the masa oi \3afe\jCTiai,'oN». 
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velocity after passiDg over a distance x. Then the total energy 
exerted by the engine is Tx. Also, since the resistance^ It, has 
been moved through the same space x^ the energy expended on 
the resistance is Ra:. Hence the equation is 

^«« = Pa?-Rax 

421. Let us consider what has become of the energy, Rosl Of 
this the greater part has been expended in overcoming the fricticm 
between the axles and their bearings, and between the tires of the 
wheels and the rails. It is not at first sight easy to see where this 
•energy has gone, and formerly it was supposed to be altogether lost 
It is, however, a well-known fact that the bearings of railway 
axles, if not attended to, become so hot as to set fire to the grease 
used for lubricating them ; and the tires may also become heated. 
From such facts it was surmised long ago that friction was mainly 
-absorbed in producing heat ; and it is now proved, beyond all 
reasonable doubt, that the condition of bodies which produces the 
sensation we call heat, is a condition of rapid vibratory motion in 
the molecules which comi)ose them. The heat of a body, in fsict, 
is measured (within certain limits) by the kinetic energy, or vit 
viva, of its molecules. Hence we see that the greater part of the 
energy, R x, has been expended in increasing the kinetic energy of 
the particles in the bearings, axles, &c. Another part has been 
-expended in overcoming the resistance of the air — that is, in 
pushing aside its particles and giving them motion, which motion 
may be felt by a bystander as a decided breeze. This part^ there- 
fore, has also gone in increasing kinetic energy — namely, that of the 
air. Lastly, if the train, instead of being on a level, is on an 
ascending gradient, the resistance offered by the weight of the 
train to the ascent of this gradient must be included in the value 
of R ; and the energy thus expended goes to increase the potential 
energy of the train, since, if stopped and left to itself, it would roll 
back again down the gradient, thus increasing its kinetic energy. 

422. We have hitherto supposed the resistance R to be constant. 
If BO, P being always greater than R, the velocity of the train would 

increase indefinitely. Ab a msA^T oi iaL<(^\),^^>e;sk»7i ^^Wt this is not 
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BO, However powerful the engine, the train at last reacIiBB & certaia 
speed, which it cannot surpass. It follows that the resistances are 
not constant, as is found to be true on experiment. The frictional 
resistaDccs indeed decrease slowly as the speed increases, at any 
rate after a certain limit ; but the resistance of the air increases 
very rapidly (about aa the square of the velocity), and it ia this 
which brings the increase of speed to an end. When this takes 
place, the train continues to move with a constant velocity, under 
the action of a forward or accelerating force, P, and a retarding 
force, also equal to F. It is, therefore, in a state of equilibrium, 
and might be treated aa if it were at rest. At the same time, it 
would not be true, of course, to say that no work was being done 
in this case. The force, P, of the engine exerts energy just aa 
before ; but the whole of this energy ia tinaUy expended, not on the 
train, but on the other bodies, chiefly the particles of the air, to which 
it communicates motion, thereby increasing tlicir kinetic energy. 
The train only serves, aa it were, as an intermediary, through 
which this energy is conveyed to the air; just as the " draw-bar," 
which connects the engine to the train, serves as an intermediary 
to convey the enei^ to the train. 

433. Hitherto we have considered the question of the transfoiv 
mation of potential into kinetic energy. Let us now suppose that 
the train ia to be stopped. Then its kinetic energy, represented by 
■^ v^, has to be disposed of, and it must be expended in generating 

kinetic or potential energy in some other bodies. If the length of 
the stop is of no consequence, we may simply tuiTi off the steam, 
and the train will expend its energy gradually in overcoming the 
resistiinees, K— in other words, in increasing the kinetic energy of 
the bearings and axles, the particles of the air, &c. If, however, 
the train has to be stopped quickly, it is usual to apply brakea. 
These con.'iiat of ahoea or blocks, generally of wood, which are 
pressed bard against the tires of the wheels, and exercise a retard- 
ing effect by their friction. The theory of such brakes affords a 
very iiiatructive example of the absorption of kinetic energy, and 
also of the advantage guined by using the axti&ce cii &xSi. ^"iA. 
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that of sapposing a certain velocity to be ImpreBsed on all the partB 
of a Bjstcm, 80 as to bring one {^articular part of it to rest.* 

424. It should be stated here that the coefficient for djnamical 
friction is always very much less than the corresponding coefficient 
for statical friction. According to the experiments of Morin, the 
coefficient for dynamical friction is independent of the velocity; bat 
it appears that this is only an approximation to the truth with 
moderate pressures and s])eeds. At high speeds, and with such 
pressures as those of brakes, the friction decreases as the speed 
increases ; but the exact laws of its action are unknown. 

425. Let us confine ourselves, for the sake of simplicity, to a single 
wheel of a railway train moving at a uniform speed. This wheel, 
while rolling upon the rail, revolves round its own centre with 
an angular velocity such that the linear velocity of its circom 
ference is equal to the speed of the train. Any point of the wheel 
will thus have a motion compounded of the general horizontal 
motion of the train and of this rotary motion round the centre. 
To get rid of this compound motion, it will be well to suppose a 
velocity equal and opposite to that of the train to be impressed 
upon every point of the wheel and of the rail. On this supposition 
the centre of the wheel will be stationary in space ; every other 
point of the wheel will revolve round the centre with the same 
velocity as before ; and the rail will move with a motion the same 
as that of the train, but in the opposite direction. The effect is, 
in fact, the same as if we supposed the engine to be employed not 
to pull the, wheel over a stationary rail, but to pull the rail from 
under a stationary wheel. Let us now consider what will happen. 
If we neglect all friction of journals, &c., and suppose that the 
brake is not applied, the power required to keep up the motion 
will be nil. Let us now suppose the brake applied with a pressure 
P. This will produce by friction a force (say /P, where / is the 
coefficient of friction) tangential to the wheel, and tending to stop 
its rotation. This force, transmitted through the frictional resis- 
tance or adhesion between the wheel and the rail, will act upon 
the rail, and tend to stop its motion. If this motion is to be kept 

*Tbia theory was first given before the Institution of Mechanical 
JEngmeera, Oct. 1878. 
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op aa before, a force equal and opposite to /P must be applied by 
the engine to the i-ail. Hence, the additional tractive force 
required when the brake is applied {or in other words, the retard- 
ing effect of the farakej ia equal to the tangential frictional stress 
of the brake upon the cLrcunilerence of the wheeL 

426. This concluaiou ia not atrictly true except where the speed is 
kept uniform. When the train ia stopping under the friction of 
the brake, a part of this friction is employed in checking the 
rotation of the wheel to correspond with the checking of the train. 
This part of the frictiunal resistance ia thus wasted, as far as 
stopping the train is concerned : but it is always in practice a 
small fraction eiily of the total resistance j and it is constaat at 
all speeds, since the rate at which the velocity of a body is 
destroyed depends only on the mass of the body and the amount 
of force applied to it, and not on the initial velocity of the body. 

427. If the adhesion of the rail and wheel were unlimited, this 
would be a complete account of the whole matter. But this adhesion 
has a limit, say F W. where F ia the coefficient of static friction 
between the wheel and the railj F will always be much greater 
than f, which is the coefficient of dynamic friction between the 
wheel and the brake-block. Let the pressure, however, be so 
much increased, that the brake friction /F Is greater than the 
rail friction F W. Then, since the force transmitted from the rail 
to the wheel cannot be greater than F W, it follows that, whatever 
be the pull of the engine, the difference between these two 
frictional resistances, which act in opposite directions, will remain 
as an nnholaaeed force, tending to stop the rotation of the wheeL 
Consequently, this rotation will be checked ; and if the wheel bad 
no inertia, it would be stopped instantaneously. As the wheel 
has inertia, it will be stopped, not instantaneously, but after an 
interval of time, which will be greater as the mass and velocity of 
the wheel are greater, and less as the difference between /P and 
F W, the two frictional resistances, ia greater. In all cases, 
however, this interval will be very short ; because, aa soon as the 
rotation is materially checked, so that the wheel is slipping over 
the I'ail with an appreciable velocity, the coefficient of friction 
between wheel and rail will change from its origml vbIhb fot ilali<A 



I 
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friction to tbo much smaller value for dynamic friction. Hence, 
whatever may have been the original difference between the two 
frictional resistances, it will now be largely increased ; and as it is 
this difference which tends to stop the rotation, this stoppage will 
be completed in a very short time. Hence, the wheel will always 
continue to rotate at the train speed, until the frictional resistance 
between wheel and brake-block becomes greater than that between 
wheel and ndl ; but as soon as this takes place the rotation will 
be checked, and will be stopped completely in an interval of time 
which in practice will always be very small. 

428. If the coeffioient/of brake-block friction were the same at all 
speeds, the pressure which would produce skidding (or stoppage of 
rotation) would also be the same at all speeds ; although the time 
it would take to skid the wheel completely would be greater at a 
high speed than at a low one. As the coefficient of friction is less as 
the speed is greater, this is not the case ; and it requires a greater 
pressure to skid the wheel at a high speed than at a low one. But 
in all cases the amount of tangential brake-friction which will 
skid the wheel is independent of the speed, that is, unless the 
rail-friction varies with the speed, which there is no reason to 
suppose is the case. 

429. Let us next consider what will happen when the wheel is 
skidded. Just at the moment when it is coming to rest, and the 
motion of the wheel under the brake-block is therefore very small, 
the coefficient of friction between these two will change from its 
value for dynamic friction to its much higher value for static 
friction. Consequently the frictional resistance of the brake-block 
will show a large increase ; but this will not be transmitted to the 
rail, because the adhesion between the wheel and the rail is already 
transmitting all it can, and hence this increase in the brake-block 
friction will not be accompanied by any increase in the tractive 
force. 

430. Although in stopping the rotation of the wheel, a certain 
amount of vis viva is destroyed, yet this has no retarding effect on 
the train j since the motion lost is only the rotatory motion of 
the wheel round its stationary axis, and has therefore no component 

in any one direction in space. 
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431. Ab Boon as the wheel is completely skidded, the brake-block 
friction becomes reduced to a. mere mechaDical means for holding 
the wheel fixed, and has no longer any direct effect in stopping 
the train. The whole of the stopping is thenceforth done by the 
rail-friction. But this has now only its low vaiue for dynamic 
friction, and not its high value (commonly called " adheaion ") lor 
static friction, which gave the measure of the retarding force 
when the wheel was in motion. Hence the retarding force 
available for stopping a ti'ain is greater when the wheela revolve 
than when they are skidded, in about the proportion of the value 
of the static to that of the dynamic friction between wheel and 

433. Let 113 now consider what will huppen if the pressure is 
taken off the brake-bloclc, and the wheel released. It is clear that 
as soon as the hrake-hlock friction falls below the rail friction, 
the difference between the two becomes an nnhalauced force 
tending to turn the wheel, and it will begin to rotate. The 
vis viva, or kinetic energy, thus imparted to the wheel must of 
course be given to it by the rail, and will jjroduce an increased 
pull on the rail, in other woi-ds, an increase in the tractive force. 
Moreover, just when the wheel is coming to its full speed, the 
rail and the tyre will be coming to rest relatively to each other; 
consequently the friction will change from its dynamic to its static 
value, the pull it is capable of exerting on the wheel will be greatly 
increased, and the kinetic energy still wanting will be imparted 
to the wheel very rapidly, with of course a corresponding rapid 
rise in the tractive force. This will be made clfur by supposing 
that the coefEtcient of Irictioa suddenly became infinite ; the wheel 
would then be tTistavtaneously brought up to its full speed, which 
could not take place without a violent impulsive reaction upon the 
rail. Hence, when the brake is slackened on a skidded wheel, the 
effect will be a rise in the tractive force, gradual at first, and then 
very rapid, as the wheel asaumes ite full si>eed of rotation. When 
this is completed, the tractive force wilt at once fall again to the 
value doe to the remaining friction of the brake-block and wheel, 
or, if the brake is taken off altogether, to zero. 
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S 3. ACOUUULATED ENBEaT. 



motion taa a lazgi^l 



^^B 433. Aa we have seen, a hodj in rapid I 

^^H amouut of kinetic energy, aad thla it can be made to expend in 

^^H doing work upon other bodies with which it is brought into con- 

^^r section. Formerly, a body in such a condition was said to Have 

I accumulated work, or to have a cui'tain amount of work stored up 

m it. It is clear that this is uot an accurate expression. Work 

is measured by foot-pounds, and only exista as it is being done. 

What 18 really stored up in the body, is the power of doing work 

— i.e., energy ; exactly aa a man has stored up in hia body at 

I any moment a certain capacity for doing physical work, but cannot 
be said to have inside him any particular number of foot-pounda. 
We may, therefore, speak rightly of accumulated energy, but not 
of accumulated work. 
434. The process of accumnlatiug energy is very nseful in cases 
where an intermittent source of power is used for doing regolar 
work, or again, where the work to be done is intermittent and the 
power regular. Of the latter, the best example is the " accumula- 
tor," used in hydraulic machinery, for cases such as the working of 
docks, where the opening and shutting of lock-gates and bridges, 
and similar operations, have to be performed at irregular iutarvals 
of time. A steam-pump is used to force water, at a high preBsnre, 
into a lai^e upright cylinder, having a heavily- weigh ted " ram " or 
column of cast-iron fitting into it. The water, in entering, forces 
the ram farther and farther out of the cylinder ; so that when the 
ram Li at the top of its stroke, we have a cylinderful of water at a hJ^ 
pressure, determined by the load upon the ram. When work is to 
be done, some of the pressure-water is drawn off from the cylinder, 
lintl passed through a water-engine, which converts its energy into 
I mechanical work. The ram, of course, descends into the cyliuder 

^^^ as the water escapes, and keeps up the full pressure as long as any 
^^V water remains. In this case it is evident that the energy aocumu- 
^^F lated ia potential energy, and is measured by the load on tlie nm 
I multiplied by the height to which it is lifted. 

435. The best example of the use of accumulated energy with an 
intermittent motive power \a 'CaaX oS tiafe OTSi\iii^ St5--«\iBftl. iaat 
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The action of a steuiu eDgiue is to puah a piston back- 
wards aud forwards ioaide a cylinder ; and at the moment when 
the piston stops, at either end of the cylinder, it can of course bo 
doing no work. The engine would conaequently atop, and could 
not go on agnin, were there not some mode of keeping up the 
motion. TbiH is usually accomplished by making the engine turn a 
heavy wheel, called the fly-wheel, which accumulates kinetic energy 
during the forward stroke, and by giving this out again, in work 
done on the machinery, carries the engine over these "dead-points," 
as they are called. This, then, is a case of the storage of kinetic, 
not jMtential energy ; but it. is energy, not of translatory motion, 
or motion in a straight line, but of rotatory motion, or motion 
round an axis. Therefore, to investigate the ily-whoel we must 
know how to measure the actual energy of a rotating body. 

i36. Definition. — T/ie mornent of inertia of a body, taken round amy 
given ctxia, ia tite sum of the prodiLcta found by multiplying tin mass 
of each particle of the body by the square of its distance from t/te tads. 

437. Problem. — To find the kinetic oaergy of any rigid body 
reeolviiig round an axis. 

Let 711 be the mass of any particle of the body, r its distance 
from the axis, aud let tu be the angular velocity of the partiole 
(Art 335). This will be constant for every particle of the body, 
because it is defined to be rigid. Were the angular velocity of 
any particle, A, greater than that of any other, B, A would 
gradually gain upon and overtake B, and therefore the geometrical 
conditions of the body would not be constant, as by the hypotheaia 
uf rigidity they are supposed to be. 

Let the |>artio]e m revolve through a very small angle, dB,ia. 
time d t. Then the linear distance through which m has moved is 
rdQ; and if o be the linear velocity, 

vdt = rde. 
But by the definition of angular velocity 

dd = wdt ^H 

.wdl'^riodt ^^H 
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Hence the actual enei-gy of m = ^ t;* = ^''^ ai*. The actual energy 

of the whole body will be found by taking the sum of these 
expressious (which are essentially positive) for every particle of 
the body. Hence it may be written 

But 2 m r* is the moment of inertia of the body about the axis. 

Hence tJie actual energy of any roUUing body is given by -^— , where 

I is the moment of inertia round the aocia, and io the angukur 
velocity, 

438. The moment of inertia is not in most cases easy to find, 
without the aid of high mathematics : in the case of a fly-wheel, 
however, it will be sufficient in practice to treat' the whole of the 
weight as distributed uniformly along the circumference of the 
circle described by the mean radius of the rim. Let r be this 
radius : then the moment of inertia of any particle of the wheel is 
m T^, and if i(7 be the total weight, the total moment of inertia is 

- r*. Hence the total actual energy is given by 

^ 2-.2 

2g 
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PART v.— AXIOMS, DEFINITIONS, AND LAWS. 

(Collected /or refereiwe, and to be committed lo ?imnary.) 

AXIOUB. 

1. (Art. 17.) Principle of Counteractioa — A force always tenda 
to produce motion, but iimy be prevented from uotually producing 
it by the counteraction of au equal and opposite force. 

2. (Art 69.) Principle of Inertia. — All things within our know- 
ledge being finite, any known body under the action of any known 
force will only aK^unie a, finite motion in a finite time. And a 
body which possesses this propei'ty ia said to have inertia. 

3. {Art. 73.) Principle of Conservation.— Effects live. 

4. (Art. 99.) Principle of Synunetiy. —When a cause, or set of 
causes, is so related to two opposite effects, that there is no reason 
whatever why one of those effects should take place rather than 
the other, then neither of these effects will be produced by the 
cause or causes ; and this relation is said to be a relation of 
symmetry. 

5. (Art. 122.) Principle of Transmission of Force. — A force 
may be supposed to act at any point in its direction, provided 
that point be considered as rigidly attaclied to the point on which 
the force really acts. 

Definitions. 
■ 1. (Art. 7.) Mechanics is the science of motion and force. 

2. (Art. 10.) A thing is known to be in motion, when it ia 
continuously changing its position in space with reference to 
some other thing assomed to be fixed. 

3. (Art, 13.) A force is a physical cause of motion. 

4. (Art. 41.) A continuous force is one which is always going 
on ; a discontinuous force is one which acts at intervals only. 

5. (Art 49.) Matter uonaista of & coUec^iv ai iiec^wtb tfi.\s«f». 
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distributed in space, and acting upon each other according to laws 
which do not vary with time, but do vary with distance. 

6. (Art 60.) The number of centres of force, or the qnantity 
of matter in a body, is called its Mass. 

7. (Art 65.) The product of the mass of a body and its Telocity 
at any instant, is called its Momentum ; and forces considered in 
relation to the momenta of the bodies they move are called 
Moving Forces. 

8. (Art 94.) When the effect of several forces, acting togeth^ 
on a point, is found to be the same in all respects as that of a 
single force supposed to act by itself on the point in their places 
then this supposed single force is called the Resultant of the set of 
forces. 

9. (Art. 95.) When the resultant of the forces, acting on a 
point, is zero, there is said to be Equilibrium between the forces, 
and the point is said to be in equilibrium. 

10. (Art. 129.) When a constant force acts for any time upon 
a body in motion, the product of the force and of the distance 
through which the body has moved in the line of action of the 
force, is called the Energy Exerted by the force during the motion. 

11. (Art. 129.) The product of half the mass of a body, multi- 
plied by the square of its velocity at any instant, is called the 
kinetic energy of the body at that instant. 

12. (Art. 142.) If a point be acted on by two forces, P and Q, 
in opposite directions, of which P is the greater, then P is called 
the Effort, Q the Eesistance, and P — Q the Unbalanced Effort 

13. (Art 142.) Under the same circumstances, if « is the space 
described in any time, P« is the Energy exerted by the effort, — Q^ 
is the Potential Work done on the point, and (P — Q) « is the 
Kinetic Work done on the point. 

14. (Art 144.) If one centre of force, taken as fixed, acts upon 
a second centre, and if the second centre has a motion in the 
direction in which the first centre tends to move it, then the first 
centre is said to do Work upon the second ; and the work done is 
measured by the product of the force, and of the distance moved 
through in the direction of the force. 

15, (Art 145.) Energy \a ^^ -^o^et oil ^wxi^ ^otk ; and the 
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total amount of energy poaseaaed by any centre of force is measured 
by the total amount of work which it is capable of doing upon all 
the other centres upon which it acta, 

16. (Art. 176.) A rigid body is a collection of material points 
or particles, the relative positions and distances of which, with 
regard to each other, are auppoaed to be absolutely fixed, so 
(iat no external force can alter them. 

17. (Art. 178.) Wlen all the points making up a rigid body 
move in the same direction, and with the same velocity, the motion 
is said to be one of Translation. 

18. (Art. 179.) When of the points making tip a rigid body, 
those which lie in one straight line are at rest, and the othen 
move in circles round that line as an asis, then the motion is saiil 
to be one of Botation. 

19. (Art. 187.) A rigid rod, movable about a fixed point in its 
length, ia called a Lever; the fixed point is called the fulcrum, 
and the parts between the fulcrum and the extremities are called 
the arms. 

20. (Art. 188.) The Moment of a force, with respect to » 
given point, is the product of the force and the perpendicular 
Irom the point upon its direction. 

21. (Art. 193.) A pair of equal and parallel forces, acting in 
opposite directions, is called a Couple : the perpendicular distance 
between the lines of action is called the arm; and the product of 
either force into the arm is the moment. 

22. (Art. 199.) A straight line drawn perpendicular to the 
plane of a couple, and proportional in length to its moment, is 
called the axis of the couple. 

23. (Art. 227.) Friction ia the resistance opposed by a surface 
to the motion of a body along it. 

24. (Art. 237.) The angle of repose for any two Bnrfiicea is the 
angle at which one of the surfaces is inclined to the horizon, 
when the other, being acted upon by the force of gravity only, just 
rests upon it without sliding. 

2.5. (Art. 239.) A displacement of a system which is such that 
it does not affect the amounts or relations of the various forces, 
acting, is called a conservative displacemeiit, 
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26. (Art 241.) If the point of applioation of a foroe be duh 
plaoed through an indefinitely small space, then the displacement, 
as measured in the direction of the force, is called the Virtoal 
Velocity of the force ; and the product of the foroe and the virtual 
velocity is called the virtual m6ment. 

27. (Art. 325.) A body flying through space nnder the action 
of gravity is called a Projectile, and the path which it describes 
is called its trajectory. 

28. (Art 334.) If the motion of a particle in a plane be con- 
udered with reference to a fixed point in that plane, the Angular 
Velocity of the former about the latter means the rate of in- 
crease of the angle made, by the line joining the two, with some 
fixed line in the plane. 

29. (Art. 357.) An Impulsive force is a foroe so large in 
amount, and acting for so short a time, that we have to measure its 
effect simply by means of the change in velocity which it produces. 

30. (Art. 363.) The Circle of Curvature at any point of a curve 
is that circle of which two successive elements coincide with two 
successive elements of the curve; and its radius is called the 
radius of curvature. 

31. (Art. 365.) A particle moving uniformly in a circle is 
under the action of a constant force tending to the centre ; and 
that force is called the Centripetal force. 

32. (Art. 393.) A body is Elastic when, after striking another 
body considered as fixed, it rebounds, and receives a motion in 
the opposite direction to the original motion. 

A body is perfectly elastic when, the impressed forces remaining 
the same, the motion of rebound is in all respects the reverse of the 
motion of impact 

A body is imperfectly elastic when the motion of rebound is less 
than that of impact 

33. (Art. 436.) The moment of inertia of a body, taken round 
any given axis, is the sum of the products found by multiplying 
the mass of each particle of the body by the square of its dis- 
tance from the axis. 
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1. (Art. 27-) If ■we can measure any interval of time, during 
■whicli the Telocity of a body remains constant, and also the interval 
of space which it travels over during that time, then the ratio of 
the space to the time is a proper meftsure of the velocity of the 
body, 

2. {Art. 38.) Forces are measured by the veloeitiea which they 
cause or generate in the same or equal objects, and in the same or 
equal times. This is the absolute or dynamical method ; and forces 
when so measured are called Accelerating forces. 

3. {Art. 39.) Forces may also be measured by ascertaining the 
number of units of a stanilanl force (in England the number of 
pounds weight) which will exactly counteract them. This is the 
statical method ; and forces, when so measured, are called Statical 
forces. 

4. (Art. 61.) The mass of a body, that is, the number of centres 
of force which it contains, is measured by its weight, as compared 
with that of a standard body. 

5. (Art. 65.) When forces act upon different objects, they are 
measured by the momenta which they generate in a unit of time; 
and such forces are called Moving forces. 

6. (Art. 71.) Newton's First Law of Motion, — Every body con- 
tinues in its condition of rest, or of uniform motion in a straight 
line, except in so far as it ia compelled by impressed forces to 
change its condition. 

7. (Art. 71.) Newton's Second Law of Motion,— Change of 
motion ia proportional to the moving impressed force, and takes 
place along the straight line in which the force is impressed. 

8. (Art, 71.) Newton's Third Law of Motion. — Reaction ta 
always opposite and equal to action ; oi' the mutual actions of 
two bodies are always equal, and in the opposite directions. 

9. (Art. 76.) When any number of forces act ni»n a body at 
once, each tends to produce its whole effect iu altering the magni- 
tude and direction of the body's velocity, just as if it acted singly 
on the body at rest. 
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10. (Art. 90.) General equations for the motion of a body in one 
straight line, and under the action of a single accelerating force. 

v-v^±ft .... (A.) 

9^Vyt±i^ • • • (B.) 

«« = rj±2/* . . . (C.) 

Here f is the force, 8 the space described, v^ the initial velocity, 
and V the velocity at the end of any time t 

11. (Art 101.) The resultant of any number offerees acting in 
one straight line is foand by taking the algebraical sum of tiie 
forces. 

12. (Art. 115.) Parallelogram of Forces If a point is acted 

upon by two forces at once, whose directions make any angle witii 
each other, the effect will be the same as if it was acted on hj 
a single force represented in magnitude and direction by the 
diagonal of any parallelogram, whose sides represent in magnitode 
and direction the two foi*ces acting. 

13. (Art. 121.) Any force P is always equivalent to three forces 
acting parallel to any three rectangular axes, and having the 
values P cos a?, P cos y, P cos a respectively, where a, y, z are' the 
angles which P's direction makes with the axes respectively. 

U. (Art. 122.) Parallelogram of Velocities.— The velocity of a 
point at any moment may be supposed to be resolved into two 
component velocities, if the lines representing the components form 
the two sides of a parallelogram, of which the diagonal represents 
the actual velocity. 

15. (Art. 136.) The effect of a constant unbalanced force, which 
has acted for any time upon a body in motion, is measured by the 
energy exerted as regards the force, and by the change in the 
kinetic energy as regards the body. 

16. (Art. 162.) Conservation of Energy. — In any system of 
matter in motion under its own forces, the total energy, potential 
and kinetic, of the system remains constant. 

17. (Art 174.) If any number of forces acting on one point aie 
in egiiiiibrium, then the a\g,e\iT«ic«X «vim^ c>i \i\i^ com^nents of the 
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forces, taken along any tireo rectangular axes, nmat separately 
Taniali. 

18. (Art. 189.) Principle of the Lever. — If two forces acting at 
the extremities of a lever, and tending to twist the lever opposite 
ways, are in equilibrium, the moments of the forces about the 
fulcrum are equal. 

19. (Art. 193,) The proper measure of the effect of a force, in 
tending to produce rotatioti of a body about a fixed point, ia the 
moment of the force about that point. 

20. (Art. 203.) If any nniuber of forces, acting on a body in one 
plane, are in equilibrinm, then the sum of the components of the 
forces in any direction must be zero, and the sum of the momenta 
of the forces round any point must be zero, 

21. (Art 204.) If any number of forces acting on a rigid body 
in one plane tend to turn it about a fixed axis, there will be equili- 
brium when the algebraical sum of all the momenta about that 

22. (Art. 209.) Eveiy system of parallel forces has a centre;, 
that is, a point such that, if it be fixed, the body will be in 
equilibrium in any position. When the forces are weights, UuB 
point b called the centre of gravity. 

23. {Art 229.) First Law of Statical Friction.— The limit of 
friction between two bodies at rest ia proportional to the normal 
pressures between the bodies. 

24. (Axt.230,) Second Law of Statical Friction.— The limit of 
friction is independent of the area of the surfaces in contact. 

25. (Art. 234.) The reaction of a smooth surHice ia always 
normal to the surface. 

26. (Art. 240.) If the external forces aeting on a system are in 
equilibrium, and if the system receive a coDServative displace- 
ment, the net energy exerted by the external forces will be zero. 

27. (Art. 242.) Principle of Virtnal Velodties.- If a system in 
equilibrinm receive a very small conservative displacement, the 
sum of the virtual moments of all the external forces is zero. 

28. (Art. 338.) If we suppose the velocity of any one particle 
in a system, reversed in direction, to be communicated to each 
particle of the system in addition to \Wt> 'w'^k^ '*& iia»:»^ 
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poeaefiBes, then the relative motions of all about the first thus 
reduoed to rest, will be the same as their relative motionB about 
it when all were in motion. 

29. (Art 359.) A ])article moving in a carved line without 
friction does not lose any of its velocity in consequence of the 
reactions which compel it to move in that lin& 

30. (Art. 367.) If a partiele of mass m move in any curve what- 
ever, it may be taken as acted on at any point by a centripetal 

force = m --, where v is the velocity, and r the radius of curvature 
f 

at that point. 

31. (Art 393.) First Law of Elasticity.— The ultimate atoms 
of every body are perfectly elastic. 

32. Second Law of Elasticity.— Every body, taken as a whole, 
is imperfectly elastic. 

33. Third Law of Elasticity. — In any body, taken as a whole, 
the ratio which the force of restitution bears to the force of 
compression depends only on the nature of the body. 

34. (Art. 437.) The actual energy of any rotating body, due to 

I«2 

the rotation, is given by — s~ > where I is the moment of inertia 
round the axis, and m the angular velocity. 
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PART VI.— APPENDIX OP EXAMPLES. 

(See Ansuxrs a}. ei\d, p, 208.) 

I.-CONDITIONS OF EQUILIBRIUM. 

There are two geaeral metbods oi aolving the large ulaea of problems, 
which coufliBt in determiaing the conditiona of equilibrium of a givea systein 
in two dimenaiona. They are as follows. 

M^hod 1. Reaolve all the Corces ia two directioos at right angles to eacb 
□tber ; and eqnate their algebraical Bum in each direotioo to zero. Theiw 
take the momenta of all the f orcea about somo point in the plane, and equate 
their algebraical sum to zero. Thace are thus three uquationa, algebraical or 
trigonoroetrical ; and if there are not more than three iudependeat ntiknowD 
quantities in the ayatem, the solution of these tbree equations will give all 
the conditions of oquilibrium. If there are more than tbree aucb quanttties. 
the conditions cannot be fully determined. If aurae of the unknown 
quantittea are not indepeodept, they can be reduced in number by formiot; 
the geometrical e^iuations between them. 

In worldug this method it ia desirable to choose the directiooa of resolu- 
tion, and also the point about which to take monients, so as to make Ihe- 
n'sultiog equations aa simple aa poaaible. No gaueral rules can, however, 
lie laid down Cor thii choice, which depends ntion the circumstances of 
each problem. If there are several bodi^ in the system, we can give the 
eqnatioDS for each, and use these to eliminate the uiiltnowu reactions 
eiiating between them. 

Kiihoi 2. Assume the system to receive some small conservative displace- 
ment, i.e., a diaplauement that will not alter the geometrical relations of the 
various forces concerned. Then find the energy exerted by each force during 
the displacement, and equate the algebraical sum of these to zero. This is- 
(^nerallr called the forming of the raiuation of virtual velocities. If this equa- 
tion can be so formed as to contain only one uukuowu quantity, that quantity 
can at once be determined. 

Here again much will often depend on the choice of the particular dia- 
placenieot, which should be such that for all the unknown reactions, who6» 
value tliere is generally no occasion to find, the virtual moment may raniah. 
Of courae the two methods may be combined, the equation of virtual 
velocities being Formed, for instance, instead of the equation of momenta. 
The eqoationa, however, are not all iodependont ol euAi (^«i. 
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oot possible thereby to solve a problem in wliich there are more than three 

unknown quantities. 

As a typical example of both 
methods, take the case of a 
smooth semicircle, A B C D, which 
can slide upon a horizontal plane 
A D, and is kept in equilibrimn 
by two rods EB, FC, which slide 
vertically in smooth rings, and 
bear upon given points in the 
circumference. 

First, by the method of Resola- 
tion. Let AOB=a, COD=/3: 
let W, Wi, be the weights of the 
rods, and B, Bi, the unknown 




Fig. 66. 



reactions at B and G, which, since the semicircle is smooth, must act along 
the normal lines O B, O C (Law No. 25). Consider the rod EB. It is kept 
in equilibrium by the weight W, the reaction B^ and two unknown horizontsl 
forces at the two rings. Besolving vertically, to avoid these, we have 

W=Bsina. 

By similar reasoning Wi=Bi sin /3. 

Lastly, the semicircle is kept in equilibrium by the two pressures B, Bi, and 
by the vertical upward reaction of the plane. Besolving horizontally to 
avoid the latter, we have 

B cos a = Bi cos /3. 



But 



B cos a=r -, cos a 

sin a 

w 

Bi COS fi=zrr7i cos /3: 



Hence 



sinjS 

Wcoto=Wicoti3. 

This gives the relation between W and Wi, so that if either is known the 
other can be found. 

Secondly, by the method of virtual velocities. Assume the semicircle to 
be pushed along the plane, in direction O A, by a very small distance, d. 
Then, if H is the new position of B, it is easily seen that EB will be lifted 
through a space BH, where 

BH=(2cota. 

By similar reasoning, F C will be lowered by a distances (2 cot /9L 
Hence the equation of virtual velocities is 

Wcicoto=WidcotA 
Or, 

"W cot a='Wi co\i ^, aR\seiat»% 
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It is Gvidant thsit tlie other forces invalved will not appear in this oiitut- 
tion : for the reactiona R, Ki, are in equal and oppoaitG pairs, the raactiana 
of the rings are at right angles to the motion of the rods, and the upward 
reaction of the plane is at right angles to the motion of the Beinicircle. 

[In this example the method of virtual velocities is much the shorter and 
simpler ; and this will generally be the ca£o. On the other hand, much more 
care is required in formiagthe equation. It is geuerally better to begin with 
an attempt to form aa eiiuation of virtual velocities, and if this appears to 
be difScutt, then to turn to the more formal method of resolution.] 

As another example, let us take the followicg. 

Two eiiual rods, A B, A 0, of WEigbt ^ 

W, are jointed together by a bingo at ~ 

A, and united at their middle points 
by a weightless string, D K They are 
placed on a horizontal plaoe. BC: 
find the forces acting at D or E. 

[In this case it is impossible to form 
the equation of virtual velocities, for 
we cannot make a displacemeat with- 
out eitLer breaking or slackentug the 
string. We must proceed by the 
method of KesolutiOQ. 

We may lirst consider the direction 
of the reactions at the hinge A. A 

hinge is considered mathematically ^' °'- 

merely as an indefinitely short piece of string, uniting two rods together, 
so that they can turn freely about each other, but cannot be separated. The 
exact direction the string will take — which is the same thing as the direction 
of the reactions at the hinge — mnat be settled by the cireumstances of 
each particular case. But there is one general rule on the subject, namely, 
that if there is any line aboat which the whole figure, and the forces acting 
upon it, are symmetrical, tbeti tlie reactions must lie at right angles to 
that tine. This ia easily seeiu iFor each reaction must be equal and 
opposite to the resultant of the forces on the opposite aide of the liue 
of symmetry, since it keeps these forces in equilibrium; and by 
eymraetry these resultants must moke equal angles with the line of 
symmetry : therefore the reactions do the same. And sinoe they are equal 
and opposite to each other, tbey cannot make equal angles with any line, 
unless those angles be right angles ; hence they are at right angles to the line 
of symmetry.] 

Now, in the present case it is obvious that everything ia symmetrical about 
the vertical line drawn through A. Hence the reactions B, It at A are 
borizontaL Let Bi, R, be the vertical reactions at B and C By symmetry 
these will be equal to each other. Besolving vertically for the whole lyitom. 
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None of the reactioDi enter into this equation, beoanae they are all in equal 
and opposite pain. 

Let X, Y be the horizontal and vertical components of the reaction at D, S» 
By symmetry they will be alike at each point. Now oonsider the eqiiili> 
hrinm of the string D K. Resolving vertically 

2Y=0;orY'0. 

Again, for the rod A B, resolving horizontally, 

X-R = 0. 

Take moments about the point B. Let 2a be the length of the rod, and kt 
B A G = 2 a. Then the equation of moments is 

Xa cos a+K2acoB a = Wasin a. 
Or 

ATA rrr • -v ^ tsu a 

X3aC08o=Wa8mo, X= = » 

which gives the value of X. 

Another class of problems are those where friction comes into the queetiiML 
In these we are no longer coDcemed with the alaolute position of eqnilibriaiD, 
but with the limiting position. This position will be such that the coeffident 
of friction in that position reaches the limiting value fi, which it cannot 
exceed without slipping taking place. 

As an example, consider a circle, of radius r, which rests against a rough 
wall, and is supported by a string wrai)ped round it, and fastened to a naS 
in the wall at some distance above. Let be the angle which the string's 
direction makes with the vertical, R the horizontal reaction between the 
wall and the circle : then /u R is the friction acting vertically at the same 
point. 

Resolving the forces horizontally, we have 

Tsin0-R = O. 
Taking moments about the centre of the circle, 

Tr = MR»', orT = MR. 



Hence 



8in0 = J 



This gives the limiting value, which D must not exceed, or the circle will 
slip. 

1. Two forces, of 3 lbs. and 4 lbs. respectively, act on a particle at right 
angles to each other : find the maguitude of their resultant. 

2. Two forces, of 1 lb. and 2 lbs., act at an angle of GO" : find the direction 
and magnitude of their resultant. 

3. Two forces, of 6 lbs. and 10 lbs., acting at a point, include an angle of 
105": find the resultant. 
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4. A man pnlla a weight by meaaa o£ a rope alaag a road, with a torco at 
20 Ibn. The rope makes an Bugle of 30° with the road: iiad tbe force he 
would need to apply parallel to the ra;id, 

5. Three forces act at a point, acd include angles of 90° and 4)°. Tbe^flrat 
two forced arc each equal to 2 P, and the resultant of them all ia ^JIO F : 
find the third force. 

& A itring, Qxed at its eictremitieB to two points in the aame horizontal 
line, Bupporte a ring weighing 10 ox. ; the two parts of the string contain an 
acgle of 60° i lind the tension. 

7. Show that three forces, acting at a point, hat not in the same plane, 
cannot bo in eqailibrinm. 

8. The resultant of two forces that act at right angles to one another is 
05 lbs,, and one of the forces is 144 lbs. : find the other. 

9. Three posts are placed in the ground so as to form an equilateral triangle, 
and an elastic ring is stretched ronnd them, the tension of which is 6 lbs. : 
find the pressure on each post. 

10. An even number of points are taken at equal distances on the circum- 
ference of a circle, and from one of the points straight lines are drawn to the 
rest ; if these straight lines represent forces acting on the point, find the 
str^ght bne which will repreaeut their resultiint, supposing their number to 

11. Two weights, W and 2 W, arc connected by a, rigid, weightless rod, and 
also by a loose string which is slung over a smooth peg : comjiare the lengths 
of the string on each side of the peg when the weights bare assamed their 
position of equilibrium. 

12. Two itrings at right angles to each other support a weight, and one 
string makes an angle of 30° with the vertical line.- compare the tensiooa of 
the strings. 

13. A weight of 24 lbs. is s'lapended by two flerible striiign, ooe of whioh 
is horizontal, and the other is inclined at an angle of 30° to the vertical 
direction : what is the tension in each string ? 

14. Suppose a person of given weight to be suspended in a scale from the 
extremity of an immovable beam, and to yreaa upwards by means of a rod of 
a given length against the underside of the beam : with what force must he 
press upwards, so that he may rest in any given position ; 

15. A string of given length is suspended to two tacks anywhere situated, 
the length of the string being greater than the distance between them : it ie 
required to find the position of equilibrium of a given weight (w), which 
slides freely on the stricg, 

IG. A uniform pole leans against a smooth wall, at an angle of 45°, the lower 
end being en a rough horizontal plane ; show that the amount of friction to 
prevent sliding is half the weight of the pole. 

IT. If when two particles are placed on a rou){h doable inclined plane, and 
conneated by a string passing over a smooth peg at the vertex, they 
the point of motion ; and if when their positions are interchanged 
is called into play r show that the Umiting angle of friction is equal 
diQcrence of th : ioclinatious of the two plaaes. 



I 
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18. A heavy nniform beam rests with one end agsinst a roiifl^ hoiiaontdi, 
And the other end against an equally rooRh vertical plane : find the least 
«oefficicDt of friction that will allow the beam to rest in all iXMitioiu. 

19. A wheel, radios a, weight w, is acted upon by a wei^t W at ite oiroam- 
ferenoe, and turns round a rough fixed axle, radius 6. Assuming the inside 
ef the wheel and the axle only to touch in one point : find the grefttert vahitt 
ef W nnder which the wheel will not tnm. 



II.— PARALLEL FORCES. 

Ordinary coses of parallel forces are simply solved by the Eqiiatian of 
Moments. Thus, take the following example. 

A man supports two weights, slung on the ends of a weightless rod, 40 
inches long : if one weight be two thirds of the other, find the point of 
support. 

Let W be one weight, a the distance from it to the point of sappoitt 
|W the other, 40 -a „ „ „ 

Then, by the Equation of Moments 

Wa = fW(40-a) 
3a+2a = 80, a = ia. 
Hence the support is 16 inches from the heavier weight. 

Questions relating to the centre of gravity are rather exercises in 
Geometry than Mechanics. They all depend on the fundamental theoiy 
that the co-ordinates of the centre of gravity of any system of particles are 
given by the equations 

But the application of these principles, except in simple cases, requires 
the use of the Integral Calculus. 

In many cases the principle of symmetry enables us to decide on the posi- 
tion of the centre of gravity — e.g., it is evident that the centre of gravity of a 
sphere or a circle will be at its centre. 

[There are several geometrical figures of which the centre of gravity has 
been determined, and should be known by the student. The principal ones 
are the following :— 

Tricmgle, Draw a line from any angle to bisect the opxxNsite side, the 
centre of gravity is two-thirds down the line from the angle. 

Pyramid or Cone, Draw a line from the vertex to the centre of gravity of 
the base : the centre of gravity is on this line, at one-fourth of its length 
from the base. 

QuadrUateral Figure, Draw a di&e>OTL«l^ find the centre of gravity of the 
two triangleB thus formed, 3omt\ieae'^\n\A,^\i<^Q^v^<^^^\s^^V2^^^ 
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eo that the producta formed by multiplying each eegment by the area of the 

adjacent triangle are eqnai. 

Circiilar Arc. Let 2 a be the angle made at the centre, in circular niea8nr& 

The centre of gravity 19 on the line joining the centre to the middle point of 

the arc, at a distance from the centre = - ~ x (radius). 

Semirircle- The difitance of the contro of gravity is givea by — 

Circutar Sector, The diatance of the centre of gravity from the ceotra 18 

given by s -^^(radios). 

4 (radjua) 



Solid Semidrde. Diatance is given by -5 -^ 

BiMoa Semuphere. Ceotre of gravity bisects the radios of symmetry. 

Solid Hetaiiphere. Centre of gravity is on the radiua of symmetry, at ^ths 
distance from the centre.] 

Aa BQ example, take the following. A quarter of a triangle is cat off by a 
airaight line drawn parallel to one of the sides : to find the centre of gravity 
of the remaining piece. 

From the common angle or vertex, draw a line to bisect the oppoaite side 
of the great triangle, or the base : then bj similar triangles it will also biHeot 
the oppoiite side of the small triangle. Honce the centre of gravity of bath 
triangles lies On this line. And tbe centre of gravity oE the remaining part 
of tbo great triangle will be <>□ it also, since it bisects all the elements into 
which that part may be divided by linea parallel to the base. Let a be tbo 
distance of this centre of gravity from the vertel, D the length of the wLola 
line, d that of the part of it witbia tlie amall triaDjfle : then, taking ni 
about the centre of gravity of the great triangle, 

|(i-JD) = J(ilD-!|i). 



32-2D = (|D-iD) = lD 

1. The ratio of two unlike parallel forces is f , and the distaoce between them 
ia 10 inches : find the position of the resnltaot. 

2. A plank, weighing 10 Iba., rests on a single prop at its middle point; if 
the prop be replaced by two otbers on each side of it, 3 feet and 5 feet from 
the middle paint, find the pressure on each. 

3. A horizontal strsiglit bar, 6 feet long and weighing 16 lbs., ia supported 
at each end, and a weight of 48 lbs. ia bung at 2 feet from one end : lind the 
pressure upon eacti of the supporta. 

4 Let a given weight (W) be placed at on a triangle, ABC, oad ws*- 
ported by three props. A, B. C, at the ftQ^oa. T\i»s v^s«t'ai«iix\Rni ^a^n.-'gwa ] 
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is i»ropoiiioual to the area of the triangle opposite to it ; that ia, the pres- 
sure on A : pressure on B : : area of the triangle BOC : area of the triangle 
AUG. 

6. A piece of uniform wire is bent into the shape of an isosceles triangle, of 
which each of the equal sides is 5 inches long, and the third side 6 inches : 
find its centre of gravity. 

& A triangle is sus] tended from the middle point of one side : find the 
weight that must Ih; attached to one of the ends of the side, in order to make 
it rest with that side horizontal. 

7. The middle points of two adjacent sides A B, A D of a square are joined, 
and the triangle formed by this line and the edges is cut off: find the centre 
of gravity of the remainder of the square. 

8. A wire is bent into the form of a triangle, and hangs from one angle with 
the base horizontal : show that the triangle is isosceles. 

9. A sugar-loaf stands on an inclined plane, rough enough to prevent slid- 
ing, whose inclination to the horizon is 45° : show that it will fall over if the 
height of the sugar-loaf be more than twice as great as the diameter of its 
base ; the centre of gravity of a cone being distant from the base one-fourth 
of the height 

10. A heavy pole, weighing 12 lbs., whose centre of gravity falls at a dis- 
tance of one-fourth of the i)ole from one end, is fastened at this end by a rope 
to the ceiling, and the other end is raised by a man, so that the pole is hori- 
zontal : what weight will the man support ? 

11. A circular tower, the diameter of which is 20 feet, is being built, and 
for every foot it rises it inclines 1 inch from the vertical : what is the greatest 
height it can reach without falling ? 

12. An equilateral triangle stands vertically on a rough plane: find the 
ratio of the height to the base of the plane when the triangle is on the point 
of overturning. 

13. From a circular disc, another disc, having for its diameter the radius of 
the first circle, is cut away : find the centre of gravity of the remainder. 

14. Find the height of a cylinder which can just rest on an inclined plane, 
the angle of which is 60^, the diameter of the cylinder being 6 inches. 

15. A cylindrical vessel, weighing 4 lbs., and the internal depth of which is 
6 inches, will just hold 2 lbs. of water. If the centre of gravity of the vessel 
when empty is 3*39 inches from the top, determine the position of the centre 
of gravity of the vessel and ios contents when full of water. 



IIL— MECHANICAL POWEES. 

Problems on Mechanical Powers are merely exercises in the applica- 
tion of the equations between P and W deduced in the text for each kind 
of power : the conditions of equilibrium having thus been determined already 
for each separate case. 

Problems regarding false balances depend on the following theorem, which 
we may take as an example. 
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!f a BubatsDcebe neigbedin a balance having unequal arms, and apparently 
weigba p Iba. in one, and q Iba. in tbe other, its true weight is "Jpq lbs. 

Let L ' be the two xrvas, a tbe true weight : then, tiihEug momeats about 
tbe ocntre of suspenaion we have in the two oases 

mnltiplying 

W' = fJ y, Ot 70 = V77- 

The following is an example of another ckss. The dilferenoe of the 
diameters of a wheel and axle is 2 feet Q inulies, and the weight = 6 times tbe 
power ; find the radii- 
Let r be tbe radius of the axlo in iuches. 
Tbenr + ISis „ wheel „ 

Hence the eqoation of momenta becomes 

BndW=6P! hence 6i-=r+15, r = 3. 

Hence the radii are 3 inoheB and 18 inches respectively. 

1, A man exerta a pceesnre of 50 lbs. on a crowbar at a distance oF 4 
from the fulcnint : what weight will he balance at 3 inches from the Mcrum T 

2. In a loTer of the second kind, Wi^ll lbs., W's arm=l(> inches, P's arm 
= 100 inebes ; find the value of P. 

a In a lever of the third kind, W=40 lbs., W'a arm=60 inches, and P's 
arni = 8 inches : find the value of P. 

4. A lever with a fiilcmra at one end is 3 feet in length ; a weight of 28 Ibe. 
is suspended from the other end : if tbe weight of the lever is 2 lbs. at 
its middle point, at what diataoce from tbe fulcrum will an upward force of 
50 lbs. preaerre the equilibriam ? 

5. Suppose the arms o, 6 of a bont lever, inclined to each other at a given 
angle a at the fulcrum, to be also given : required tbe poaitioo of tbe lever 
when two given wdghta P, Q, suspended freely from its extremities, balance 
each other. 

U. Two weights, of lbs. and S lbs., are hung from tbe ends of a lever 7 feet 
long : where must the fulcrum be placed so that they may be balanced! 

7. A beam, tbe length of which is 12 feet, balaacea at a poiot 2 feet from one 
end ; but if a weight of 100 lbs. be hung from the other and, it balances at a 
poiut 2 feet from that end : tied the weight of the beam. 

8. If the pressure on the fiUcriini be J lbs., and one of tbe weights be 
distant from the fulcrum one-sixth of the whole length of the lever: find 
the weights. 

'■}. Two weights, 12 Iba. and 8 lbs. respectively, at the enda of a borisontal 
lever, ID feet loug, balance : how far ought the fidcriim to be moved for Ihe 
weights to balance when each is increased by 2 lbs ! 

Il\ A heavy pole, weighing 12 lbs., whose centre of gravity falls at a 
diatauce of one-third of the pole from one end, is carried hocvui'a.^Al'^'a^^. 
HMD, one at each end: find the weighbanpp(itt,«A.\r] ««^'a 
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IL A rod, AB, moTM about a fixed poiDt, B. Iti weiglit, W, acts at itv 
middle point, and it is kept horizontal by a stringi Ad that makes an aofl^ 
of 45® with it : find the tenaion in the string. 

12. In a steelyard, the weight of the beam is 10 lbs., and the distanoe cxf its 
centre of gravity from the fulcrum is 2 inches : find where a weight of 4 lbs. 
must be placed to balance it 

19L A weight weighs 16 lbs. when put in one scale of a false l^l^w^^o^ ^id 
only 9 lbs. when in the other scale : find the weight. 

14. Given the two apparent weights in each end of a pair of fidse scales r 
show whether the true weight is greater or less than half their sum. 

15. Is the mechanical advantage of a wheel and axle increased or diminished 
Vy lessening the radii of wheel and axle by the same amount t 

16. If the radii of a wheel and axle be as 10 to 4, and weights of 3 oz. and 
8 oz. hang from them : which will descend ? 

17. If the radius of the wheel is three times that of the axle, and the string 
round the wheel can support a weight of 40 lbs. only: find the greatest weight 
that can be lifted. 

18. A wheel and axle is used to raise a bucket from a welL The radius of 
the wheel is 15 inches, and while it makes seven revolutions, the bucketi 
which weighs 30 lbs., rises 5} feet : show what ia the smallest force that can 
be employed to turn the wheeL 

19. A man, whose weight is 12 stone, has to balance by his weight 15 cwt.: 
show how to construct a wheel and axle which would enable him to do this. 

20. What must be the radius of the wheel to enable a power of IJ lbs. to 
raise a weight of 2 stone, the diameter of the axle being 6 inches? 

21. What force is necessary to raise a weight of 120 lbs. by an arrangement 
of six pulleys, in which the same string passes round each pulley? 

22. If there be equilibrium between P and W, with three pulleys, in that 
system in which each string is attached to the weight, what additional 
weight can be raised if 2 lbs. be added to P ? 

23. A man, weighing 150 lbs., raises a weight of 4 cwt by a system of four 
movable pulleys arranged according to the first system : what is his pres- 
sure on the ground? 

24. In a system of pulleys, in which the same string passes round all the 
pulleys, a man, whose weight is 12 stone, can support 18 cwt : how many 
pulleys must there be on the lower block ! 

25. In a system of one fixed and four movable pulleys, in which one end 
of each string is fixed to a beam : find the relation between the power and 
the weight (neglecting the weights of the pulleys), when one of the strings is- 
nailed to the pulley round which it passes. 

26. The angle of a plane is 45°: what weight can be supported by a hori- 
zontal force of 3 oz. and a force of 4 oz. parallel to the plane, both acting 
together ? 

27. What is the horizontal force necessary to support a weight of 1 lb. on a 
plane that rises 3 in 5 ? 

28, What weight can be supported on «k ^^aoi^b^ ^ horizontal force of 10 
^z., if the ratio of height to base is i\ 



\ 
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29. If a weight, W, be supported on an iDclined piano by a forco, -^> 
parallel to the plane : what is the inclination of the piano? 

30. A weight (P) draws another weight (W) along an iacliaed plane of 
angle a, given in position, by meaQS of a, rope passing over a iixed pulley : it 
ie required to find the position of the weight when in equilibriam. 

31. A globe of given weight is supported between two planes inclined to the 
horizon at the respective angles of 60° and 30°; camparo the weights bos. 
taioed by the planes with each other and with the whole weight 

32. A sphere rests between two inclined planes, and the preasare i>n one, 
which is given in position, is half that on tbe other plane : conatruot the 
poattion of the other plane. 

33; lu a screw, which has seven threads to the inch, find the pressuni 
(n^lecting frictioD) that can be produced by a force of Qlba. applied at the 
circnmfereDoe, the radins of the cylinder being 1 inch. 

34. How many tarns must bo given to a screw formed npon a cylinder, 
whose length is 10 iacbes and cireumfercDce 5 inches, that a power of 2 oz. 
(neglecting friction) may overcome a pressure of 100 oz. T 

35. If a power of 1 lb. describe a revolution of 3 feet, whilst the screw 
moveB throogh i inch : what presinre (n^lecting friction) will be prodocedT 



IV.— ACCBLEBATINQ FOfiCES. 



Eiamples of this chiaa arc meroly oiercises in the applicflitioD of the three 
fandameotal equations given in Art. 00 (I^w No. 10}. 

The following is an example.— A body moving from rest is observed to 
move over 80 and 112 ft. duringtwoconsecntiTeseconds; find the acceleration 
and the time from rest 

Let 1 be the time up to the firat of these seconds, /the aooeleratioQ : then 
the Rpoce described during that second is 

The apace described during the neit second is 

/(i + l) + ^ = 112. 

HenoB /= 32, or the difference between the spaces described 

secntive seconds is equal to the acceleration. 

Alto, from the first equation, 

, 80-16 „ , 

(= — 7zi~=" seoonda. 

Again, to find a point in a vertical circle, inch that tbe time down a 
tangent at that point terminating in the vertical diameter produced, may bo 
ecioal to tbe tjme down the vertical diameter. 

Let 6 be the angle tlie bugent makes \<i\k ^\ia -^e^ujaiN.. 




200 THE student's mechanics. 

Then r oot ii the length of the taogent, and g ooa 9 is the aooeiantioo. 
Hence the time down the tangent is given by 

But the time down the vertical diameter is given l^ 

dividing 

-^* = co8e,or8ine = J: e=3(P. 

1. A body is projected upwards with a velocity of 5 ^ feet : to what height 
will it rise ? 

2. A body projected vertically ujiwards passes a certain point with a 
velocity of 80 feet per second : how much higher will it ascend ? 

3. A body starts with a velocity of 90 feet, and loses a third of its velocity 
per second : how far will it move ? 

4 Two bodies are let fall at an interval of one second : find how far they 
will be apart after a lapse of four seconds from the fall of the first. 

fi. The space described by a heavy body in the fourth second, is to the 
space described in the last second, except 4, as 1 to 3 : required the whole 
space described. 

6. With what velocity must a body start, if its velocity be retarded 10 feet 
per second, and it come to rest in 12 seconds ? 

7. A body moving from rest with a uniform accleration, describes 90 feet 
in the fifth second of its motion : find the acceleration, and the velocity after 
10 seconds. 

8. A body, whilst moving vertically downwards with a uniform velocity 
of 10 feet i)er seeond, is urged horizontally with an acceleration of 5 feet per 
second : find its distance from starting point after 2 seconds. 

9. A body, moving with a uniform velocity of 30 miles an hour, has its 
velocity accelerated 10 feet per second in the same direction : find the space 
traversed in a quarter of a minute. 

10. A body has fallen from a feet when another body is let faU from a 
point h feet below it : how far will the latter body fall before it is overtaken 
by the former ? 

11. Let two bodies, with the velocities v, V, be projected at the same time, 
and towards each other, from the two extremities of a vertical line ; then 
they shall always meet in the middle of the line, if the difference of the squares 
of the velocities v, V, is equal to the square of the velocity acquired in falling 
down half the line. 

12. If two bodies are moved at the same time towards each other, from 
the two extremities of a vertical line 2, one projected upwards with a velocity 

o 7 

acquired down 'k-j the other let fall from rest : it is required to find the 

l^int nhere they meet. 
i5L A body is projected up an mc'^edL^\an.^^\iQs»\««^^^S&V«5v>5^^ vta 
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height, with a velocity oE 30 feet in one aecoad : in what time will its veloaity 
be destroyed ! 

14. A bod; fatia from rost b; the force of gravity down a given inclined 
plane ; compare the times of describing the firat and last halves of it. 

15. Twobodies, projected down two pliueaincliDed to the horizon at angles 
of 45° and 60°, dcBcribe in the same time spaces respectively as ■v'2': V3 : 
lequired the ratio of the initial velocities of the projected bodies. 

16. Through what chord d! a circle must a body fall to acquire half the 
velocity gained by falling through the diameter. 

17. Of right-angled triangles having the same base, determine that down 
whose hypothenuse a body deacends in the least time. 

18. Find the time of describing 3D feet on a plane inclined to the horizon 
at an angle of Stf, the force of gravity being supposed to he diminished by 
one-fourth of its present quantity. 

19. Determine that part of an inclined plane A C, through which a body 
will descend from rest in the time of falling from the top A to the bottom at B. 



v.— PROJECTILES. 

Examples in projectilea are beat solved, in almost all cases, by at once 
resolving the velocity of projection into tn'o parts, vertical and horizontaL 
Of these the first is acted on encltuively by gravity, and comes under the 
general laws of accelerating forces, as given in Law No. 10 : while the latter 
remaioa conatant throughout the motion. 

Take the following, A ball fired with velocity u, at an angle a to the 
horizon, just clears a vertical wall, which subtends an angle ji at the point of 
projection : determine the time at which the ball passes the wall. 

Let C be the time, and reaolve the velocity into u cos a and u stn a reHi>ec- 
tively. Let x be the distance to the foot of the wall, and j/ its height. 
Then we must have 

(ucOsa)( = ai 



i 



Also the vertical height described in time t is 
(usina)(-|c=j/, 
and ji=x tan p. 
Inbstituting from the last eijuation in the second, and dividing by the 
first, WB have 



Again, in the same cose, to determine the distance between the foot of tha 
wall and the point where the ball strikes the ground. The Uims lA '(a'frLS.'a 
pven by the equab'onj _ 
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(«sma)T-|T«=0,orT: 



2ttrina 
•f 



9 
and the nmge, or horizontal diBtance described, is therefore 

2i«8iDa tt*8in2a 

«cos as^ 



9 9 

Bnt the distance to the foot of the wall = (u cos a) t 

, _ v2tt8in(a — fi) 

=(tt COB a)-= _: a » 

^ ' g COS /3 

The difference required is therefore 



2u'cos g 
9 



(sin a-/3\ 2 tt' cos a cos a sin ^ 
sin a — w^ 1^ ^——^—' jT-^-" 
QOBfi ^ g C08/3 



ir.jB.— In these examples, g may be taken as 32. 

1. A body is projected horizontally with a velocity of 4 feet per aeoosid r 
find the latus rectum of the parabola described. 

2. Find the direction of projection which gives the greatest range on a hori- 
zontal plana 

3. Find any two angles of elevation which give the same range on a hori- 
zontal plane through the point of projection. 

4. A body projected from the top of a tower at an angle of 45^ above tiie 
horizontal direction, fell in 5 seconds at a distance from the bottom of the 
tower equal to its altitude : find the altitude in feet. 

5i A body with a velocity of 80 feet per second is projected upwards, along 
a plane of 50 feet long, and inclined to the horizon at an angle of 20^ ; after 
quitting the plane, it describes a parabola : find the parameter. 

6. Let a body be projected from the top of a tower horizontally, with the 
velocity gained in falling down a space equal to the height of the tower : at 
what distance from the base of the tower will it strike the horizon? 

7. Find the time of flight of a body projected at an angle of 30° to the ver- 
tical, with a velocity of 193 feet in a second, before striking a plane inclined 
at an angle of 60°. 

8. Find the velocity and time of flight of a body projected from one ex- 
tremity of the base of an equilateral triangle, and in the direction of the 
side adjacent to that extremity, to meet an object placed in the other 
extremity of the basa 

9. Given v the velocity of sound : find the horizontal range, when a ball, at a 
given angle a, is so projected towards a person that the ball and sound of the 
discharge reach him at the same instant. 



VI.— MOVING FORCES. 
Examples in moving forces are best solved by remembering that if P he 
the moving force and M the inasa m.ayft^,>^«Q. sg^\s^ VJsi^ ^Rx^eration. H 
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W, the weight of the body moved, be given, then — =M, and hence -^ 

is the acceleration. 

Thus, suppose a weight of W lbs. to be placed on a plane, which is made- 
to ascend vertically with an acceleration /; to find the pressure on the- 
plane. 

Let P be the pressure required, then since this is opposed by the weight 
of the body, P-W must be the moving force or unbalanced effort, hence- 

^ aM" is the acceleration. But this acceleration is /; hence, 

f y^ » 

P^(/+y)W 
ff 

Again, take the following : — A. force acting uniformly during -^ second^ 

produces in a given body a velocity of 1 mile per minute ; compare the force 

with the weight. 

p 
Let W be the weight of the body, P the force. Then ^ ^r is the acoelera- 

3x1760 
tion. Also the velocity acquired, in feet per second = — ^ — . Hence, tiie^ 



formula v=ft becomes 



3211760 _JPi 
"~60~~W^'*^^^10 

P 880 



W "32-2 



= 27'a 



In cases of constrained motion, the value obtained for the centri- 

fugal force— viz., must be brought in. Take the following : — 

A stone of 1 lb. is whirled horizontally by a string 2 yards long, having a. 
tension of 3 lbs. : find the time of revolution. 

Here, mB= — , r^G feet, centrifugal force = 3 lbs. ; hence, we have 

ff ^ 



Time of revolution = "^ = 2 ir -7^= 2 ttA/ 2_^ 



2irr o 6 
V Vl8i7 V g 



N.B,—We may take p=32. 

1. For how long a time must a force of 2 oz. act on a mass of 4 lbs., that it 
may give to the mass a velocity of 60 feet per second? 

2. Through what distance must a force of 3 oz. act on a mass of 16 oz., ta 
give to it a velocity of 6 feet per second ? 

SL A locomotive is moving at the rate oi ^ Tm\fiA «aiVQrax^V«(^H^^^^K«°y 
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U let off; if the foroe of frictioD be equivalent to j\j of the weight of the 
enfcine, after what time will it stop ? 

4. A weight of 1 cwt. goes up and down on a lift with a uniform accelera- 
tioD of 4 foet per second : tind the pressure of the weight on the lift in each 



ix Show how the third law of motion holds in the case of a stone which is 
in the act of falling towards the earth. 

0. A and B hang over a pulley, and A = 2 B : through what space will a 
body descend by the action of gravity whilst A descends 2 feet ? 

7. Two bodies, P and Q, each 1 lb. in weight, balance on a single pulley; 
an ounce weight is added to P : how long is it in descending through 12 feet, 
and what velocity does it acciuire ? 

& Two equal weights, P and Q, are connected by a string passing over a 
fixed pulley : what weight added to P will cause it to acquire in 6 seconds 
a velocity of 48 feet, and through what sp&ce will it have fallen in that time ? 

9. Let a weight, P, fastened to a string going over a wheel, by its descent 
cause two weights, 9, 9^, to be wound upon two axles : required the velocity 
of P, after that it has descended through a space, «; the radii of the whed 
and of the two axles being r, r', r". 

10. A body, whose weight is 10 lbs., is whirled round in a circle of 10 feet 
radius with a velocity of 30 feet per second : find the tension of the string. 

11. The diameter of a circle is 10 feet : find the time of a revolution when 
the centripetal force = the weight. 

12. If a body move in a vertical circle, the radius of which is 5 feet : deter- 
mine the velocity at the highest point that the body may just keep in the 
circle. 

1^ A body revolves m a circle of radius, r, with centripetal force, P : if 
TJ is the potential energy of the body, show that 2U=Pr. 

14. A stone is whirled round horizontally by a string 2 yards long : what 
is the time of one revolution, when the tension of the string is four times the 
weight of the stone ? 

15. Let the earth be supposed a sphere of given magnitude, and to re- 
volve about its axis in a given time : compare the weight of a body at its 
equator with its weight in a given latitude. 

16. Compare the space described in one second by the force of gravity in 
any given latitude with that which would be described in the same time, if 
the earth did not revolve round its axis. 

17. The quadrant A C is a thin rod, which revolves on the axis AB, per- 
pendicular to the horizon ; a ring moves freely on the rod : with what 
velocity must the point C revolve in order tliat the ring may always remain 
in the middle of the arc? 

VIL -IMPULSIVE FORCES. 
In examples on direct impact, it is generally simpler to determine first the 
value of B, from the eqiiation "R.^ — M!vi»w^^ wA^^ti Hic^saj^i <kws.\\. body 
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aeparately aa havioj; had impraaaed upon it a velocity^ -z—- ItsBub- 
Be'4uent motion is then easily deteimtDed. Thoa, take tlie following :— 

A body impingea with velocity V on a body of half its weight having 
Telocity v; find the velocities after impact if f =i. 

Let 2 M and U be the bodies, then the value of K ia 

2Mjai ^. 2M(v „). 
2M+M** "I- 3 ' *'■ 

Hence 2M'a velocity after impact is 

(1 + 1) 7 IV-^ V-._V+_5. 

* 2 M ~^ 2 2 ' 

And M'b velocity after impact is 



Again, in oases where the change of momeutum fur one of the bodies is 
giveo, we know that that of the other mnit be equal and opposite to it ; 
hfiDcB if the mass be known its chaof^ of velocity is easily fouod. or rice verm. 
Thus, suppose that a wagon A, weighiog a tons, moving at c miles an hour, 
strikes another wagoo B, weighing b tons, and is brought to rest ; to find the 
velocity with which B will start. 

The momcntiiin of A ia . — , and this ia eutirely destroyed ; heoce if c be 
B's velocity, we have 

hi' ae , at: 

— - ^, whence v = -j-. 

1. If a weight of 2 Iba., at a velocity of SOfoet per second, overtakes one of 
B lbs,, moviajt with a velocity of 5 feet per second ; detarmine the common 
velocity after impact. 

2. If the same bodies mel with the same velocitiea : determine the couimou 
velocity after impact. 

3. Ad arrow shot from a bow starts off with a velocity of 120 feet )>er 
second : with what velocity will an arrow twice as heavy leave the bow, if 
sent off with three times the force! 

4 Two balls, weighing 8 oz. and 6 oz. respectively, are ainiultancoasiy pro- 
jected upwards, aod the former rises to a height of 324 Eeet and the latter tu' 
256 feet : compare the forces of projection. 

5. A perfectly eioatic ball, M,, impinges upon another, M^ and this on a 
third, M, : compare the velocity communicated to the third, with that which 
would have been commnnicated if the brat had impinged upon it. 

6, Two bodies, perfectly inelastic, of different masBe*, are moving towitda 
CMih other, withvolociliesof lUfeetpeTaeooniLaii&Vl^VK&vaw 
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tively, and continae to move after impact with a velooity of 112 feet per 
•eoond in the direction of the (greater : compare their fnawBfiH 

7. If a shot, weighing 20 lbe.» leave a gun weighing 3 tons, with a velocity 
of 120O feet per second : find the velocity of the gun's reooiL 

8. A riilc is |)ointod horizontally, with its barrel 5 feet above a lake: when 
diBcharged the ball is found to strike the water 400 feet off : find a^q^xi- 
matoly the velocity of the ball. 

9. In elastic bodies, show that if A overtake B, the velocity of B after 
impact is greater than the velocity of A. 

10. If two imperfectly elastic balls strike each other: pfrove that the rela- 
tive velocity before impact is to the relative velocity after, as perfect to 
imperfect elasticity. 

11. A ball, whose elasticity : perfect elasticity : : n : 1, falls from a gires 
height h upon a hard plane, and rebounds continually till its whole motion ii 
lost : find the space passed over. 



VnL— ENERGY AND WORK. 

Questions involving energy and work are very often of great praddcsl 
importance, but they are usually solved very simply, by care in applying the 
definitions and principles laid down in the book. Take the following. 

How many horse-power are required to raise 120 tons of coal i>er hour from 
a pit 660 feet deep? 

Here the foot-pounds of work required per hour = 120 x 2240 x 660. 

Hence „ „ minute = 2x2240x660. 

And 33,000 foot-lbs. per minute is one horse-power. 

Tr«« *u V A 2x2240x660 ^^ 
Hence the horse-power required = qqooo — = ^^• 

In cases of accumulated energy, the energy must be found by the expns- 

sion 2^^ where w must be in pounds, and v in feet per minute. The result 

will be in foot-pounds, and this must be equal to the work to be done. 

Thus, take a train weighing 160 tons, and having a velooity of 48 feet per 
second : find bow far it will run of itself before stopping, on a level road, 
frictional resistance 9 lbs. per ton. 

The expression -^ here becomes 

If n be the number of feet run, then 9 x 160 x /i is the number of foot- 
pounds expended against friction when the train comes to rest ; hence 

9xl60xw = 2240x160x6x6 
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L What are the units of work expended in TaUiog a weight of SO lbs. to a 
beigbtofSIfeetT 

2. The ram of a tule-dhviug engine weighs holf-a-tan, and baa a fall of IT 
feet ; bow many units of work are performed in raising it ! 

3. If the weight of a man be 183 lbs., and he ascends a perpendicular height 
of 20 feet, what are the camber of uuits of work done ! 

4. la what time will an engine of 10 H.-F. raise 5 tons from the depth of 
132 feet! 

6. From what depth will an engine of 2S H, -F. raise 11 tons in ■ minute T 

6. A man can do 900,000 units of work in a day of 9 hours : at what frac- 
tion of aE.-P. does he work on an average! 

7. It is said that a horse, walking at tbs rate of 2} miles per honr, can do 
1,650,000 units of work in an hour : what force in pounds docs he continually 

8. An engine is required to raise a weight of 13 cwt. from, a depth of 280 
yards in three minutes : what ia its horae-power? 

9. A locomotive draws a groaa load of 60 tons, at 20 miles an hour ; the 
resistances are at the rate of 8 lbs. per ton : what must be the H.-P. of the 
engine ! 

10. What ia the gross weight of a train, which au engine of 25 H.-F. will 
draw at the rate of 25 miles an hour, the resistances being S lbs. per ton! 

11. How much work is done per hour, if 100 lbs. be raised 3 feet in one 

12. A body weighing 40 lbs. is projected along a rough horizontal plane, 
with a velocity of 150 feet per second ; the co-efficient of frictioD is one- 
eigbtb : End the work done against friction in fi^e seconds. 

13. A body weigbiDg 50 lbs. is projected along a rough boHzontal plane, 
with a velocity of 40 yards per second : what amount of work is arpended 
when the body comes to rest ! 

14. When a particle which is acted upon by any number of farces, moves 
daring their action with uniform velocity in a straight line ; show what con- 
dition the forces must fulfil. 

15. The weight of a lly-wheel is 8000 lbs., the diameter 30 feet, diameter of 
Bzle i4 inches, oo-effident of friction O'S ; if the wheel is seiiarated from the 
engine when making 27 revolutions per minute, Und bow many tevolntioiui 
it will niake before it stops (g taken = 32-2.) 

16. An engine of 33 H.-P. mates 20 revolutions per minute, the weight of 
the fly-wheel is 20 tons, and diameter 20 feet t what is the accamnlated 
energy in foot-poQnds7 

17. If the fly-wheel in the last example lifted a weight of 4000 lbs. tltroogh 
3 feet, what )mrt of its angular velocity would it lose ? 

IS. If the tuds of tbe above flj-wheel be 6 inches diameter, co-efiioient of 
friction 0-075, what is approximstelytbe fraction of the 35 H.-P. expended in 
turning the fly.wheel ? 
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ANSWERS TO EXAMPLES. 



Section L 
d) 51bt. (2L) VTlbt., aotiog at angle sin-''^ (a) 10*2 Ibe. (4.) 17-32 Ibf. 

(fi.) P V2; (ft.) -^ oz. (8.) 17 Ibe. (9.) 6 Vi (la) Resultant acts 

along diameter, and = n x diameter. (11.) One length doable the other. (12L) 
VStol. (ia)8V3andl6'^3. (14. ) If a, /3 be the angles made by the string and 

lever with the horizon, R=W— 2?5_fL>. (15.) The two parts of the string 

are equally inclined to tbe vertical. (1&) Unity. (19.) tof^ sinO-lji 
where 6 is limiting angle of friction. 

Section II. 

(1.) 40 inches from the greater. (2.) 6^ and 3}. (a) 40 and 24 lbs. (5.) Od 
the line from the vertex biBecting the base, at 2^ inches from the vertex. (6.) 
Let B be the point from which P hangs, A B the horizontal side, O the point 

of bisection, G the centre of gravity : then P = W ^^ cos A O C. (7.) If 

2 

is the intersection of diagonals, G the centre of gravity, then O G =nfO A 

/- 1 

(10.) 3 lbs. (11.) 240 feet. (12.) Vs to 1. (13.) At gthe radius from the 

centre. (14.) 3*464 inches. (15.) 3*26 inches from top. 

Section IIL 

(1.) 800 lbs. (2.) 1-76 lbs. (a) 300 lbs. (4.) 174 feet from fulcrum. (5.) 

Tan = i^^ ? " — , where is angle which a makes with horizon. (6.) 3 
Q 6 sin a ' ® * ' 

feet from 8 lbs. weight. (7.) 25 lbs. (8.) ^ and g. ,(9.) 2 inches. (10.) 8 

lbs. and 4 lbs. (11.)^. (12.) At 5 inches. (ia)121bs. (14.) Less. (15.) In- 

V 2 

creased. (16.) The 8 oz, (17.^ 130 Iba. (la) 3 lbs. (19.) Radii as 10 to L 
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(20.) 56 inches. (2L) 201bB. (22.) 14 lbs.. (23.) 122 lbs. (24.) & (25.)lto& 

(2a) 12 oz, (27.) 3+4 y/Z {28.) ISJ oz. (29.) 30**. (30.) Cob e= ^g°" > 

where 6 is angle between rope and plana (3L) B:B':W::1:V3:2. 
(32.) Sine==isina. (33.) 2641bs. (34.) lOa (35.) 1441bs. 



BXOTIOK IV. 

(L)f a. (2.) 100 feet (a) 135 feet (4.) ^ (6.) 3600, if i;r = 32. 

(&) 120 feet per second. (7.) 20 feet and 200 feet (a) 10 V~5 feet 

(9.) 1785 feet, (la) V2~~^ ' <^^^S* (13) 9? seconds, if p = 32. (14) 

As 1 : \^+l. (16.) V2 : Va (la) That of which the cord is inclined at 
6(f* to the TerticaL (17.) The isosceles triangle, (la) t= Vdi (19.) From A 
to the foot of the perpendicular let fall on the plane from B. 



SEGnON V. 



a.) 1 foot (2.) 45^. (3.) a and gO"" -a. (4) h^2O0 feet (&) 112). 
(a) x^2h. (7.) jJ^. (a) u^s/^, T=V^|?. (9.) ?^ tana. 



SBonoN VL 

(L) I minute. (2.) 3 feet (a) ^ seconds. (4) 113 ^ lbs. : 110 1 lbs. 

/9Q 16 

(a) 6 feet (7.) «=^^, * = viJ- (»•) 144 feet 

(ia)281bB. (IL) 2-446''. (12.) 12-65 feet per second. (14) tt/i/I^ 

9 

M Zj— cos'6 

(la) — 4'w*'B,* » where M=mas8 of earth, B=radias, T=periodic time 

M — :^- 

(ia)^^:Z^l!^. m ,JT¥7% 



210 TUB BTUDBNi'S MIOHAIIIOB. 

SicnoN VIL 

2 1 

(1.) 9-^- feet per teoond. (2.) 2^ feet per aeoond in A*» <iiw>*^»^i5Hn 

(3.) 180 feet per Mooad. (4.)AB3to2. (&) /^-^^^^^^- (a)A«3to2L 
(7.) 3 1^ feet per aeocmd. (a) 715 feet per teoond* (IL) A J^. 

SxcnoN Vm. 

(L) IfifiO. (2.) 190«L (a) 3660. (4.) 4*48 minutee. (5.) 37i feet. (6.) ^- 

<70 125 Ibe. (8.) 12*35 H.P. (a) 25*6 H.P. (10.) 40*875 tons. (II.) 1^000 
loot-lbe. (12.) 3600 foot-lbs. (la) 11,250 fbot-lbe. (14.) Iguilibiiiiiii. (1&) 

16-9 reyolutiona. (16.) 307,000. (17.) •^. (la) ^. 
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or to the patent quackery which fiourishes upon ignorance, and upon the 
mysteiy with which some would invest their calling. And not patent qunckeiy 
alone, but professional quackery also, is less likely to Bnd footing under the 
tool of the intelligeal man, who, to common sense and judgment, adds a little 
knowledge of the whys and wherefores of the treatment of himself and family. 
Against that knowledge which might aid a suSerer from accident, or in the 
enjergcncy of sudden illness, no humane man can offeror receive any objection." 
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eraphed Fac-Simile of the recently-discovered Moal»te Stone, with 
Translation of the Inscription. Lar^e post 8vq., 700 pages. Handsome 
doth, 7/6 ; half-bound calf, 10/6 ; morocco antique, 16/-. Twimtysicend 
Edition. 

"We mu^r Tuard Dr. Eadie's Bible Dictionary as deddedly the best adapted for 
popular use, andTiave always found it a reliable authority. To the aergy not possessed 
of largo librario, and to whom the price of books b imporlanL, we tao cordially recum- 

II. EADIE (Rev. Prof.): CRUDEN'S CON- 

CORDANCE TO THE HOLY SCRIPTURES. With a Portrait on 
Steel of Alexander Csuden, M.A., and Introduclioti by the Rev. 
Dr. King. Post Sto. Cloth, 3/6 ; half-bound calf, 6/6 ; fiill calf, gilt 
edges, 8/6 ; full morocco, gilt edges, la/6, Forty-sivinth EdiUoi. 

•«• Dr. Eadih-s has loDE and deservedly borne ibe reputation of being the COM- 
PLETEST and BEST CONCORDANCE en tanl. 

III. EADIE (Rev. Prof.): CLASSIFIED BIBLE 

(The), An Analytical Concordance to the Holy Scriptures, Illustrated 
by Maps. Large post 8vo. Cloth, bevelled, 8/6 ; morocco, 17/-. 
Salh Editian. 

cerlMi diitinet and eihauKive Heads or Topiirs. II differs from an ordinaiy Concord- 

-.. .1... ; ^,„„j depends not oo words, but on subjects. The Reader will 

iTeient SECtiDiu, what the Bible says in relslion to Docnioe, 



only to add our unqualified o 
I studenL"—r '-■--■-- --■-- 



find, under fon 

Ethics. Antiiiuii , 

Etcatly fiicilitaled. 

"We have onlyt. .._ ._ ., 
eteiy BibBcal studenL"— CAnr/un 

IV. EADIE (Rev. Prof): ECCLESIASTICAL 

CYCLOP-€DlA (The) ; A Dictionary of Christian Antiquities, Sects, 
Denominations, and Heresies ; History of Dogmas, Rites, Sacraments, 
Ceremonies, &c.. Liturgies, Creeds, Confessions, Monastic and Religious 
Orders, Modem Judaism, &c. By the Rev. Professor Eadie, assist^ by 
the Rev. Dr. Hartweli. Horne, Ven. Archdeacon Hale, Professor 
Mac Caul, and other contributors. Large post Svo., Cloth bevelled, B/6 ; 
morocco antique, 17/-- SixtA Edition. 

" Our readers will not need to be told that this is 9 * conipfehensive ' work, md we nw 
add thai ii is one which will be found oteCal and convenient 10 a taige Dumber of both 
fllci^ ami laity." — Mngluk Chnrthmtxn. 



en ARIES ORIFFIN A COMPANY'S 



Rev. Prof. Eadib's WoTks^{amtitnud). 

V. EADIE (Rev. Prof.): A DICTIONARY OF 

THK HOLY BIBLE ; designed chiefly for the use of Young PersoBS. 
From the larger work by Dr. Eaoib. With Map and numerous Illus- 
trations. Small 8vo. Cloth, 2/6 ; morocco, gilt edg^es, 7/6. TMrfysixik 
Thousand, 

** Parents and tutors will unanimously thank the auth(M: for this result of a labour of 
love." — Critic. 
** A very good and useful compilation for youth.** — LiUrary Gaseite, 

•/ A Complete Prospectus of Dr. Eadib's Biblical Works 
forwarded gratis and post-free on application. 



FOSTER (Charles) : 

THE STORY OF THE BIBLE, from Genesis 

to Revelation, including the Historical Connection between the Old and 
New Testaments, told in simple language for the Young. With over 250 
Engravings (many of them Full-page), illustrative of the Bible Narrative, 
and of Eastern Manners and Customs. Post 8vo, 700 pag^. 

HOxME AND SCHOOL EDITION. Cloth elegant, 6/-. 

PRIZE AND PRESENTATION EDITION. Beautifully gilt, 7/6. 

The attention of Parents, and of all enga^ned in the Education of the Yotine, is i«quested 
to this most interesting work. It comprises seven hundred pages profusely illustrated, 
and is written in an exceedingly attractive planner, so that the young Hearer or Reada 
never wearies of the " Story. ' and the daily Bible Lesson, instead of being regarded 
as a task, is eagerly looked forward to as a real pleasure and enjoyment. 

Professor Storks writes of the Author's style : " It is a model of true simplicity and 
purity," and thus the little hearer is drawn on msensibly, by the charm of the narrative, 
to the desire to become acquainted with the Book itself, with whose ** Story" so many 
happy hours have been associated. 

HENRY (Matthew): A COMMENTARY on the 

HOLY BIBLE. With Explanatory Notes. In 2 V9IS., super-royal 8vo. 
Strongly bound in cloth, 50/-. New Edition. 

KITTO(John,D.D.,F.S.A.): THE HOLY LAND: 

The Mountains, Valleys, and Rivers of the Holy Land ; being the Physi- 
cal Geography of Palestine. With eight full-page Illustrations. Fcap. 
8vo. Cloth, 2/6. Eleventh Thousand. New Edition. 

*«* Contains within a small compass a body of most interesting and valuable informati(»i. 

KITTO (John, D.D., F.S.A.) : PICTORIAL 

SUNDAY BOOK (The). Containing nearly two thousand Illustrations 
on Steel and Wood, and a Series of Maps. Folio. Cloth gilt, 30/-. 
Seventy-third Thousand. 



RELIGIOUS PUBLICATIONS. 7 

PALEY (Archdeacon) : NATURAL THEOLOGY; 

Or, The Evidences of the Existence and the Attributes of the Deity. 
With Illustrative Notes and Dissertations, by Henry, Lord Brduoham, 
and Sir Charles Bell. Many Engravings. One vol., i6mo. Cloth, 4/-. 
"When Lord Brougham'B dDgndia in [he Senate shall have passed iway, and his 
services as a statesman shall uisl opir in the Etc bsdtutions which ihcy have helped 

truths, and £t the mind for the hifher rcvejatioas which these truths arc dcstiaed to 
fore^dotv add confina." — Edpiburgk RerriHa. 

PALEY (Archdeacon) : NATURAL THEOLOGY: 

witli Lord Brougham's Notes and DIALOGUES ON INSTINCT. 
Many Illustrations. Three voIe., i6mo. Cloth, 7/6. 

•,• This Edition contains Uu viholt of iht Original Work, published al 
Two Cuiiuin, wilh tht txctplion of the Matkemaikal Dissertations. 

RAGG (Rev. Thomas) : CREATION'S TESTI- 
MONY TO ITS COD; the Accordance of Science, Philosophy, and 
Revelation. A Manual of the Evidences of Natural and Revealed 
Religion ; with especial reference to the Progress of Science and Advance 
of Knowledge. Revised and enlai^ed, with new Appendices on Evahi- 
tian and the ConMrvatinn of Energy. Large crown Svo. Handsome 
cloth, bevelled boards, J/-. ThirleeniA Edition. 

"We arc pot a Utile pleased ^ain (□ meet with the authm- of rhis Yoluine in the new 
edlEioa c^ 1^ far-famed work. Mr. Ragg is one of the few otigLnal wriLen of our lime to 
whom justice ia h™g done."— Jn/iji Staniianl. 

monnced "The Book ofthe Age," "The bestpopularTeit- 
-•"- --' -implcle Manna! ofReligioua Evidepce, Natural 

RELIGIONS OF THE WORLD (The): Being 

Confessions of Faith contributed by Eminent Members of every Denomi- 
nation of Christians, also of Mahometan ism, the Parsee ReUgian, the 
Hindoo Religion, Mormonism, &c-, &c., with a Harmony of the Christian 
Confessions of Faith by a Member of the Evang:elical Alliaoce. Crown 
Svo. Cloth bevelled, 3/6. Nm Edition. 

ember, has expreawd 



SCOTT (Rev. Thomasj: A COMMENTARY 

ON THE BIBLE; containinetheOldandNewTesUmenlsaccordinKto 
the Authorised Version, with Practical Observations, copious Marpinal 
References, Indices, (tc. In 3 vols,, royal 4to, Cloth, 63/-. New Edition. 

TIMES (John, F.S.A., Author of "Things not 

Generally Known," &c.) : * 
THOUGHTS FOR TIMES AND SEASONS. Selected and com- 

piled by John TlMBS. Fcap. Svo. Cloth neat, (/-. Second Editiott. 

n a neat and concise fonn ore hraught together striking and heantifnl paasages Fmm 
'orks of the moqt eminent divinei and moraCists, and political and scientific wrltf rs 
uiowledgcd s.1i^ity."~£JiHiurfh Daily Xetiiew. 
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CBARIMS aiUPPiH -LVD COMPAXYS 
Scimtli/ic H^orks. 

MEDICAL WORKS 
By WILLIAM AITKEN. M.D. Edin.. F.R.S.. 



'i 



JVotB Rtady. Seventh Edition. Prick 4Jj. 
[ The SCIENCE and PRACTICE of MEDICINE, 

a Two Volumo, Royal 8vo., clolh. Illustrated t^ Numerous Engrav- 
jngs on Wood, and a Map of the Geographical Dislribulion ol Diseases. 



RevUcd througboul. 



\W\ 



Enlargid, Re-modelled, and Carefully 



mci»g Ikt Seventh l^dition of Iha imforlani Wari as kou Rtajy, &i 
PtAHskrrs vieulJ cnfy rimart, Ikat no labour or expense has ieen sfarid ft 
tuOam its v/eU-Jhumm rrpHtaliom as " The Represen/atk-e Book of Uu Maikat 
Stitnci and PracHee of lit Day." Among iki More Important Features of tin 

Ntm Edition, lie suhjnt of DiSE.iSES — "•"• "" - " 

StSTEU may be specialiy menliomd. 



: Brain and Nervous 



Ovlniona of t&n Fnaa, 

'«ntifii: medi 



idUichcaJi 



Stiidciii>iidPncIiuofl(r*itonDfknDiFledRu>dgiiMiii«afaIiDgEUioIiiestiiiubIcviJgc. 
...»,...Tbe1inL5upflgnaf Che SflGandVoTmn* would, if prinledseponuly, fornipertiutt 
llHbE«_lEil-took inoui laneuiigsfar^titndEiiIef Nem^tcO'aiidlnsaiuij'. A masl^ 

lotk phyiicun, 



. . K clauical work whkh ilgcB tumoQi 
mmd LodwLedn." — Exttucljrom Review 
F.ItS.. Lard C/umcrllirw'x Vailarin I,3mt .. 

"ThE Seventh Editioh oT Ihii unponanc Tsxt-Booli tbllfm; 
"^ Mikcn ii indelaliBBHe in hi! efforts TTw lectio 



varied ptie. 
palhological cb 



BuiH and Ne« 



irchs, which in 



'■■n»wi 



ik Medicai yevnoL 



t have Lveo oot Le 






ible oi 



9jid adapted lo the le 



di rnll'aii^v^ed inf^ 



important ihan they in 
™™t> of the SliideM, 
in in thiT^e'faun.of 



. i Ptactilionet of Medici 

b^DTDLatioo Dot to h( 

Mcled with the Scie 

"The Stahdabd Text-Book in the Engiish laomage -.-..There u perhaps, no 

votic more indiapensahte for the Practitioner and SlndenL" — Rdiit^ Medical yowrnai. 

of, Ihiawork diSen From all other Teil-bookB on ihe Science of Medicine in the EagUili 

it of Dr. Ailken'j work.. .,-The anthor has iipqnextionaUT 

, its Published, and » 
te opinions and practice 
retrospect, and bataim 



Lu^bage." — Medical Timt 

■TTio eKIrflordinary mer 

pedbrmed a service lo ihe \ 



Hvuluahlekind."— /'nn 






SCIENTIFW PUBLICATIONS. 9 

PsOF. Aitken's Works — {crmliiaud). 

AITKEN (William, M.D., F.R.S.) : OUTLINES 

OK THE SCIENCE AND PRACTICE OF MEDICINE. A Text- 
Book for Students. Crown 8vO. Stcond Edition. Price Ii/B. 

daLail or his subject, and a. thDrough master df the art oftcachiDg." — British Mtdical 

AITKEN (William, M.D., F.R.S.) : The GROWTH 

OF THE RECRUIT, and the Young Soldier, with a view to ihe 
Selection of "Growing Lads " and their Tmining. Second EdiUm tH 



AITKEN (William, M.D., F.R.S.) : OUTLINE 

FIGURES OF THE TRUNK OF THE HUMAN BQDY, on 
wiiicli to indicate the areas of physical signs in the Clinical Diagaosis of 
Disease. For the use of Students and Piactitioners of Medicine. 1/6. 



ANSTED (Prof., M.A., F.R.S.) : NATURAL 

HISTORY OF THE INANIMATE CREATION, recorded in the 
Stmclure of the Earth, the Plants of the Field, and the Atmojpherit 
Phenomena. With niimerons Illuslralions. Large post 8vo. Clolh, 8/6. 



BAIRD (W., M.D., F.L.S., late of the British 

Museum) : 

THE STUDENT'S NATURAL HISTORy ; 1 Dietioniry of the 
Natural Sciences ; Botany, Conchology, Entomology, Geology, Miner- 
alogy, Palaeontology, and Zoology. With a Zoological Chsrl, showing 
the DistributioD and Range of Animal Life, and over two hundred and 

1* fifty IliustralioQS. Demy Svo. Cloth gilt, to/6. 

^K ■ "The work U a veiy useful one, and will conlrjbule, by its cheapooa uid comiifB- 



BROWNE (Walter R., M.A., M. Inst. C.E., M. Inst. 

M.E., late Fellow of Trinity College, Cambridge) : 

THE STUDENT'S MECHANICS: An IntroducUon to the Study 
of Force and Motion. With Diagrams. Crown Svo. Cloth. [Niarfy 

BROWNE (Walter R., M.A.) : THE FOUNDA- 
TIONS OF MECHANICS. Papers re-printed from the " Engimtr." 



10 CHARLES GRIFFIN ds COMPANTS 

WORKS by A. WYNTER BLYTH, M.R.C.S., F.C.S., 

Public Analyst for the County of Devon, and Medical Officer of Health fix* 

St MaryleDone. 

HYGIENE AND PUBLIC HEALTH . (A Die- 

tionary of) : comprising over Seven Hundred Articles, and embracing the 
following subjects : — 

I. — Sanitary Chemistry : the Composition and Dietetic Value of 
Foods, with the latest Processes for the Detection of Adulterations. 

II. — Sanitary Engineering : Sewage, Drainage, Storage of Water, 
Ventilation, Warming, etc, 

III.— Sanitary Legislation : the whole of the PUBLIC HEALTH 
ACT, together with sections and portions of other Sanitary 
Statutes (without alteration or abridgment, save in a few un- 
important instances), in a form admitting of easy and rapid 
reference. 

IV. — Epidemic and Epizootic Diseases : their History and Pro- 
pagation, with the Measures for Disinfection. 

v.— Hygiene— Military, Naval, Private, Public; School. 
Roval 8vo., 672 pp., cloth bevelled, with Map, Diagram, and 140 
Illustrations, price 28/-. 



" A work that must have entailed a vast amount of labour and research . . Will be 
found of extreme value to all who are specially interested in Sanitation. It is more than 

frobable that it will become a Standard Work in Hygi&ns and Pubuc 
Ibalth." — Medical Times and Gazette. 



RE-ISSUE OF BLYTH'S '' PRACTICAL CHEMISTRY," 

In two volumes. 
Vol, I. — Foods : their Composition and Analysis, f Ready.) 
Vol. II. — Poisons : their Effects and Detection. (At Press.) 



The First Volume, " Foods " (thoroughly revised and re-written, and enlarged by the 
addition of New Matter to more than double the number of pages allotted to the 
subject in the original work) is Now Ready. 

In the New Edition will be found a large number of Scientific Processes, ather 
invented or improved by the Author, and not previously published ; together vnth 
Numerous Illustrations from originaJ drawings. Many Tables — some of which are 
indispensable, and others convenient— have al^ been introduced ; and an Article (m 
Water has been added by request. 

GENERAL CONTENTS. 

History of Adulteration — Legislation, Past and Present — Api)aratus useful to the 
Food Analyst — " Ash " — Sugar— Confectionery — Honey — Treacle—Jams and Pr«erved 
Fruits—Starches -Wheaten- Flour— Bread— Oats— Barley— Rye— Rice — Maize— Millet 
—Potato— Peas — Chinese Peas — Lentils — Beans — Milk — Cream — Butter— Cheese— Tea 
—Coffee- Cocoa and Chocolate — Alcohol — Brandy — Rimi — ^Whisky — Gin — ^Arrack— 
Liaueurs — Beer — ^Wine — Vinegar— Lemon and Lime Juice — Mustard — Pepper— Sweet 
and Bitter Almond— Annatto— Olive Oil — Water — Text of English and American 
Adulteration Acts. 
In Crown ivo., clothe with Elaborate Tables ^ Folding Litho-PlaUt attd Photogrt^hk 

Frontispiece^ price i6s. 



•'Will be used by every Analyst,"— Lancet. 



THE CIRCLE OF THE SCIENCES : 

a series of popular treatises 

on the natural and physical sciences, 

And their Application's, 

Professors Owen, Ansted, Young, and Tennant ; Drs. Latham, Edward 

Smith, Scoffekji, Bushnan, and Bkonner ; Messr?. Mitchell, Twisden, 

Dallas, Gore, Imrav, Martin, Sparling, and others. 

Coioplele in nine volumes, illustrated with man? thousand Engravings on 
Wood, Crown 8vo. Cloth lettered. 5/- each volume. 



Vol. 1.— ORG.'VNIC NATURE.— Part I. Animal and Vegetable Physiology: 
the Skeleton and the Teeth ; Varieties of the Human Race ; by Professor 

Owen, Dr. Latham, and Dr. Bushman. 

Vol. a.— ORGANIC NATURE— Part 11. Structural and Systematic 
Botany, and Natural History of the Animal Kin^om — Invertebrated 
Animals ; by Dr. Edward Smith and William S. Dallas, F.L.S. 

Vol. 3.— organic NATURE.— Fart III. Natural History of the Animal 
Kingdom— Vertebrated Animals : by William S. Dallas, F.L.S. 

Vol. 4— inorganic NATURE.— GealDgy and Physical Geography, 
Crystallography; Mineralogy; Meteorology, and Atmospheric Phetio. 
me 11a ; by Prolessor Ansted, Rev. W. Mitchell, M.A., Professor 
Tennant, and Dr. Scoffern. 

Vol. S-- practical ASTRONOMY, NAVIGATION, AND NAUTI- 
CAL ASTRONOMY ; by Hugh Breem, Greenwich Observatory, Pro- 
fessor Young, and E. J. Lowe, F.R.A.S. 

Vol. 6— ELEMENTARY CHEMISTRY.— The Imponderable Agents and 
Inorganic Bodies, by JOHN ScOFFERN, M.D. 

Vol 7.— PRACTICAL CHEMISTRY.— Monographs on Electro- Metallurgy; 
the Hhotographic Art; Chemistry of Food and its Adulterations ; and 
Artificial Light; by George Gore, Birmingham, John Scoffern, 
M.D., Dr. EuwAHD Bronner, Bradlord, Marcus Sparling, and 
John Martin. 

Vol. a— MATHEMATICAL SCIENCE.— Philosophy of Arithmetic; 



Vol 9.— MECHANICAL PHILOSOPHY.— The Properties of Matter, 
Elementary Statics ; Dynamics ; Hydrostatics ; Hydrodynimici ; 
Pneumatics ; Practical Mechanics ; and the Steam Engine ; by the Rev. 

k Walter Mitchell, M.A., J. R, Young, and John Imrav. 




THE CIRCLE OF THE SCIENCES. 



In Separate Treatises. Cloth. 



I. Aneteu's Gcolcmr mil Physiail Geography . . -1^ * 

a. BkKM'S PrBctiral Astronoiny 1 6 

J. Bbonnsr »nd Scofpikn's ChemUUy of Food ind Diet; I fi 
4. Bushnan's Fhyiiobgy of Animal and Vegetable Life . 1 6 
J. Gore's Theory ud Pnu:ti« of Electro-Depasition . .16 

6. lURAV's Practical Mechanics . . .16 

7, Jarsike's Practical Gcometrv is 

g, Latham's Varieties of the Human Spedei . .16 

q. MiTCaELLATBNNANT'sCrystillogiaphyandMincralogy 3 O 

■o. Mitchell's Properties of Maltei and Elementary Statics i G 
II- Owen's Principal Forms of the Skeleton and the Teeib . I 6 
It. SCOFFERN'S ChemisUy of Heat, Light, and Elecuicity . j 

13. Scoffern's ChemisUy of the Inorganic Bodies , .JO 

14. Scoffern's Chemistry of Artificial Light . . .16 

15. SCOFFERN and Lowes Practical Meteorology . , .16 

16. Suitb's Introduction to Botany : Siniclural and Systematic: » 

17. TwiSBES's Plane and Spherical Trigonometry, . ,16 

18. TwlSDdN on Logarithms to 

19. Young's Elements of Algebra 10 

ao. Young's Solutions of QuMtionB in Algebra . . .to 
II. Young's Narigalion and Nautical Astronomy . . . j 6 

31. Young's Plane Geometry 16 

Jj. Young's Simple Aiiihraetic 10 

34. Young's Elementary Dynamics i 6 



DALLAS (W. S., F.L.S.): 

A POPULAR HISTORY OF THE ANLMAL CREATION: 
being a Sptematic and Popular Description of ihe Habits, Structure, and 
ClassiBcation of Animals. With coloured Frontispiece and many hundred 
Illustrations. Crown 8vo. Cloth, 8/6. Nfw Ediliim. 

DOUGLAS (John Christie, Mem. Soc. Tel.- 

Engineers, East India Govt Telegraph Department, &c.) : 

A MANUAL OF TELEGRAPH CONSTRUCTION : The 

Mechanical Elements of Electric Telegraph Engineering. For the use 

of Telegraph Engineers and others. With numerous Diagrams. Grown 

8vo., cloth, bevelled, 15/-. Stcirnd Edition. 

',* Pnhlishtd imth Iht Approval of tki Dirfcter-Central 0/ Telegraphs M 

' ' GENERAL CONTENTS. 

Part I. — Generai. Principles of Strength and STABam. 
Part II.— Pkopehties and Applications of Matermls, 
Operations, asd Wmhpulation. 



I 
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Douglas's Telegraph Construction— /'i:o»ftii(«rfj. 

Part III.— Telegraph Construction, Maintenance and 
Organisation, 

"Mr. Douglas dewrvea ihe ihanki oT Telrgraphic Engineers fur Ihe eiMlleot 

tlie subject It Ireated with sitat deamcss mid jud^ruent .... good pmccical 

"Mr. Douglas'^ wnk is, we believe, the fint Df in kind The author is 

erldenlly i praclical Telegraphic Enginlmr. .... The amount of infonoation given 
is such as to render this voJnnie a most useful ([uide to any one who may be engaged in 

■'The booV is calculated to be ofgreaiMrvice ID Telegraphic Engineers. ... the 
Bmmeemenl is sa judicious, that wilh the aid of the full table of contents, [derence la 



GRIFFIN (John Joseph, F.C.S.): 

» CHEMICAL RECREATIONS : A Popular Manual of Experimenlal 
Chemistry. With 540 Engravings of Apparatus. Crown 410. CIoUi. 
Tmlh Ediiim. 
Pari I. Elementary Chemistry, price a/-. 
Part II. The Chemistry of the Non-Metailic Elements, including ■ 
Comprehensive Course of Claea Experiments, price 10/6. 
Or, complete in one volume, clolh, gilt lop, 12/6. 

GURDEN (Richard Lloyd, Authorised Surveyor 

for the Governments of New South Wales and Victuria] ; 

TRAVERSE TABLES ; computed lo Four Places Decimals for every 
Minute of Angle up to 100 of Distatice. For the use of Surveyors and 
Engineers. In folio, strongly half-bound, price 30/-. 
*," Puilisked with Concwrtnce of thi Survtyors-Gaural Jar Nta South 
Watts and Victaria. 

"Mi. Coiden is to be thanhed for the I 




10 T^les iat the me of Snrveyon have been pnpand, 

, ^. 1, can be compared with those comiHled by Mr. Gardeo. 

...With the aid of this bock, tkg t6it of er' — '-'^ — ■' '- — "- - -.j.-.-— -. . 

—id not only is time tav«d, but tbensk of error ts 

W tB be known, and no EoKiiKeT's or Arrhitect's office will bg wilbont 1 copy."— .^irtftae/. 

"These Tabk ' '—' '— —■ ' "'■- — ' ' ■' 

effected by their 

T»bles."— iiriito-.' 




14 



ClURLEf! aBlFFlS * COMPANY S 



Seofl 



LEAKED (Arthur, M.D., F.R.C.P., late Sei 

Ptysiciin 10 the Great Northern Hospital) : 

IMPERFECT DIGESTION: lu Ciumb and Treaimenl. PostSTo. 
Cloth, 4/6. StvtnlJi Edtlait. 
" li DOW cannituiei mbont ihc hea work on the stt1iita.'—Ltmctl. 



fJL-aJ Ti*ui and Gat. 



H pnclic^ BpiH' 



LINN (S. H., M.D., D.D.S, Dentist to the Imperial 

Medico-Chirurgiiiil Academy 0I SI. Petersburg) ; 

THE TEETH: How lo preserve them and prc\-cnt their Decay. A 
Popular Trealise on the Diseases and the Care of the Teeth. With 
Plitei and Diagrams. Crown 8to. Cloth, 2/6. 

"Ml who value Ihdr teelh— <uhI who does nm!)— ihcnild &tiidy this pranical Illtle 



I 



MOFFITT (Staff-AssistaDt-Surgeon A., late of the 

Royal Victoria Hospital, Netley) ; 

A MANUAL OF INSTRUCTION FOR ATTENDANTS ON 
THE SICK AND WOUNDED IN WAR. With numerous Illustra- 
tions. Post 8vQ. Cblh, 5/., 

H efUu Ntttimal Socuty/br Aid to the Sid ami 



"A worll ^apracticiU mad exjwrienced 
Anatomy of the Human Body, dircctiwis 1 



.tiic O/im 



. Ail Dr. MoStfi i 



■1 byw. 



NAPIER (James, F.R.S.E., F.C.S.): 

A MANUAL OF ELECTRO-METALLURGY. With 
illustrations. Crown Bvo, cloth 7/6- ^ift^ EdiUon, revised axd 
GENERAL CONTENTS. 

I VI.— Detositiom of Mbtau 









DOthH-, 



IX.-.RESDL 



i oT ExFERtmowTS a 




and liitir Respective Pecuu'iUutie.I ^VII.— ElitTRO-PiJiTlBc 
-Electbotypb Processes. I "" '''" " 

Applications of the Coating' 

riNG with CorpHB. I X—Thbohetic^ 
has becomfl an calaLTtshed 



IrcaU."— ymriia/ s/A^lUd SrirmiT' 
'■The feet of Mr. Napitr's Treatise ha 
of an appreciation of the Auihoi'i moiis 
■nd practical liule Manual."— Iron. 




SCIENTIFIC PUBLICATIONS. 1% 

NAPIER (James, F.R.S.E., F.C.S.) : 

■ MANUAL OF THE ART OF DYEING AND DYEING 



RECEIPTS. IlluBtraled by Diagrima and Numerous Spec 
Dj^ed Cotlon, Silk, and Woollen Fabrics. Demi " 
7%ird EdiHon, thoroughly rtvisid and grialfy mlargtd. 



GENERAL CONTENTS: 



I IV.-Vbceiable Matters in u« b lh» 



III.— MOBOANTS A«D ALTIKANTS. 

"The ruraenma Dynng Rcceipu 

■It those who iriah tn nuuier thai trs 
^xv^„."—youn,al0jAftUtdSm 



In Preparation. Demy 8vo., Third Edition r thoroughly ReviseJ, Augmenl^d, 
and in pan Re-written, 

% (m«nuaP of (Btofoggt 

THEORETICAL & PRACTICAL, 

»By JOHN PHILLIPS, M.A., F.E.S., 
Late Pralessor of Geology in the University of Oiford. 
EDITED BY 
ROBERT ETHERIDGE, F.R.S., 
Palicanlologisl to the Geological Survey of Great Britain, President 
of the Geologiciil Society ; and 
HARRY GOVIER SEELEY, F.R.S., 
Professor of Geography in King's College, London. 
With Numerous Tables, Sections, and Figures of Ckaraclerisiic Fossils, 



The PUSUSHERS have much pleasure in announcing that Ibe above important 
work is now at Press, and will shortly be issued. Tbe names of the Editors 
are sufficient guarantee for the thoroughness and high scienlific accuracy 
with wMch the revision has been conducted. While brought fully abreast of 
the most recent developments in Geological Science, the Manual retains 
those features which rendered the former Edilioos exceptionally efficient both 
for teaching purposes and as a philosophical work of reference, and in no 
case has the method of treatment adopted by the author been needlessly 
departed h-om. The New Edition will thus be found to milnuin in every 
point the prestige of the original work, and to offer distinctive features in 
the several departments of Geology and FalKontology, which are calculated 
to make the present issue an important event in the History of Geologicml 



i 



CffABLES aRIFFIS i COMPAXYS 



PHILLIPS (J. Arthur, M. Inst. C.E., F.C.S., F.G.S, 

Ancien Kleve da I'Ecole dea Mines, Pnrii) : 

ELEMENTS OF METALLURGY : a Praclical Treatise on tht 
Arl ot Extracting Metnli Irom their Ores. With over Two Hundied 
[Uustratioas, miny of which hnve been reduced from Working Drawings. 
Royal 8vo., 764 pages, cloth, 34/-. 

GENERAL CONTENTS : 
L— A Treatise on Fuels and Refractory Materiais. 
II — A Dewtiption of the principal METALLtFESOUS Minkrai-s, with 
their Dlstribittion. 
ilL — Statistics of the amount of each Metai. annually prodnctd 
throughout the World, obtained from oSicial sources, or, where 
this has not been practicable, from authentic private ioformatioa. 
IV. — The Methods 01 Assaying the different Ores, together with 
the PkoCEssES of METAiiURCiCAL Treatment, comprising : 
Refractory Materials. Antimony. Iron. 

Fire-Clayt. Arsenic. Cobalt. 

Funis, &c. Zinc. Nickel. 

Aluminium. Mercury. Silver. 

Copper. Bismuth. Cold. 

Tin. Lead. Platinum. 

*' * EtemeatK of Metallur^' poBCUH inlnDnc mmls of tha liifheKt degree. Suchi 
work it prtcLtely wanttdby ihe great majoniy of atudeati aod praczticaL workers, ondiu 
very connncmen a in ElscEf a fiT^i-nlc retxmunendatioD... — - In oaropmiBatitt 

"ThcTP CAD be no poHibLe doubt Lbat *Elentcnt£ of Metflllurey will be eagedy 
uuBht (or by Siudrnti in Sdence and Art, as well a! by Practical VTarktrs in Menli. 
Two nBadred aod fifty pages are derOted excfuuvdy to Che MeEalliirgy of 



"Tht voiu 

aounl of lime and 
enllurgical Treati^ 



if Ihii work is (dniDil ineninuble. Then cm b< 



PORTER : (Surgeon-Major J. H., Late Assistant- 

, Professor of Military Surgery in the Army Medical School, and Hon. 

Assoc, of the Order of St. John of Jeru^aleni] : 

THE SURGEON'S POCKET-BOOK : an Essay on the Best Treat- 
ment of the Wounded in War ; for which a Prize was awarded hy Her 
Majesty the Empress of Germany. Specially adapted to the PUBUC 
Medical Services. With 153 Illustrations, !6mo., roan, 7/6. &aW 
EditUm, JtevaeJ and Enlargid. 

" Every Medical Officer 19 reconmeniled 10 have the ' Surgeon's Pocket Book ' tiy 
Snrgeon-MaJQr Porler, accesMble lo refresh his BiemoiY and forti^ hia jodgmenl. "— 






FrtcU •!/ Paid StTvia Mrdical ArrnKgimmU /bt Afghan 

Medical Jovriial. 

"A capilal liitle DODU . . . oi me grea 
with tbia Monua] ia his pocket liecomes a m: 
Rnicw. 

"So Killy Uluscraled that for LAy-RsAOEt 
eminenlly useful."— ifnAcai Timis axd Gasi 
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SCIENTIFIC MANUALS. 
W. J. MACQUORN RANKINE, C.E., LLD., F.R.S., 



I. RANKINE (Prof.): APPLIED MECHANICS 

(A Manual of) ; comprising the Principles of Statics and Cinematics, 
and Theory of Structures, Mechanism, and Machines. With numerous 
Diagrams. Crown Svo, Cloth, I2/6. TinlA Ediiiiui. 

"Cannal fall to be adopted as a Icxt-boak The whdie of the inramutioa ii 

BO admirahly arranged that Ihtie Li ever? ladlLly tor refrrcpce."— .«i<iinf JtmyitU, 

II. RANKINE (Prof.): CIVIL ENGINEERING 

SA Manual of) ; comprising Engineering Surveys, Earthwork, 
'oundations. Masonry, Carpentrj, Mctai-work, RmiJs, Railways, 
Canals, Rivers, Waler-works, tfarbours, &c. With numerous Tables and 
Illustrations. Crown 8vo. Cloth, 16/-. ThirUinlh Edition. 

hands of the pcoreisioful Civil En^necr 11 b sufliiziFnt and unrivalleil, and even ohEB 
we my this, we bll ihon of that high appreciflliud of Dr. Raokine's labours which we 
ahould like to express." — Ttu En^inter. 

III. RANKINE (Prof.) : MACHINERY AND 

MILL WORK (A Manual of) ; compriBing the Geometry, Motions, 
Work, Strength, Construction, and Objects of Machines, &c Illustrateii 
with nearly 300 Woodcuts. Crown 3vo. Cloth, 13/6. Feurlh Edition. 
"ProJeBHii RaDkiae's ' Mannai .of Machinery and Millwork' fullji taainuins the 



IV. RANKINE (Prof.): THE STEAM EN- 

-GINEandOTHER PRIME MUVERS (A Manual of). With Diaeramof 
■ "- ^ . .. -. ij. 'tables 

V. RANKINE (Prof.): USEFUL RULES and 

TABLES for Eneineers and others. With Appendix: Tables, Tests, 
and F0BMUL.E tor the use of Eleittricai, Engineers; comprising 
Submarine Electrical Engineering, Electric Liehling', and TransmissioD 
of Power. By ANDREW JAUIESON, C.E., F.R.S.E. Sixth Edititm. 
(^Niarfy Heady.) 

'^Undoublrdlv the most nsefal coHectioa of enciaeerine data hltherlo produced."— 
UiniHc Jomn^. 

VI. RANKINE (Prof.) : A MECHANICAL 

TE.XT-BOOK. By Prof. Macquorn Rankine and E. F. Bambbg, C.E. 
With numerous Illustrations. Crown 8vo. Cloth, 9/-. Sicb„J Edition. 

"The work, aa a whole, is very compkle, and likely to prove invaloablfl for fbr- 
DiiJtiag a usefu] ami reliahle outluie «f Oic lubjecta treatol oC" — JUiMirt^ Jcmmal. 



CHARLES OBIFFIN * COMPJLNYS 



F, Raskjmb'sWosks— («»»/«™«0- 



hVn. RANKINE (Prof.): MISCELLANEOl 

SCIENTIFIC PAPERS, from the Tmntacliona uid Proceedinj 
Royal und tillier Sricntlfic ■nd Philosophical Societies, and the : 
JcAimali. Royal ita. Cloth, price ]i}6. 



Part II.— Paperi on Energy and itj Transfortnations. 

Part III— Pspeis on Wave-Fornw, Propulsion of Vessels, &: 

With MemoirLj- P, G. Tatt, M.A.. Prof, of Natural Philosophy in 

,_i V Edittd by W. J. Millar, C,E„ Secretaiy 



J 



University of Edinbureh. 

to the Inttitute of En^neers and Shipbuililers 

Portrait on Steel, Plates, and Diagrarai. 

" No non nduiiiic Meinoriil nf ProfcHor Rankine eauM be devfaFiI IhsD I 
■Ian sT [hut pipen in in ucctiibli fonn. . . I'hc CollrclicHi b mmt valuabk 
or the nature of hU dbctiveriei. and the bediily and coEppletencas of hu Afialy 
The VoJunte uecedi hi haportance any work in th- — *- J ___^- _..i ■■ 



i 



n ScotUnd. With Gdg 






SEATON (A. E., Lecturer on Marine Engineering 

to the Royal Naval College, Greenwich, and Member of the loBlitule 
of Naval Architects) : 

A MANUAL OF MARINE ENGINEERING: Comprising the 
Designing, Conslniclion, and Working of Marine Machinery, With 
S lUustrationB. {Ih prtfaration.) 



SHELTON (W. Vincent, Foreman to the Imperial 



Ottoman Gun-t actor ies, Coastantinople) : 

THE MECHANIC'S GUIDE; A Hand-Book for Engineers and 
Artiians. With Copious Tables and Valuable Receipts for Practical 
Use. Illustrated. Crown 8vo. Cloth, 7/6. 

GENERAL CONTENTS.. 
Part I.— Arithmetic. I Part V.— Wheel and Screw Cm- 

Part II. — Geometry. I tintr. 

Part III.— Menauratii 
Part IV.— Velocities 
Wheel-Gearing. 



Boring and 



I Part VIIL— The Locomotive. 

■3 complelely as u whole » 



elaborate turt-booluL"— 

" Uughl Ed havE a place Da Lhe bookshelf of every Mechajlic."— ./rlfML 

" Mnch loiErocdaa !& here given without pedantry or pretenuon."—£w7ii'f>'. 

" A ant qui nitit to every practical Mechanic." — Raihtmy i'tn/fa Gaa^tte, 

a specially intended for Self-Teachers, and places before the "SiaAax 



□dples, tt^ther 



Ih lUiutn 
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THOMSON (Spencer, M.D., L.R.C.S. Edinburgh): 

A DICTIONARY of DOMESTIC MEDICINE and HOUSE- 
HOLD SURGERY. TKoroughiy revised and brought down to the 
preEcnt state of Medical Science. With nn additional chapter 00 the 
Managemenl of the Sick Room ; and Hints for the Diet and Cocafdrt of 
Invalids. Many Illustrations. Demy 8vo., 750 pages. Cloth, 8/6. 
FifUtnth Editim. 
" The IkH and safot book on Domutic Medicine and HousehoLd Surgery wliich hai 

"Dr. Thomun hu fully lucdeeded in conveying ta Ihe public a vait amount ufiueiu] 
pmlessiaiiai knowledge. "~Z)>iMiii Jmmal c/Mtdkai Scima^ 
" Worth its weight in gold to feinilia and the c\ttK?."^OiMd ffiraU. 

WYLDE (James, formerly Lecturer on Natural 

Philo5ophy at the Polytechnic) : 

THE MAGIC OF SCIENCE : A Minu-il of Easy and Amusing 
Scientific Experiments. With Steel Portrait of Faraday and many hun- 
dred Eng[Tavings. Crown 8vo. Clolh gilt and gilt edges, 5/., Third 
Edition. 

" Ofpncdes vo^e to fiinuah work for idle handi during the holidays A thousand 
mystencs of Modem Science are here uiirolded. We leam how lo nuke Ovygen Got. 
how to conmruct a Galvanic Battery, how 10 eild a Medal by Eleciro-plaiOig, or to 
reproduce one hv Eletrtrotyping, liaw lo make a Microscope or take a Photograph ; whila 
IheelemeotsofHechanicsarcuplaJoeduHinply and clearly that the most unmechaiucaE 
of mintU mml uodcntiuid them. Such a work is deserving of the higheit praiK." — Tfu 
Graphic. 





CnARlSS ORIFPIS ± COM PAN rs 



EdacatioTtal Works. 






BRYCE (Archibald HamUton, D.C.L., LL. 

Se<iior Classical Moderator in Ihe University ol Dublin) : 

VIRCILII OPERA. T«t from He^Ne and Wagner. 
Notes, original, and selected fiom the leading German, Americ 
English Commentalors. Illusttaiians from the antique. Coniplcic ia 
One Votome. Fcap. Bvo. Cloth, 6/-. FoHrUmlk EditioH. 

Or, in Three Parts : 

Pan I. Bucolics «nd Georgics s/6 

Part n. The .i€nkid, Books I..VI a/S 

Pan in. The ^neid, Books VII.-XII. ... 3/6 

" CdhUuas tha pith oT what Iws been wriiien by tlic besL Hholars on tfae tubjcct- 

The Dolct comprise everyihing ih»l ihesiudeDl on want."— ^(Art«™»i. 

■■ The mml compleM, M well ns elrgant and coircei edilioa of Vbgil ever pnblislltd 

" The best cDnunenluy on Vitgil which a iludent can oblain."— .Scff/inuni. 

COBBETT (William): ENGLISH GRAMMAR, 

in a Series of Letters, intended for the use of Schools and Young Per- 

' With an additional chapter on Pronunc" ■ ' ' 

s Paul Cobbett. Fcap. 8vo. Clot 



Author's Son, J At 









William Cabl»tt*> 



ttkoraid Editicm., 
apcned edition of thai nn 



Cloth, 1/6 
if aU English G 






COBBETT (William): A FRENCH GRAMMAR. 

Fcap, 8vo. Cloth, 3/6. Fiftiinth Edition. 

"Bnnneu men commendnE the study of Fiench will find this treslbe one of ihc 
belt Bids It is lufgcly used on Ihe ContineaC—Uidland Coumlu^ HcnUd. 

COBBETT (James Paul) : A LATIN GRAMMAR. 

Fcap. Bvo. Cloth, !/-. 

COBBIN'S MANGNALL : MANGNALL'S 

HISTORICAL AND MISCELLANEOUS QUESTIONS, for the use 
o( Young People. By Richmal MangnALL. Greatly enlarged and 
correeted, and continued to the present time, by Ingram Cobbin, M.A., 
lamo. Cloth, 4/-. F%fy-lhird thstaand. Nae IlbatraUd Editton. 

\ COLERIDGE (Samuel Taylor) : A DISSERTA- 

1 -.^^ ON THE SCIENCE OF MET"' 

\a.) With a SyDOfsw. Cioviti B-io. 



I 



EDUCATIONAL PUBLICATIONS. 



CRAISPS ENGLISH LITERATURE. 

A COMPENDIOUS HISTORY OF ENGLISH LITERATURE AND 
OF THE Engush Language from ihe Norman Conqiiest. With 
numeroua Specimens. By GEORGE LlLLIE CaAIK, LL.D.|lale Professor 
of History and English Literature, Queen's College, Bel fist. ' In two 
Royal 8vo. Handsomely bound in cloth, 25/-. Ntoi EditiM. 

GENERAL CONTENTS. 
Introductory. 
—The Norman Perjod— The Conqneal. 
—Second English— commonly called Semi-Saion. 
—Third English — Mixed, or Compound Engiiah. 
—Middle and Latter Part of the Seventeenth Century. 
-The Cestijbv between the English Revolutiom and 

THE French Revolution. 
—The latter part of the Eighteenth Century. 
TIL— The NiNETEENTH Centuky (a) The Last Age of the 
Georges,; 
[i) The Victorian Age. 
Witi namiroHS Exarpls and Sftcimms of SfyU. 

"Anyone who wilt take the trouble lo ucertain iIie Ikcl, will find bow completely 
ED our great p4KCs and other writen of the Jasi geoeration have already bidea From 
c view of [he present, with the m«t numerous dus of the educated and reading 
blic Scarcely onythuiE ii geneiully rend eicept the publications of the day. Vrr 



, ^1 amrm 



■^ hialory whjdi haji been a£ 



The present work combines the Uistob 

TUB Lamcl'ace. llie scheme of the ct _ „ 

Icdlowed here i« evEremely limple, and resting not upon Brbitmy but upon natural 
or real diHtiActions, gives ut Ihe only view of the subject that can cla im to » regarded 
ai of a sdentilic iAarKta"—EilraclJivm Ihe Aulkcri Prrjact. 

"Profesor Ciwlr's book goLne, as it does, through the whole history of the lanb^uage, 

imbabiy takes a place — -■- ■■- '— " -''-- ' ' "-- ■— '- " ■- "- '- 

™pregen«v«,«s. It 



ear arid atraightfonvard, and deals not 
Prafessot Cntlk has succeeded [n making a book more than usually a^ 



CRAIK (Prof.): A MANUAL OF ENGLISH 

LITERATURE, for the use of Colleges, Schools, and Civil Service 
Eia.iDination9. Selected from the larger work, by Dr. Craik, Crown Svo. 
Ooth, 7/6. Eigklk EdUioH. 

"A Manual of English Literature from so experienced and wcll-rnd a scholar at 
Sftclalar. 

"This angmenled eflmt will, we doubt not, be recnved vilh decided appmbalion 
by thuvt who are enlirlcd to judge, and studied with much prolii by thove who waat 
to Learn...... tf aur voung readers will (five healthy perusal la I>r. Lriik'H wurk, they 

will greatly benefit by the wide and sound views he has placed before them."^ 



m ' 



VUARLES OSIPFIN ± COMPAWS 



WORKS by CHARLES T. CRUTTWELL. M.A., 

Fcn«wi>rMertaBCoUt|t, Oifotd, Mill Hsiil MulasTMalvcm Celiac 
I^A HISTORY OK ROMAN LITERATURE : from the EsuHea 
Period lolti«Tim««o[ the Anloaines. Crown Svo. Cloth bevellsd, 8,6. 
Tkn-JSJitiim. 

"Mi. Civttwili. bu iliing ■ caJ Krvice to iJI-SiDdcou of Ibe I^da Lisgrnsi 
■nd Liimtun. . . . Full of goal icholuihip uni good critkism."— ^Mcunrn. 
" A maul HrYkCAbLd— indtciJ, induunnbJe— ciud« f« the Stodciit. . . . Tbc 
'(«i)*i»l rejidn' will be boUi dwnood whJ iimiiietBd."-^a/nnf(y Kfoutt. 

atiitA Thtn ii mil > dull page in ihe yt,\amt."—Acadmy. 

"The gnu mtiii o( Ihe work ii Id hilntu add uxnttcy'—GHan/iax. 

*' Thi* vLabornle and »ery carcfal woril, in evely napect gf high tflenl. NotbinA HI 
■UcqiuU mil hjultilbvnobDCfi publu]»d iji EtiKland.' — BritUkQuartsrty Re™v- 

n.— SPECIMENS OF ROMAN LITERATURE : from the Earliat 
Period 10 the Times of the Antonines. Passages bora the Works o! 
Latin Autbori, Prose Writers and Poets : 

Fan I. — Roman Thought: Religion, Philosophy and Science, 

Art and Letters. Price 6/., 
Part 11.— Roman Style: Descriptive, Rielorical, and Humonwi 
Passages. Price 5/-. 

Or in One Volume complete, 10/6. 
Edited by C. T. Cruttwell, M.A., Mcrton College, Oiford ; and 
Peakb Banton, M.A., some time Scholar o£ Jesus College Cambridge, 
"'Specimeni of RomBS LJIeralure' maiiLS a Dew en in the stody of Latin."— 
SmfluiCkurvtimtH. 

staidiDK'jtrouad of Iti own. . , . . The soimd judgiDem exeiused la plan And 
■electian calla lor hnny commcndiition." — Satiirxtojr KetjUm. 
"It u hard to GDbceive a complelu or handier repertory of Aptcimens of Lnio 
thought and Kyle. '^Cimbmforiin Kroirm. 

CURRIE (Joseph, formerly Head Classical Master 

of Glasgow Academy) : 

HORATIl OPERA: Text from OrELLIUS. English notes, originil, 
and selected from the beat CommentatDrs. Illustrations from the antique. 
Complete in One Volume, fcap. Svo, cloth, s/-. 
Or io Two Parts : 

Part I. CARMINA 3/- 

Part II. Satires and EpisTtES ... 3/- 

CURRIE (Joseph) : EXTRACTS FROM 

CjESAR'S COMMENTARIES; containing his descripUon of Gaul, 
Britain, and Germany, With Notea, Vocabulary, &c. Adapted iot 
Young Scholars. l8mo. Cloth, 1/6, Fettrth Edition. 

D'ORSEY (Rev. Alex. J. D., B.D., Corpus Christ'i 

Coll., Cambridge, Lecturer at King's College, London) : 

SPELLING BY DICTATION ; Prt^ressive Exercises in English 
Orthography, for Schools and Civil Service Eiaminations. iSme. 
Cloth, I/-. SixUenth Theutcmi. 



EDUCATIONAL PUBLICATIONS. aj 

FLEMING (William, D.D., late Professor of 

Moral Philosopliy in Ihe University of Glasgow) : 

THE VOCABULARY OF PHILOSOPHY : Mental, Moral, 
AND Metaphysical. With Quotations and References for tie Uae ol 
Students. Revised and Edited by HeNRV CalbekWood, LL,D., Pro- 
fessor of Moral Philosophy in the University of Edinburgh. Crown 
8vo. Cloth bevelled, 10/6, Third Editiim, mlarged. 
"An adiiiinib]« book. ... In iu p£eKDt ihap« will be welcome, not only to 

McBURNEY (Isaiah, LL.D.) : EXTRACTS 

FROM OVID'S METAMORPHOSES. With Notes, Vocabulary, &c. 
Adapted for Young Scholars. l8mo. Cloth, 1/6. TkirdEdiHan. 

MENTAL SCIENCE : SAMUEL TAYLOR 

COLERIDGE'S Celebrated Essay on METHOD ; Archbishop 
WhateLv's Treatises on LOCIC and RHETORIC. Crown 8vo. Cloth, 
S/.. Tmlk Edition. 



A MANUAL OF ROMAN ANTIQUITIES. 

For the use of Advanced Students. With Map, 130 Engravings, and 
very copious Index. Revisei! and enlarged, with an additional Chapter 
on Roman Agriculture. Crown Svo. Cloth, 8/6. Tvxlflh Edition, 
GENERAL CONTENTS. 



Organization ; Religion ; Kalendar ; and Private Life, 
in. — General Principles of the Roman Constitution ; the Rights of 
Different Chisses ; the Roman Law and Administration of 

IV.— The Comilia ; Magistrates ; the Senate. 
V. — Military and Naval AE^rs ; Revenues ; Weights and Measures ; 
Coins, &c. 
VI. — Public Lands ; Agrarian Laws ; Agriculture, &c. 

" Compnses nil the results of modem improved tcbokrship within fl moderate com- 
pass. " — A tMcv^um. 

RAMSAY (Professor) : AN ELEMENTARY 

MANUAL OF ROMAN ANTIQUITIES. Adapted fur Junijr Classes. 
With numerous Illustrations. Crown 8vo. Cloth 4/-. SrvrnlA Edilion. 



RAMSAY (Professor) : A MANUAL OF LATIN 

PROSODY. Illustrated by Copious Eiamples and Critical Remarks. 
For the use of Advanced Students. Revised and greatly Enlarged- 
Crown Svo. Cloth, S/-. Siili Edition. 
"TlieTe is no other woA on the Mibjoci wonhy 10 nmpeie with II"— /4/Ant™w. 

RAMSAY (Professor) : AN ELEMENTARY 

MANUAL OF LATIN PROSODY. Ad..^:eJ tor Junior Classes. 
Crown Svo. Cloth, I;-. 



24 CHARLES GRIFFIN ^ COMPANTS 



THE SCHOOL BOARD READERS: 
A New Series of Standard Reading-Books. 

EDITED BY A FORMER H.1C. INSPECTOR OF SCHOOLS. 

AXK)PTED BY MANY SCHOOL BOARDS THROUGHOUT THE COUNTRY. 



Elementary Reading-Book, Part I. — Containing^ Lessons s, d. 
in all the Short Vowel Sounds. Demy, i8mo., i6 pages. 
In stiff wrapper . o I 

Elementary Reading-Book, Part II. — Containing- the 
Long Vowel Sounds and other Monosyllables. Demy 
i8mo., 48 pages. In stiff wrapper . . . . .02 

Standard I. — Containing Reading, Dictation, and Arith- 
metic. Demy i8mo., 96 pages. Neat cloth . . ..04 

Standard II. — Containing Reading, Dictation, and Arith- 
metic. Demy i8mo., 128 pages. Neat cloth . . .06 

Standard Ill.^^ontaining Rouiinc^, Dictation, and Arith- 
metic. Fcap. 8vo., 160 pages. Neat cloth . . .09 

Standard IV.^^ontaining Reading, Dictation, and Arith- 
metic. Fcap. 8vo., 192 pages. Neat cloth . . .10 

Standard V. — Containing Reading, Dictation, and Arith- 
metic, with an Explanation of the Metric System and 
numerous Examples. Crown 8vo., 256 pages. Neat 
cloth 16 

Standard VI. — Containing Selections from the best English 
Authors, chronologically arranged (Chaucer to Tennyson), 
Hints on Composition, and Lessons on Scientific Subjects. 
Crown 8vo., 320 pages. Neat cloth . . . .20 

Key to the Questions in Arithmetic, in two parts, each o 6 



♦^* Each Book of this Series contains within itself all that is necessazy to 
fulfil the requirements of the Revised Code, viz.. Riding, Spelling, and 
Dictation Lessons, together with Exercises in Arithmetic for the whole year. 
The paper, type, and binding are all that can be desired. 

" The Books generally are very much what wb should dbsxre." — Times. 
"'ITie Series is decidedly one or the best that have jret appeared."— .«4/*«uww«. 
" The choice of matter is excellent, and so are the method and styie,"Sciael 
Jionni CkronicU. 

"TiiERB are no better READING BooKS PUBLISHED. . . . The advanced 
1)ooki« are %itxM" —Educational Reporter, 

" Remarkably fresh ; most of the old stereotyped forms have beoi abandoned. 
'n»c Fifth ond Sixth IJooks ore capital productions, and form a valuable epitome of 
h)l\gMi iJlcrature."— L**rfi Merciiry, 
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THE SCHOOL BOARD MANUALS 

»0n the Specific Subjects of the Revised Code, 
BY A FORMER H.M. INSPECTOR OP SCHOOLS, 
Editor of thi " School Board Stadin." 
64. pages, stiff wrapper, td, ; neat cloth, "jd. each. 

I.— ALGEBRA. I V.— ANIMAL PHYSIOLOGY. (WoU 
II.— ENGLISH HISTORY. lUu-itrMed with good EnBravingf.) 

III.— GEOGRAPm'. VJ.— BIBLE HISTORY. (Eminily fin 

IV.— PHYSICAL GEOGRAPHY. | from nny Denomiimtional Isu.) 

•,■ The School Board Manuals contain all that is necessary for passing 
in Extra Subjects in Standards IV., V., and VI. 

" Tta«e simpit snd wdl £iadualtd Manual, adap»d 10 the requirements af the 
New Code, are (he moal elemcniary of eleinentnry works, und eilrcmely cheap. 
Tliey aie more u^fuL aa practkal guide-boalis than maa. at Ihc more expensive 



SENIOR (Nassau William, M.A., late Professor 

of Political Economy in the University of Oiford| : 

A TREATISE ON POLITIC.'VL ECONOMY: the Science which 
treats of the Nature, the Production, and the Distribution of Wealth. 
Crown 8vo. Cloth, 4/-. Sixth Edilion. ( Encycb^adia MelropolitanaJ 

THOMSON (James) : THE SEASONS. With 

an Inlrodiiction and Notes by RobEkT Bell, Editor of the " Annotated 
Series of British Poets." Foolscap Svo. Cloth, 1/6. Third Edition. 
"An admirable iniroduction u Ihe iludy of our English clossiits." 

WHATELY (Archbishop) : A TREATISE ON 

LOGIC. With Synopsis and Index. Crown 8vo. Cloth, 3/.. Thi 
Original Ediiion. { Encyctapaidia Metropolilanu.) 

WHATELY (Archbishop) : A TREATISE ON 

RHETORIC. With Synopsis and Index. Crown 8 vo. Cloth 3/6. Tht 
Original EdiHott (Eiicyciifiedia Metropahlana.) 

WYLDE (James) : A MANUAL OF MATHE- 
MATICS, Pure and Applied. Including Arithmetic, Algebra, Geometry, 

Trigonometry (Plane and Spherical), Logarithms, Mensuration, &c. 
Super-Royal Svo. Cloth 10/6. 

*,* Specimen Copiis 0/ all tki Educational Works pvhlishid Sy Matrs, 
Charlis Gr^ and Company may be sien at th^ Liirariti of Ihi ColUgt of 
PrfCtplori, South Kntinglon hfuiruia, and Crystal Palace \ alto at the dtp6ts 
efthe chiif Educational Societies, 



CBARLBS QRirFIN A COifPAXTS 
Works in General Literature. 



BELL (Robert, Editor of the "Annotated Series ol 

Briliih Ports."): 

GOLDEN LEAVES FROM THE WORKS OF THE POETS 
AND PAINTERS. Illustrated by Sixty-four superb Engravbes on 
Sifd, »ftCT Piiniiii^ by David Roberts, Stanfihu), Leslte, Stot- 
HARii, llAvooN, Cattsmmole, Nasuhts, Sir Thomas Lawrenol, 
and many others, and engraved in the finX style of Art by FiNCEH, 
Gkeatbach, Lightfoot, &, 4to. Cloth cilt, »i/- ; unique wahiiii 
binding, 30/- ; morocco antiqui:, 35/-. S;ccnJ EJiliiau 
" ' ColdcD LesTet ' it b)r Eir Ihe most impaniiDi book of the season. The UliutrafiMB 



\ 






I. Newton, Dauby. 1 



CHRISTISON (John) : A COMPLETE SYS- 
TEM OF INTEREST TABLES at 3, 4, 4! and S per Cent. ; Tables 
of Exchange or Commission, Profit and Loss, Diecount, Clothiers'. Malt, 
Spirit, and various other useful Tables. To which is prefixed the Mercan- 
tile Ready Reckoner, containing Reckotiing Tables from one thirtji- 
seconcl part of a penny to one puund. Greatly enlarged, iznuo. Bound 
in leather, 4/6. New Editim. 



THE WORKS OF WILLIAM COBBETT. 

THE ONLY AUTHORISED EDITIONS. 

COBBETT (William): ADVICE TO YOUNG 

MEN and (Incidentally) to Young Women, in the Middle and Higher 
Ranks of Life. lu a Series of Letters addressed to a Youth, a Bachelor, 
a Lover, a Husband, a Father, a. Citiien, and a Subject. Fcap. 8vo. 
Cloth, 2,6, New Editim. With admirabU Portrait im Steel. 

JAned to a fome of undcratanding, a. degree of logical power, and Above all a focw ffl 
expre^iuan, which iiave rarely "i^vi equalled............ He 435 Che most Eugli^ of 

"With all his iiolii, Cobbell'i style is a coatiniiBl refreshment to the lovet d 
' English undetUed.- "—Pall Malt GcattU. 

COBBETT (William): COTTAGE ECONOMY: 

Containing information relative to the Brewing of Beer, Making of 
Bread, Keeping of Cows, Pigs, Bees, Poultry, Ac. ; and relative to 
other matters deemed useful in conducting the aE^irs of a Poor Mao's 
Family. New Edition, revised by the Author's Sou. Fcap. Svo. 
Cloth a,'6. Eighteenth Editim. 



GENERAL PUBLICATIONS. 



William Codbett's V/oRK^-fcentiHued.) 

COBBETT (Wm.) : EDUCATIONAL WORKS. 

(See pageio.) 

COBBETT (Wm.) : A LEGACY to LABOURERS : 

An Argument showing Ihe Right of the Toor to ReUef frnm the Laud. 
With a Prefece hy the Author's Son, John M. Cobbett, late M.P. lot 
Oldham. Fcap, Bvo. Cloth, i/6. jV™ £iii/iim. 



t, the ablest PnLicical 



'this d»r \t i 



COBBETT (Wm.) : A LEGACY to PARSONS j 

Or, have the Clergy of the Established Church an Equitable Right to 
Tithes and Church Property ? Fcap. 3vo. Cloth, 1/6. IVrai Edition. 

" The mosl powerful work df the grealeEl ULAjler of political CODlrovetsy this CDWltry 



Pall MiUt Gaullt. 



ROUND 



COBBETT (Miss Anne) : THE ENGLISH 

HOUSEKEEPER ; or, Manual ol Domestic Management. Containing 
Advice on the conduct of Household Affairs and Practical Instructions, 
intended for the Use of Young Ladies who undertake the superintendence 
of their own Housekeeping. Fcap. 8vo. Cloth, 3/6. 

COOK'S VOYAGES. VOYAGES 

THE WORLD, by Captain Cook. Illustrated with Maps; 
Engravings. Two vols. Super-Royal Bvo. Cloth, 30/-. 

DALGAIRNS (Mrs.): THE PRACTICE OP 

COOKERY, adopted to the business of Everyday Life. " " " " 
DaLCAIRNS. The bill iooi fir ScolcAdiihis. About Fifty new Recipes 
have been added to the present Edition, but only such as the Author 
fau had adequate means of ascertaining la be valuable. Fcap. 1 
Cloth, 3/6. Siit/tnlA Editsm. 



Thii u by Eu- the mc 



on th&^ubji 




al complete and truly practical vcrlt •» 
e fDond An Lnlainble 'Cook's Compani-, 
of alainily." — Ediitimrck Litrrary Joui 

t to nconnneod Mi_. 
ery, adapted to the wn 




CBASLSa QRIFFIN A- COM FJl NY'S ^H 

D'AUBIGNE (Dr. Merle) : HISTORY OF THE 

REFORMATION. With the Author's ktcst additions and a new 
I'rcffttc. Many Woodcuts, nini Twelve Engravings on Sieel, illustraiive 
of lb« life of MaHTIN Lutbeh. ai^er LabouCH^RE. In one laigs 
volume, demy 410. £l«|>a[)lly bound in cloth, Ji/- 

" la tfaU dditioB tha jvSncinLl vclon and •cmcs in the RTCAt drama of the SixtKOIh 
Cnnirr >rc brooilil vividly baton [he eyi of ths rodcr, By the (kill o( the utiB ud 

DONALDSON (Joseph, Sergeant in the 94th Scots 

Rceimrnll : 

RECOLLECTTONS OF THE EVF.NTFUL LIFE OF A 
SOLDIER IN THE PENINSULA. Fcap,8vo. Cloih, 3/0; giJi 
tides and edges, 4/-. Nete EdUuni. 

EARTH DELINEATED WITH PEN AND 

PENCIL (The); an Illu5traled Record of Voyag-es, Travels, and Ad- 
venlutea all round the World. Illustrated with more than two Hundred 
Engravings in the first style of Art, by the mojt eminent Artists, including 
■everal from the master-pencil of GusTAVE Dor£, Demy 410, 750 pages. 
Very handsomely bound, 21/-. 



MRS. ELLIS'S CELEBRATED WORKS 
On the Influence and Characteh of Women. 

THE ENGLISHWOMAN'S LIBRARY: 



I.— THE WOMEN OF ENGLAND: Their Social Duties anJ 

Domestic Habits. Tkirty-iiiitik Tkaaand. 
a.— THE DAUGHTERS OF ENGLAND: Their Position in 

Society, Character, and Responsibilities. Tvientulh Titmsaiti. 
3.— THE WIVES OF ENGLAND: Their Relative Duli«, 

Domestic InSuence, and Social Obligations. Eigkteenlk Tla»- 

4._THE MOTHERS OF ENGLAND: Their Influence and Rt' 



6,— SUMMER AND WINTER IN THE PYRENEES. Tad 

Thousand. 
7.— TEMPER AND TEMPERAMENT ; Or, Varieties A 

Character. Two vols. Tenth Thousand. 
8.— PREVENTION BETTER THAN CURE; Or, The Motsl 

Wants of the World we live in. Tidi^ ThoiLSand. 
9.— HEARTS AND HOMES ; Or, Social Distinctions. Three 
vols. Tetli ThoKsand. 



GENERAL PUBLICATIONS. ag 

THE EMERALD SERIES 
OF STANDARD AUTHORS. 

IHuBtrated by Engravings on Steel, after Stothard, Leslie, David 
Roberts, Stanfield, Sir Thouas Lawrence, Cattermole, &c. 
Feap. 8vo. Cloth gilt. 

"PBTticular alKnlion is requisted lo thi! »cry beanliru! seria. The dtjicacy of 
Ihe engraviagB, the excellence of the lypojraphy, and the quaint fmEique head and 
tail pieces, render Uiem the moiE bcautifiil volumes tvtr Issued from the press of Ihijt 

BURNS' (Robert) SONGS AND BALLADS. 

With la Introduction on the Character and Genius of Burns. By 
Thomas Carlyle. Carefully printed in antique type, and illustrated 
with Poitrait and beautiful Engravings on Steel. Clath, gilt edges, 3/-. 
Saimd Thousand. 

BYRON (Lord): CHILDE HAROLD'S PIL- 

GRIMAGE. With Memoir by Professor Spaldlng. Illustrated with 
Portrait aad Engravinga on Steel, by GREATDACH, MILLER, LlGHTFOOT 
&c., from Paintiags by CATTERMOLE, Sir T. LawbenCE, H. Howard, 
and Stothard. Beautifully printed on toned paper. Cfoili, gilt edges, 
3/-. Third Thousand. 

CAMPBELL (Thomas) : THE PLEASURES 

OF HOPE. With Introductory Memoir by the Rev. Chakles ROGERS, 
LL.D., and several Poems never before published. Illustrated with Por- 
trait and Steel Engravings. Cloth, gilt edges, 3/-. Sicimd rhoHsaxd. 

CHATTERTON-S (Thomas) POETICAL 

WORKS. With an Original Memoir by FREDERICK Martin, and 
Portrait. Beautifully illuEilrated on Steel, and elegantly printed. Cloth, 
gill edges, J/.. fimrlA Theusand. 

GOLDSMITH'S (Oliver) POETICAL WORKS. 

With Memoir by Professor SPALDING. Exquisitely illustrated with Steel 
Engravings. Printed on superior toned paper. Cloth, gilt edges, 3/-. 
Neui Edilion. Srvnth ThoiuaHd. 

GRAY'S (Thomas) POETICAL WORKS. -With 

Life by the Rev. John Mitford, and Essay by the Eabl of Carlisle. 
With Portrait and numerous Engravings on Steci and Wood. Elegantly 
printed on toned paper. Cloth, gilt edges, 5/-. Eton EdUkn, ailh Iht 
Lala Farms. SiilA Thousand. 

HERBERT'S (George) POETICAL WORKS. 

With Memoir by J. NiCHOL, B.A. Oxon, Prof, of English Literature io 
the University of Glasgow. Edited by Charles Cowden Clarke. 
Antique headings to ea«h page. Cloth, gilt edges, 3/-. Stcond Thimtiuul. 




JO CBAMLSS ORIPFIN i- COMPAyrs ^M 

The EMtBALR SeKJZS—f centiiaidj. 

KEBLE (Rev John) : THE CHRISTIAN YEAR. 

Wilh Memoir by W. Tbmplf, Porlnuit, and Eight beautiful EngravingB 
(ju Swei. Cloih.gill edges, 5/- ; moroico elegant, 10/6 ; malachite, n/6. 

P0F;S (Edgar Allan) COMPLETE POETICAL 

WORKS. Edited, with Memoir, by James Hannay. Full-pige Illus- 
Iralbns afierWEiiNERT, VVEIK, flic Toned paper. Clolh, gilt edges, 3/-. 
ThtrUnlk Thousand. 

Otitr vohiHus iti priparatvm. 



FINDBN'S FINE ART WORKS. 

BEAUTIES OF MOORE : being a Series of 

Portiaits of his Principal Female Cbaiacters, from PaintinKs by eminent 
Aitists, engraved in the ' ' ' ' ■ ■ ■ ■■ ~- " 

a Memoir of Ihe Poet, a 
and gilt edges, 41/-. 

DRAWING-ROOM TABLE BOOK (The): a 

Series of 31 highly-finished Sleel Engravings, with descriptive Tales by 
Mrs. S. C. Hall, Marv Howitt, and others. Folio. Clolh gilt, and 
gilt edges, 2jj-. 

GALLERY OF MODERN ART (The) : a Series 

of 31 highly.fini^hed Sleel EngravingE, with descriptive Tales by Mrt. 
S. C. H.\i.L, Marv Howitt, and others. Folio, Clot!i gilt, and gilt 
edges. 111-. 

FISHER'S READY RECKONER. The best in 

the World. iSiDD. Bound, 1/6. A'™ £J>lfsn. 

GILMER'S INTEREST TABLES: Tables for 

Calculation ot Interest, on any sum, for any number of days, at J, I, 
lit 2, 2i, 3, 3l, 4, 4i, 5 and 6 per Cent. By ROBERT GiLMEK, 
Corrected and enlarged, l2mo. Roan lettered, S,'- Six/A Edition. 

GRAEME (Elliott): BEETHOVEN: a Memoir. 

With Portrait, Essay (Quasi Fantasia) " on the Hundredth Anniversaiy 
of his Birth," and Remarks on the PiaoDforte Sonatas, with Hint! lo 
Students, by DR. Fehdinanh Hiller, of ColoEne. Crown Bvo. Cloth 
gilt, elegant, 5/-. Secaiid Editinn, sligbtfy enlarged. 

" 'ms clEgant and inieresting; Muadr .Thn nswtsl, pntUest, and most nadaU: 

sketch ol the inunonsl Master of MaAc-—if«siral SSa^rd. 

"A pMious and pleaianl Mcmotial of the Ceatenar?."— 5/er/nAw.^^ 



aENERAL PUBLICATIONS. 31 

GRAEME (Elliott): A NOVEL WITH TWO 

HEROES, In 2 vols., post 8to- Cloth, Ji/-. Second Edition. 

"A decided lilcrsiv 9acces9." — AtientrulH. 

"Clcvei and flmusing. nbore the aveisge even gf good novela free from 

sETualiDnatism, but fidTof idlere&t tducheslh: deeper nbotds d[ life delinea- 
tion of characler ronarkahly eaoi.-—Sfrctalar. 

" Superior in M respects to the common mo of novels."— Zlaj^^ Niwi. 

HOGARTH : The Works of William Hogarth, in 

3. Series of One Hundred and Fifty Steel Engravings by the First 
Artists, with descriptive Lellerpreaa by the Rev. John Trcelbh, and 
Introductory Essay ao the Genius of Hogarth, by James Hannay. 
Folio. Cloth, gilt edges, 51/6, 
"The Pbilosopher who ever preached tbe sturdy English virtues which have made 

KNIGHT (Charles): PICTORIAL GALLERY 

(The) OF THE USEFUL AND FINE ARTS. Illustrated by 
numerous beautiful Steel EnCTiviiigs, and nearly Four Thousand 
Woodcuts. Two vols., folio. Cloth gilt, and gilt edges, 42/-. 

KNIGHT (Charles): PICTORIAL MUSEUM 

(THE) OF ANIMATED NATURE, inustrated with Four Thousand 
Woodcuts. Two vols., folio. Clolh gilt, and gilt edges, 3s/-. 

MACKErS FREEMASONRY r 

A LEXICON OF FREEMASONRY. Containing a Definition of 
its Comnmnicable Terms, Notices of tls History, Traditions, and Anti- 
quilies, and an Account of all the Riles and Mysteries of the Ancient 
World. By Albert G. Mackkv, M.D., Secretary-General of the 
Supreme Couticil of the U.S., &c. Handsomely bound in cloth, 5/-. 
SixlA Edition. 
"OfMACKEV's . , , .... 

^ ' ought to be in the hands of every Mason who would 
er our noble Science ....No Mawnic Lorige cr 



HENRY MAYHEW'S CELEBRATED WORK 
ON THE STR EET-FOLK OP LONDON. 

LONDON LABOUR AND THE LONDON 

POOR : A CyclopiEdia of the Condition and Earnings of Ihast that 
viili tvori and liasi list cannot work. By He»RY ^Uil'I]EW. With 
many fulUpage Illustrations from Photographs. In three vols. Demy 
8vo, Cloth, 4/5 each. 

" Every page of Ihe work is foil of valuable infermation, laid down Id 10 intcreslini 
■ nuimu Ami the leader am never tir^-—/i/iuh->'tea Ls^^BK Nrw(. 

"Mr. Henry Meyhcw's famous record of the habits, earnings, and suBeringi of the 

"ThL< lemarkable book, in wluch Mr. Mayhcw gave the belter classes their first 
- ' insight into the haWw, modes of livelihood and current of Ihonght of the Loodon 



rSt CffARLSa QRIFFIS S COMPAQ'S ^H 

Mit. MAvriKw'a London Lauouk — (amtJnmtj). ^^M 

TJu Exir* Valumt. ^^k 

LONDON LABOUR AND THE LONDO™ 
POUR : Tkell Ikal vail mat aprk Comprbing the Non-irorken, 
by HiNHV Mavhbw ; Piosiitulw, by BRACEBKiucB Hemvng ■ 
Thieve), by JOHN BiNNV ; Beggirs, bv Andrew Haujuay. With 
, kli Inlioductory Eiiay oo ihe Agencies at Piesent in Openitjon 

in ihe Mttropaiii for Ae Suppression of Crime and Vice, bv tlie Rer. 

IWlU.lAU TuCKNISS, B.A., Gbanlnin to the Society for the Rescue of 
Voung Women and Children. With lUu^trations of Scenes and Locali- 
ties. In one large vol. Roynl Svo, Cloth, 10/6. 
"The wwk U full oT inltRnii>|[ maiur Ibr ihc casual nzder. while the phiUu- 
ihrot^tl Aiid tbt philuoplKT will mid detiiiU of the grcatut imparL"^^i/y Prta^ 
ComfiaiiioH nJumi to lit aiovt. 
THE CRIMINAL PRISONS OF LONDON, 
snd Scenes of Prison Life. By Hknrv Mayhew and John Binny. Illus- 
I, traled by nearlv Iwa hundred Engravings on Wood, principally from 

Photographs. In one large vol. Imperial 8vo. Cloth, io/6. 
Contents : — General Viewf of London, iu Population, Siie and 
1' Contrasts — Professional London — Criminal London — Pentonville Prison 

■ —The Hulks »l Woolwich— Millbank Prison— The Middleses House of 

Detention— Coldbath Fields — The Middlesex House of Correction, Tnt- 
hill Fields — The Surrey House of Correction, Wandsworth — Newpate 
— Horsenionger Lane— Clerk en well. * 

"ThiJ volume concludes Mi. Henry Mayhiw'i account of tiii researches inlo iSx 
crilDC add poverty of Loidon. The amount of labour of one idcd or other, which Ibe 
whole seriei of hit publications represenu, ii uowthing ahnost iocakulablE."— Zifanrr 

'.' This celebnted ReconI oT Investigations into the condilion of the Poor of thi 
Uelnwolii, underlakeo fiom philnnlhiopic motives by Mr. Henry Maviibw, £nt gave thg 
wnlthier dauu of England some idea of Ihe stale of Ueuhenism, Degiadaoon, audMuery 



wealthier dauct of England some x 
in irflich nrnllitudet of Iheir poorer 
lime of their ■ppeuance, univers 

CtriiHaH. should hav8 ta its midst a vnsi popuisooo, 10 BunK in ignorance, -nee, and venr 
halted of Religion, was deemed incredible, until fiiRher e»amimiiioo utablished ifae mia 
of the staiemeots advanced. The result is well koown. The London of Mr. MxVHSwnill, 
happily, soon exist only in his pages. To those who wonld appreciate the efforts alreadT 
made among the ranlis which recruit our "dannercus" classes, and who would Icam wlut 



MILLER (Thomas, Author of "Pleasures of a 

Country Life," &c.) : "" 

THE LANGUAGE OF FLOWERS. With Eight b 
lolourad Floral Plates. Fcnp. 8vo. Clolh, gilt edges, 3/6. 
TheiaaTiJ. 



i MILLER (Thomas) : THE LANGUAGE 

"■ FLOWERS. Abridged from the larger work byl TeOMAS MlD 

With coloured Frontispiece. Limp cloth, td. Chiap Editien. 



GENERAL PUBLICATIONS. 



POETRY OF THE YEAR ; Or, Pastorals from 

our Poets, illustrative of the Seasons. With Chro mo-Lithographs from 
Drawings after BiKKET FOSTER, R.A., S. CHESWICK, R.A., DAVID CoX, 
Harrison Weir, E.V.B., and others. Taped paper, cloth gilt, elegant, 
price l6(-. Ntw Editum. 

RAPHAEL : THE CARTOONS OF RAPHAEL. 

Etigraved on Steel in the first style of Art by G. Greatbach, after the 
Originals at South Kensington. With Memoir, Portrait of RArRAEL, 
as painted by himself, and Fac-simile of his Autograph. Folio, elegantly 
bound in cloth. Price 10/6. 

SCHILLER'S MAID OF ORLEANS. {Die 

Jsngfran vox Orlians.) Rendered into English by LEWIS Fn.MORE, 
translator of GoETHE's Faust. With admirable Portrait of ScHTLl-ER, 
engraved on Steel by Ad lard, and Introductory Notes. In Crown Svo., 
toned paper, cloth elegant, gilt edges. Price 2,'6. 

SHAKSPEARE : THE FAMILY. The Dramatic 

Works ol WILLIAM SHAKSPEARE, edited and expressly adapted 
for Home and School Use. By THOMAS BOWDler, F.R.S. With 
Twelve beautiful lllusirations on Steel, Crown Svo. Cloth, gilt, 10/6 ; 

^^ morocco antique, 17/6. Nim EdUion. 

^^L ",* ThisunioMS Editioti cf tks gi-tat dratHatist u admiraify sui/td fir 

^^K Jtemi Kje; whilt oiJKlionailt pArattt havi hie» exfurgatid, ne raiA liitrUtt 

^K tavf beat inktn milk tht tat. 

■ [ady ; and every one alnu>sl must have fell or wirntasu the uEreme □.wkwardnets, 
and even distrcH, th^al ana« Irom Buddenly KEiunbliiuF upon such CBptessiDnt......... 

TboK who recolln:! nich scenes iDutl all rejoice that Hr. ]iowiii.Eii W provided ■ 
secmity agaiosl their recurreocc," — I-ord yt^rty m tht "Edinbitrgk Sevievi." 

SHAKSPEARE'S DRAMATIC & POETICAL 

WORKS. Revised from the Original Editions, with a Memoir and 
Essay on his Genius by Barrv Cornwau. ; and Annotations and 
Introductory Remarks on bis Plays, by R, H. HoHtJE, and other eminent 
miters. With numerous Woodcut Illustrations and full-page Steel 
Engravings by Kenny Meadows. Three vols., super-royal 8vo. Cloth 
gilt, 4a/-. TinlA EdiHoti. 

SHAKSPEARE'S WORKS. Edited by T. O. 

Halliwell, F.R.S. , F.S.A. With Historical Introductions, Notes, 
Explanatory and Critical, and a Series of Portraits on Steel. Three 
' vols., royal 8vo. Clolh gilt, 50,'-. 



4 CBAMISS OMIFPIS * COMPAKTa 

MR. SOUTHQATE'S WORKS. 



I MB tttati to 1l^BIU• ir.ih Mf. Soi'TiioATt'i 'V/'^txt."—Glmgtm NriMii. 
f/KSr SEA'lES—rHIRTY-FIJiST EDIT/ON. 
SECOXD SERreS— SEVENTH EDITION. 

Many Thoughts of Many Minds; 

Seleclioni and ^uolalions from the besi Authors. Cumpiled and 

Analytic ally Arranged tiy 

HENRY SOUTHGATE. 

Id aqiure 8vo,, elegantly printed on Toned Paper. 

Cloth Md Gold ia/6 each Vol. 

Library Edition, Roibtu^he ... j^j- _, 

Ditto, Morocco Antique - - . . aj/. ,, 

EacA Sm'n compUtt in iisilf. and sold stparately. 

*'Tlu produce of yean aX rcKajch."— Anxtivr. 



kt tie woik has special uj 



*'• Not » much a book as a library 
"PmchFn and Public Spcaken 
—Edimii'sA Dailf Rniira. 

BY THE SAME AUTHOR. 

Now Ready, Second Edition, 

MCCESTIVE THODCHTS OS RELICIODS SBBJECTS;! 



Square 8v 



and Analytic 
J. Cloth Elef 

>piu irsted oT ar 



LRIST.' 



' "^!Sy"'™"(?hS 



■^HontiiisL 



■iters quoted finn, 
'Van's Pnjact. 
.. . . , The mbnOD 
not only highly beneEdil, 

bich our Aaihor supplier." 



I df judgnuntj ai 



-Engliii ChunknaH. 

'uJ."— ffre. ^L LUdm^E^., D.C. . 
an teacher *itl be thankful to Mr, Sauth^te for havifle iis- 
of thought ] while many uutside the uunistctial circle wiilobCaiD 



GENERAL PUBLICATIONS. 

THE SHILLING MANUALS. 

By JOHN TIMES, F.S.A., 
Author of " The Curiosities of London," Ac. 



I.— CHARACTERISTICS OF EMINENT MEN. By John Timbs. 

Bound in neat cloth, price l/-. 
11.— CURIOSITIES OF ANIMAL AND VEGETABLE LIFE. By 
John Times. Neat rloih, price r/-. 
1II.-ODDITIES OF HISTORY AND STRANGE STORIES FOR 
ALL CLASSES. Selected and compiled by John Timbs. Neat cloth, 
price I/-. 
IV.— ONE THOUSAND DOMESTIC HINTS on the Choice of Pro- 
visions, Cookery, and Housekeepine' ; new Inventioas and Improve- 
menta ; and various branches at Household Management. VVritten 
TlMBS. Neat cloth, price i/-. 
E ; Recent Researches on the Sun, Moi 
and Meteors ; The Earth ; Phenomena of Life, Sight, and Sound ; In- 
ventions and Discoveries. Written and compiled by John Timbs. Neat 
cloth, price [/-. 
-THOtJGHTS FOR TIMES AND SEASONS. Selected an J com- 
piled by John Timbs, Neat cloth, price i/-. 
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;...... Alt food for thought and p]«n«afit 



TIMBS (John, F.S.A.) : PLEASANT HALF- 

HOURS FOR THE FAMfLY CIRCLE. Contnining Popular Science, 
One Thousand Domestic Hints, Thoughts for Times and Seasons, 
Oddities of History, and Characteristics of Great Men. Fcap. 8vo. 
Cloth gill, and gilt edges, J/-. Saend Ed%tiim. 
" Cuntaini a weulih oF ustfiil reading o( the gitatal piBMblr vamly.'—Fiymiiali 

WANDERINGS IN EVERY CLIME; Or, 

Voyages, Travels and Adventures All Round the World. Ediled by 
W. F. AIN3WOHTH, F.R.G.S., F.S.A., &c., and embelUshed with up- 
wards of Two Hundred Illustrations by the fiist Arttitt, including 
several from the master-pencil of GiisTAVE DoRfi. Demy (to. 800 
I'agei. Cloth and gold, bevelled boards, zi/-. 



FIRST SERIES,^TmRTY'FIRST EDITION. 
SECOND SERIES.'-^EVENTN EDITION 



MANY THOUGHTS OF MANY MIN 

A Treasuxy of Referenoe, oonslsting of Seleotions firom the Writti 
the most Celebrated Anthers. FIRST & SECOND SERIES. Gc 

and Analytioally Arranged 

By HENRY SOUTHQATE, 

In Stuart Bvo.^ eUgantfy prinUd on toned paptr. 

Presentation Edition, Cloth and Gold 12/6 each volun 

Library Edition, Half-bound Roxburghe 14/- 

Do., Morocco Antique 21/- 

Each Seriis is con^Ute in itself, and sold separately. 






•"Many Thovchts ' &c., is evidently the pro- 
duce of yean ot researcn. We look up any subject 
under the sun, and are prettv sure to hnd something 
that has been said— generally weU said — upon it. 
— Bxamitur. 

'* Many beautiful examples of thought and style 
ai« to be found among the selections." — Leader. 

** There can be little doubt that it is destined to 
take a high place among books of this class." — 
Nates ami Qurries. 

** A treasure to every reader who may be fortunate 
enough to possess it. 

" lu perusal is like inhaling essences ; we have the 
craam only of the great authors quoted. Here all are 
seeds or gems." — English JoumtU of EdMcatiom. 

** Mr. Southgate's reading will be found to extend 
over nearly the whole known field of literature, 
ancient and modem."— Gentleman's Magazine. 

*• Here is matter suited to all tastes, and illustra- 
tive of all opinions ; mnrals, politics, philosophy, and 
solid information. We have no hesitation in pro- 
nouncing it one of the most important books of the 
season. Credit b due to the publishers for the 
elegance with which the work is got up, and for the 
extreme beauty and correctness of the typography." 
— Morning Chronicle. 

*• Of the numerous volumes of the kind, we do not 
remember having met with one in which the selection 
was more judicious, or the accumulation of treasures 
so truly wonderful." — Morning Herald. 

** Mr. Southgate appears to have ransacked evenr 
nook and corner for gems of thought." — Aliens 
Indian Mail. . 

'* The selection of the extracts has been made with 
taste. Judgment, and critical nicety." — Mortiing Post. 

" This IS a wondrous book, and contains a great 
many gems of thought."— Z?az/y News. 

" As a work of reference, it will be an acquisition 
to any man's X^xzxy."— Publisher's Circular. 

"ITiis volume contains more gems of thought, 
refined sentiments, noble axioms, and extractable 
sentences, than have ever before been brought together 
in our language."-- r^i^ftf/t/. 

•* Will be found to be worth its weight in gold by 
literary men."— TA^ Builder. 

•* All that the poet has described of the beautiful in 

nature and art;' all the wit that has flashed from 

pregnant minds ; all the axioms of experience, the 

collected wisdom of philosopher and sage, are 

garnered into one heap of useful and well-arranged 

Juistrucdon and amusement." — The Era, 



"The mind of almost all nations and 
world is recorded here." — yohn Bull. 

** This is not a law-book ; but, depardn 
usual practice, we notice it because it is 1 
verv usefiil to lawyers." — Laiv Times. ^ 

The collection will prove a mine rich 
haustible to those in search of a quotat 
youmal. 

" There is not^ as we have reason to knc 
trashy sentence in this volume. Open wh( 
every page is laden with the wealth of \ 
thought, and all aglow with the loftiest in 
genius. To take this book into our ha 
sitting down to a grand conversarion< 
greatest thinkers of all ages." — Star. 

"The work of Mr. Southgate far 01 
others of its kind. To the clergyman, t 
the artist^ and the essayisc, ' Many Tl 
Many Minds' cannot fail to render almc 
lable service." — Edinburgh Mercury. 

"We have no hesitation whatever in 
Mr. Southgate's as the very best book o 
There is positively nothing of the kind in t\ 
that will bear a moment's comparison ^ 
Manchester Weekly Advertiser. 

"There is no mood in which we can 
without deriving from it instruction, consc 
amusement. We heartily thank Mr. Sout 
book which we shall regard as one of our 1 
and companions." — Cambridge Chronicle. 

"This work possesses the merit of bei 
nificent gift book, appropriate to all times ai 
a book calculated to be of use to the s 
divine, or the public man." — Freemasorts 

" It is not so much a book as a librai 
tions. " — Patriot. 

"The quotations abound In that tho% 
is the mainspring of mental exercise."- 
Courier. 

" For purposes of apposite quotation it 
surpassed." — Bristol Times. 

It is impossible to pick out a single pas 
work which docs not, upon the face of it, 
selection by its intrinsic merit." — Dorset C 

" We are not surprised that a SECONI 
of this work should have been called for. 
gate has the catholic tastes desirable in a g( 
Preachers and public speakers will find 
special uses for them." — Edinburgh Dailf 

" The Second Series fully sustains thi 
w^Mtation of the FIRST."— 7^/m BuU, 



London : CHARl-^S O^l^^m ^ ^^^^K^x. 



